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Abstract: We study the initial-boundary value problem for a system of nonlinear wave equations with nonlinear damping
and source terms, in a bounded domain. The decay estimates of the energy function are established by using Nakao’s

inequality. The nonexistence of global solutions is discussed under some conditions on the given parameters.

Key words: Decay rate, blow up, initial boundary value problem, nonlinear wave equations

1. Introduction

In this paper we consider the following initial-boundary value problem:

w + el e = div (p (1V?) Vu) + fi (w,0), (2,8) € Q% (0,7),
vee ool o = div (p (IVol*) Vo) + fa (w,0), (2,6) €2 % (0,7),

u=v=0, (z,t) € 02 x (0,T), (1.1)
u(x,0) =ug (x), u(x,0)=u1 (x), x €1,
v (z,0) =wvo (z), v (x,0) =01 (2), r €9,

where (2 is a bounded domain with smooth boundary 9 in R", n=1,2,3; m,r > 1; f;(.,.): R> — R are
given functions to be specified later. Problems of this type arise in material science and physics.

We assume that p is a function which satisfies the relation
p(s)€Ct, p(s) >0, p(s)+2sp (s) >0 (1.2)

for s > 0.
(A1). Let F(u,v) = alu+ /"™ —i—2b|uv|pzi with a,b > 0, p > 3 if n = 1,2 and p = 3 if
n=3; fl(u,v):g—f:, fz(u,v):%—f; m,r>1ifn=1,2and 1<m,r <5 if n=3.

One can easily verify that
u fi (u,v) +vfe (u,v) = (p+1) F (u,v), ¥(u,v) € R% (1.3)

Hao, Zhang and Li [6] considered the single wave equation of the form
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uge — div (p (|Vu|2) Vu) +h(u)=f(u), €, t>0 (1.4)
with initial and Dirichlet boundary condition, where p satisfies condition (1.2) and
p(8) > b1 +bes?, ¢ >0, (1.5)

where b1, b2 are nonnegative constants and by + bs > 0.

Lemma 1.1 [13]. There exist two positive constants ¢y and c; such that
co (Jul ™+ 1) < F (w0) er (Jul 4l (16)

Throughout this paper we define p by
p(s) =b1+b2s?, ¢ >0, (1.7)

where by, be are nonnegative constants and by + b2 > 0. Obviously, p satisfies condition (1.2) and (1.5).

In the case of p =1, equation (1.4) can be written in the form
uge — Du+h(u) = f(u), x€Q, t>0. (1.8)

The local existence, global existence, and blow up in finite time of solution for (1.8) were established (see
[7, 8, 5, 11, 12] and references therein). The interaction between the damping h (u) = |us/™ " u; and the

source term f (u) = |u|""" u makes the problem more interesting. Levine [7, 8] first considered the interaction
between the linear damping (m = 1) and source term by using the concavity method. He showed that solutions
with negative initial energy blow up in finite time. But this method can not be applied in the case of a nonlinear
damping term.

Georgiev and Todorova in [5] extended Levine’s result to the nonlinear case (m > 1). For further
knowledge, see [11, 12, 20] and references therein.

Agre and Rammaha [3] studied the global existence and the blow up of solutions of problem (1.1) with
p = 1 using the same techniques as in [5], and also Alves et al. [2] investigated the existence, uniform decay rates
and blow up of solutions to systems. After that, the blow up result was improved by Said-Houari [17]. Also,
Said-Houari [18] showed that the local solution obtained in [3] is global and this solution has decay property.

Recently, Wu et al. [21] obtained the global existence and blow up of the solution of problem (1.1) under
some suitable conditions. Also, Fei and Hongjun [4] considered problem (1.1) and improved the blow up result
obtained in [21], for a large class of initial data in positive initial energy, using some techniques as in Payne and
Sattinger [15] and some estimates used firstly by Vitillaro [20].

In this paper, under some restrictions on the initial data, we establish the uniform decay rates by means
of Nakao’s inequality. After that, we show blow up of solution with negative and nonnegative initial energy,

using the same techniques as in [9].
Throughout this paper, ||.|| and |[|.||, denote the usual L*(€2) norm and L” (Q2) norm, respectively.

This paper is organized as follows. In section 2, we present some lemmas. In section 3, we state and
prove the local existence result. In section 4, the global existence and the decay of the solution are given. In

section 5, we show the blow up properties of solution in cases m =r =1 and m,r > 1.
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2. Preliminaries

Let us begin stating the following lemmas which will be used later.

Lemma 2.1 (Sobolev-Poincare inequality) [1]. Let q be a number with 2 < ¢ < co (n=1,2) or 2 < g <
2n/ (n—2) (n > 3), then there is a constant C\ = C\ (Q, q) such that

[ull, < Cx [ Vul| foru € Hg (). (2.1)
Lemma 2.2 [1}]. Let ¢ (t) be nonincreasing and nonnegative function defined on [0,T], T > 1, satisfying

P (t) Swo (¢ (1) — ¢ (t+1)), t€[0,T] (2.2)

for wq is a positive constant, « is a nonnegative constant. Then we have for each t € [0,T)

6 (t) < ¢ (0) e =T, a=0,
—a 1 + _é (23)
o) < (60) " +uwglalt=1") 7, a>u,
where [t —1]7 = max {t — 1,0}, and w; =In (wi:ﬂl) .
Lemma 2.3 [9]. Let § >0 and B (t) € C?(0,00) be a nonnegative function satisfying
B"(t)—4(+1)B (t)+4(5+1)B(t) > 0. (2.4)
If
B’ (0) > roB (0) + Ky (25)
with 1o =20+ 1) — 24/(6 + 1) 6, then B'(t) > Ko for t > 0, where Ky is a constant.
Lemma 2.4 [9]. If H(t) is a nonincreasing function on [tg,o0) and satisfies the differential inequality
[H' (] > a+b[H)]>*5, fort>to, (2.6)

where a > 0, b € R, then there exists a finite time T such that

lim H(t) =

t—T*—

Upper bounds for T* are estimated as follows:

(i) If b< 0 and H (to) <min{1,/=%}, then

T*Sfo-i- )
1/—— H( to

(ii) If b =0, then
H (to)

T <t .
o+ H (t0)
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(iii) If b > 0, then

H (to) * ss11 §c _
< 25— —
Ja TSt + 2 \/a[l (1+cH (to)) %],

W
<>.|"‘

T <

where ¢ = (%)H% }

3. Local existence

In this section, we state and prove the local existence and uniqueness of the solution of problem (1.1).

Definition 3.1 A pair of functions (u,v) is said to be a weak solution of (1.1) on [0,T] if
u,veC ([o,T] WA () n Lt (Q)) Cup € C([0,T); L2 () N L™ (2 x (0,T)) and
vy € C([0,T]; L2 (Q)) N L™ (2 x (0,T)) . In additon, (u,v) satisfies

/Qu' (t) (bdx—/ﬂul (t) (bdx—i—/ﬂ(p (|Vu|2) Vu) qudw—l—/ot/ﬂ|u'|m_1u'¢dxd7

_ /Ot/ﬂf1 (u(r), v (7)) dddr, (3.1)

t
/v' (t) wdw—/vl (t) <pd:c+/ (p (|VU|2) VU) V(pdx—i-/ / W' pdadr
Q Q Q o Ja

t
= / / fo(u(r),v (1)) pdzdr (3.2)
0 Jo
for all test functions ¢ € W01’2(q+1) Q)NL™T(Q), p€ W01’2(q+1) (Q)NL™(Q) and for almost all t € [0,T).

Theorem 3.2 (Local existence). Assume (A1) holds. Then, for any initial data ug,vy € W01’2(q+1) Q)N
LPFL(Q) and uq,v1 € L%(Q), there exists a unique local weak solution (u,v) of problem (1.1) (in the sense of
Definition 3.1) defined in [0,T] for some T >0, and satisfies the energy identity

@)+ [ (ler @+ o, @) dr = 20). (33)

where E (t) is defined in (4.5).
Proof The proof will be done by applying the Faedo-Galerkin method.

Approzimate solution:

Let {w;}2, be a basis for W2 (Q) . Let us define V,, =the linear span of {w;};2,, m>1. We

look for an approximate solution of our problem in the form
U (8) = >t (D)W, v (£) =Y v j (B) wj, (3.4)
j=1 j=1
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where u, ; (t) and vy, ; () are the solutions of the ODE system

/Q {u;,'1 — div (p (|Vum|2) Vum) T u;n} wide = /Qfl (W, V) wjdz, (3.5)

/Q {v;,'1 — div (p (|va|2) va) A v;n} wide = /Qfg (W, V) widz (3.6)

with initial conditions
Um (0) = UOm; u;n (0) = Ulm, Um (0) = Vom; U:n (0) = VUim, (37)

where ugm, Uim, Vom and vy, are chosen in V,, such that

UQm — Ug, Vom — Vg strongly in W1 2a+1) Q) (3.8)

and

Ul — U1, Vim — v1 strongly in L2 Q). (3.9)

Well-known results on the solvability of nonlinear systems of ODE provide the existence of a solution to problem
(3.5)—(3.7) on some interval [0,t,,). Such a solution can be extended to the closed interval [0,7T] by using the
first a priori estimate below.

A priori estimate I:

Multiply (3.5) by uy, ; (t), (3.6) by vy, ; (t), and sum for j = 1,...,m. One then has

1d 2 2 1 m+1
35 (10 O17 01 1V 0] + nOE) + [ 1,
= /fl(um,vm)u;zdx, (3.10)
Q
ld 2 2 1 7‘ 1
335 (1o O 402 [V (] + n @)+ [ W ort
/fz (U, V) Vpp de. (3.11)
Q

By summing (3.10) and (3.11) and integrating the resulting identity from 0 to ¢, we obtain
1 2 2 2 2
5 (It 17 + 11 ()1 + b1 [Vt DI + b1 Vo (D))
L[ by 2(q+1)
t3 <q+1 m ()2 1)

t
+//|u;n( i d7+//|v " dzdr
0 Q

¢
< Co+/ /Q(fl (Wi, Vi) by + fo (Ui, V) V0, ) ddT. (3.12)
0

2( +1)
m (O30 +
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We need to estimate the right-hand terms of (3.12). Applying (A1), Holder inequality, Sobolev emmedding

theorem and Young inequality, we obtain

/ot /Q fi (i () s v (7)) uyy, (7) ddr

t bt .
< C/O /Q(|um(7)|p+|vm (TP + |t (7)| = Jogm (7)] 2 )lu;n(T)ld:ch
t b -
< C/O (Ium(T)lé’erIvm(7)|§p+|um(7)|3(;_1)|vm(7)|Sgp;1)>|u;n(7)|dT
' P p p_1 p+1 ,
< 0 [ (I9un O + 1900 O + [T (T [0 (D) i ()t

< C/O (Huin(T)H2+I\Vum(f)l\p+I\va(f)l\p+Hvum(ﬂup—lme(ﬂupﬂ)dT. (3.13)

Likewise, we obtain

/ fo (um (7)), v (7)) 0, (7) dadT
0o JQ

t ’ 2 p ) T P u . p+1 v r p—1 -
< C/O (va (DI + 1V (DI + [Vom (T)[7 + [ Vum (D)7 [Vom (7)]] )d _ (3.14)

Let g (£) = 1+ [|u, (8)]2+ |0 ()] + [ (P (|wm (t)|2) P (|wm (t)|2)) dz. Then, it follows from (3.12)-
(3.14) that

¢ ¢ t
Y (1) +2 / / !, (7)™ dadr + 2 / / W ()| dadr < Co+ C / Ym (1) d7. (3.15)
0o Ja 0o Ja 0
Particularly, we have
¢
Ym (£) < Co + C/ ym (7)) dr.
0
Using a Gronwall type inequality, we can state that
Ym (£) < [Co— (p—1)Ct] 7T . (3.16)
Thus, we deduce from (3.16) that there exists a time T > 0 such that
ym (t) < Cy, Vt€1[0,T], (3.17)

where C; is a positive constant independent of m.
Combining (3.15) and (3.17), we easily have

t t
/ / ! (7)™ d:cd7+2/ / W, ()| dadr < Co, VE€[0,T]. (3.18)
0o JQ 0 JQ
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It follows of (3.17) and (3.18) that we have

U, U are bounded in L™ ([O,T] LA (Q)) , (3.19)
ul,,, v, are bounded in L™ ([0,T]; L*(2)) , (3.20)
ul, is bounded in L* ([0,T]; L™ (Q)), (3.21)

vy, is bounded in L? ([0, T]; L™ () ,
I
and once A is a bounded operator from W01’2(q+1) Q) — (Wol’2(q+1) (Q)) , defined by Aw=div (p (|Vw|2) Vw) .

It follows from (3.19) that

A (up), A(vy) are bounded in L™ ([O,T] ; (Wol’2(q+1) (Q))I> : (3.22)

Using a similar priori estimate II to [19], we obtain u,v € L ([O,T] ; W01’2(q+1) () N Lrtt (Q)) , Up €
L ([0,7]; L? ()N L™+ (Q x (0,T)) and v, € L™ ([0, T]; L* (Q2))NL™+! (2 x (0,T)) . By use of a well-known
result (Lemma 8.1-8.2, Lions and Magenes [10]) it follows that u,v € C, ([O,T] ; W01’2(q+1) () N Lptt (Q)) ,

up € Cy ([0,T]; L% () N L™ (2 x (0,T)) and v € Cy, ([0,T]; L* (2)) N L™ (2 x (0, 7)) . By appealing to
Lemma 2.11 in [16] we obtain the regularity. The proof of Theorem 3.1 is completed. O

4. Global existence and decay of solution

In this section, we discuss the global existence and decay of the solution for problem (1.1). In order to do so,

let us first introduce the functionals
_ 1 ) Ay
JA)=J(u®),v(t) = 5 /Q (P (|Vu| ) + P (|Vv| )) dx /QF (u,v) dz, (4.1)
and
(P (|Vu|2) + P (|VU|2)) dz — (p+ 1)/ F (u,v) dz. (4.2)
Q
The energy functional E (¢t) = E (¢t,u (t),v (t)) associated to problem (1.1) is
_1 2 2) , 1 2 2 B
E(t)= 5 (HutH + ||ve| ) +3 /Q (P (|Vu| ) + P (|Vv| )) dx /QF(u,v) dx. (4.3)

where P (s) = [ p(§)dE, s>0.
We also define

W= {(u,v) (u,0) € WEHD (@) x W2 Q)| I (u,v) > 0 } U{(0,0)}. (4.4)

The next lemma shows that our energy functional (4.3) is a nonincreasing function along the solutions
of (1.1).
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Lemma 4.1 E(t) is a nonincreasing function for t > 0 and

d m r
B (1) = = llue (O3 = e (OIS (45)

Proof Multiplying the first equation of (1.1) by u;, and the second equation by vy, integrating over {2 using

integrating by parts and summing up to the product results, we obtain

E(t)—E(0)= —/0 (Hur (T)szj + [Jvr (T)H:jj) dr for t > 0. (4.6)

Lemma 4.2 Suppose that

p=3, ifn=12,
{p:?), ifn=3 (4.7)

holds. If (ug,v0) € W and (u1,v1) € L? (Q) such that

B =ciCP (p41) (li(ga%ll))E (0)) N <1, (4.8)

then (u,v) € W for each t > 0.

Proof Since I(0) > 0, then by continuity, there exists T, < T, such that
I(t)>0, Vtel0,T,],

which implies that for all ¢ € [0, T},],

Jt) = g/ (P (|Vu|2) +P (|Vv|2)) do + ——1(1)

2(p+1) Jo p+1

p—1 2 2

D P P d

> s f, (P (9) + P (7)) ao
P b

2
qg+1

—1 2 2
- [bl (Ivul? + 70]?) +

S (I3 + 1ot | (4.9)

2(g+1) 2(g+1)

Hence, we get

2(p+1)
- bi(p—1)
2(p+1)
bi(p—1)
2(p+1)
bi(p—1)

IVall® + | Vol

E(0). (4.10)
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By recalling (1.6) and (4.8), we have

A

1 1
a(p+D)ulpiy < aCl (p+1) |Vl

IN

aCP (p+ 1) [[Vu "™ |Vl
p—1

20t b)) vl

bi(p—1)
< |IVul]®* ont e [0,T,,)]. (4.11)

IN

acr (1)

Similarly, we get

1 2
c(p+1) HvHiil < |[[Vo||” on t € [0, T}, .

Therefore, by using (4.2), we get I (¢t) > 0 for all t € [0,T,,,]. By repeating the procedure, T, is extended to
T. The proof of Lemma 4.2 is completed.

Also, the following inequality can be written:

P (|Vul*) + P (|Vo]*)) dx < ! 1 (t). (4.12)
/Q ( ( ) ( )) 1— 0P (p+1) (b2(£a+11))E( ))T

Theorem 4.3 Suppose that (4.7) holds. If (ug,vo) € W satisfying (4.8). Then the solution of problem (1.1)
s global.

Proof It is sufficient to show that [, (P (|Vu|2) +P (|Vv|2)) dz + |Ju||* 4 |Jve||* is bounded independently

of t. To achieve this we use (4.4) and (4.6) to obtain

E(0) > E(t):%(|\ut|\2+|\vt|\2) +%/Q(P(|Vu|2) +P(|VU|2))d:c—/QF(u,v)d:c

1 p— 1

= 5 (lalP + o)) 2(p+1 (P (val) + P (900)) o+ )
1 p—

> 5 (el + 10®) + 5= [ (P (Val?) + P (190P) ) da

since I (t) > 0. Therefore

(|\m|\2 + |\vt|\2) +/Q (P (|Vu|2) +P(|Vv|2)) dz < CE(0),

where C' = max {2, %} . Then by Theorem 3.1, we have the global existence result. O

Theorem 4.4 Suppose that (A1), (1.6) and (4.8) hold, and further (ug,vo) € W . Thus, we have the following
decay estimates:
E (0) e=walt=11" ifm=r=1,

S
@

(E(o)—“+c;1a[t—1]+)_ ,ifmyr > 1,
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where wy, « and Cg are positive constants which will be defined later.

Proof By integrating
m—+1 r+1
—E(t) = = llus @)llmy1 = llve By 5 (4.13)

over [t,t+ 1], we have

t+1
B@-Be+) = [ (l O+ e () ar
= D)+ Dot (). (4.14)

By virtue of (4.14) and Holder inequality, we observe that

t+1 m—1
/ /Q|ut|2dxdt < Q™ D} (t) = CD3(t). (4.15)
t

Similarly, we get

t+1 .
/ / |vg|* ddt < Q77T D2 (t) = CD3(t). (4.16)
t Q
Hence, from (4.15), there exist ¢; € [t,t + %] and t9 € [t + %,t + 1] such that
[|lus (t)|| < CD1 (t), i=1,2 (4.17)

and
[|lve )| < CDy (t), i =1,2. (4.18)

Multiplying the first equation of (1.1) by w, the second equation by v, and integrating the result over Qx [t1, 2],

to ta
/ I(t)dt = —/ /[uutt—i—vvtt] dxdt
t1 t1 Q
to to
—/ /|u,5|m_1 utudxdt—/ /|11,5|T_1 vyvdadt. (4.19)
t1 Q t1 Q

Integrating by parts and Cauchy-Schwarz inequality in the first term of the right-hand side of (4.19), we obtain

we get

/tzf(t)dt < s @0H[w @OIF Tlue ()] u (£2)]

+llve @O0 @O+ o (E2)] v (22)]]

tz t2
+/Hm@Wﬁ+/IM@Wﬁ

t1 t1

tz t2
—/ / ug| ™ wpudzdt —/ / v vpvdadt. (4.20)
t1 Q t1 Q
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Now our goal is to estimate the last two terms in the right-hand side of inequality (4.20). By using the Holder

inequality, we obtain

tz t2
/t /Q e wpuddt < / e (17 ot (D) (4.21)
and
tz 1 t2
/t /Q oo wpvdadt < /t oe (OI7 oy 1o ()], dt. (4.22)

By applying the Sobolev-Poincare inequality and (4.10), we find

IN

ta
C. [l 9l
t1

2(p+1) )%/tz m 1
Ci| ——= Ez dt
(bl (p—1) t1 HUthH (®)

2(p+1 N t2 m
C. (ﬁ) sup Ez (s)/ Huth_H dt
t1

bi(p—1)) t1<s<ts

ta
/ el el dt
t1

IN

[V

IN

_ 2(p+1)\* sup E¥ (s) D™
- O, <b1 (p_1)> S B (s) D (). (4.23)

From (4.10), (4.17) and the Sobolev-Poincare inequality, we have

e (£ [l (8)[| < C1Dy (£) sup E* (s), (4.24)

t1<s<ts

where Cy = 2C,+/ b21((1; tll))C. Similarly, we get
N 2(p+1) ) 1

ve ()]0 || (¢ dt <C, | ———= sup E?2 (s) D} (t), 4.25
Sl Ol o ) e < 0 (TR s B (9 5 (0 (4.5
o (t)[ [lv (£:)]| < C2Ds (£) sup E7 (s), (4.26)

t1<s<ts

where Cp = 2C/ /2B C. Then by (4.23)~(4.26) we have

/tzl(t)dt < 03{ sup E7 (s) (Dy () + Dy () + D2 (t) + D2 (¢)

t1 t1<s<ts
2 1 1
ron | 22ED G B ) (D (1) 4 DE() b (4.27)
by (p - 1)t1§5§t2

On the other hand, from (4.12) we obtain

B(t) < 5 (luel® + vel*) + Cal (1), (4.28)

N~
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p—1 4+ 1
p—1 p+1°
+1 2(p+1) 2
1—e1 C2 7 (p+1) ( 2B B(0)) }

where Cy =
2(p+1) {

Integrating (4.28) over [t1,t2], we have
to 1 to 9 9 to
/ B(t)dt < 5/ (el + el dt+C4/ [(t) dt.
Then by (4.9), (4.10) and (4.27), we get

ta
/ E(t)ydt < %CD%(tH—%CD%(t)

t1

eNer { sup % (s) (Dy (1) + Da (1)) + D2 (1) + D3 (1)

t1<s<t2

Lo | 22D o B (9 (D () + D5 (1)

b (p— 1) 1,252t } '

By integrating (4.5) over [t,t2], we obtain

B =B+ [ [l @+ e @] o

Therefore, since to —t1 > L we conclude that

29

/tz E(t)dt> (ts— 1) E () > %E(tg).

t1

That is,

E(t) §2/t2E(t)dt.

t1

Consequently, exploiting (4.14), (4.29), (4.30), and (4.31), and since t1,t2 € [t,t + 1], we get

E(t)

IN

to t+1 41 41
2 [CE@a+ [ (lu DI+ o O dr

t1 t

ta
= 2/ E(t)dt + D7 (t) + Dyt (t).

t1

Then, by (4.29), we have

E(t)

IN

(%C + C4C> (D% (t) + D% (t)) + D;n-i-l (t) + D72“+1 (t)

+05 [D1 (£) + Dz (£) + DY (1) + Dy ()] E* (1)
Hence, by Young inequality, we obtain

E(t) < Ce [DF (t) + D3 (t) + D" (t) + D5 (t) + D™ () + D3" ()] .
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Case 1: When m = r =1, from (4.33), we obtain
E(t) < 3Cq [DY (t) + D3 ()] = 3Cs [E (1) — E (t+1)].

By Lemma 2.2, we get
E(t) < E(0)e =17

_ 3Cs
where wq = In 30T

Case 2: When m,r > 1, from (4.33), we obtain
E({t) < CgD?(t) (1 + DL () + DAY (¢ )) + CsD2 () (1 + D5t (¢) + DAY (t))
< Cs (1 + D7 () 4+ DXV (4) + Dy (1) + DAY (t)) (D2 (t) + D (1)) -

Then since F (t) < E(0), Vt > 0, we see from (4.14)

B(t) < Co(1+E% (0)+ EF7 (0) + B (0)+ EX (0)) (D3 (1) + D3 (1))
< Cr(DI()+D3(t), t=>0.

Then we obtain

E(t)l—kmax{m Lroil el

IN

[C7 (D} (t) + D3 (t))]

CS (Drlnax{m—i-l,r—i-l} (t) + D;nax{m—i—l,r—i—l} (t)) .

IN

We set a = max{mT_l, %} ; then (4.34) is equal to

FE (t)1+a < Cy (Dm+1 D2a m41 (1) + D£+1 ) D%Q_TH (t))
< Cs (D] () R (0) + D5 (0BRSS (0)
< Co (DY (1) 4+ Dy (8 )

= G[E@)-E(t+1)],

2a—m+41 2a0—r+1

where Cg = Cs max {E w1 (0), F (0)} . Thus, from (4.35) and Lemma 2.2, we have

Q=

E(t) < (E 0 +Cylalt - 1]*)

The proof of Theorem 4.2 is completed.

5. Blow up of solution

In this section, we deal with the blow up of the solution of problem (1.1).

(4.34)

(4.35)
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5.1. Case 1: m=r=1
We consider problem (1.1) with m =r = 1.

{ U + up = div (p (|Vu|2) Vu) + f1(u,v), (x,t) € Qx(0,T), (5.1)

v + v = div (p (|Vv|2) Vv) + fa (u,v), (x,t) € QA x (0,T).

Definition 5.1 A solution (u,v) of (1.1) with m = r =1 is called blow up if there exists a finite time T* such

that
t
lim {/ (u? +v°) dz +/ / (v + v?) dwds} = 00. (5.2)
t—1"~ (Ja 0 JQ
Let
t
a(t) = / (u® +0?) d +/ / (u® + %) dads, fort > 0. (5.3)
Q 0 Ja
Lemma 5.2 Assume (A1), and that & <0 < 174;1, then we have
t
a’ (t) > 40+ 1)/ (uf +v})de+ (—4—85) E(0) + (4 + 86)/ (Hutl\2 + Hth2) dt. (5.4)
Q 0

Proof From (5.3), we have
d (1) :2/ (utty + voy) daz + Jul|? + V]| (5.5)
Q

By (5.1) and the divergence theorem, we get

all (t)

2/ (uf +7) dw+2/ (uutt+vvtt)dx+2/ (uus + vvy) de
Q Q Q

2/Q (uf +v7) da — 2/Q (,0 (|Vu|2) IVul® + p (|VU|2) |Vv|2) dx

+2(p+ 1)/QF(u,v) dx. (5.6)

Then from (4.6) and (5.6), we have

all (t)

4(5—1—1)/9(ut2+vt2)d:c+(—4—8§)E(0)+(4+85)/0t (|\ut|\2+|\m|\2) dt
+(4§+2)/Q(P (1vul?) +P(|Vv|2))d:c—2/ﬂ(p(|Vu|2) V> 4 p (1Yo ) [Vof?) da
+(2p—8§—2)/ﬂF(u,v)dw

= 4(5-1—1)/9(uf+vt2)d:c+(—4—85)E(0)+(4+85)/0t (|\ut|\2+|\vt|\2) dt

46 + 2 2(g+1 2(g+1
40 (| 7ull® + V0l + b2 ( T 2) (Ivull3ies) + vl

+(2p—8§—2)/ F (u,v) dz.
Q
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Since 0 < § < 174;1, 2p—85—2 >0, and £ <9, ‘;‘S_F—+12—2 > 0, consequently 4 < ¢ < 174;1, and we obtain (5.4). O

Lemma 5.3 Assume (A1) and one of the following statements are satisfied:
(i) E(0) <0,
(i) E(0) =0, and [, (uou1 + vov1) dz >0,
(iii) E(0) > 0, and

@ 0> 2 |a O+ o5 |+ (ol + ool 6.1

holds.

Then a' (t) > |Juo|® + |lvol|* for t > t*, where to = t* is given by (5.8) in case (i) and to = 0 in cases
(i) and (4ii).

Where K1 and t* are defined in (5.13) and (5.8), respectively.
Proof (i) If E(0) <0, then from (5.4), we have

a (t)>a' (0)—4(1+25)E(0)t, t > 0.

Thus we get a’ () > [[uo||® + Juo||* for t > t*, where

@’ (0) = (Jluoll® + o *)

1(1+20)E0) (58)

t" = max

(ii) If £(0) = 0, and [, (uou1 4+ vov1) dx > 0, then a” (t) > 0 for ¢ > 0. We have o’ (t) > [|uoll® +
loo]* ¢ > 0.
(iii) If E(0) > 0, we first note that

t
2/ /uutdwdt: ul? = fuol? (5.9)
0o Ja
By Holder inequality and Young inequality, we have from (5.9)
2 2 N 2
flull* < [Juol| +/ [lull dt+/ [|us||” dt. (5.10)
0 Q
Similarly,
t
Jol® < ol + [ ol de+ [ fon] (.11
0 Q
By Holder inequality, Young inequality and inequalities (5.10) and (5.11), we have
2 2 ’ 2 2
& (0 < a0+ ol + ool + [ (2 +32)da [ (Jual?+ o) (5.12)
Q 0

Hence, by (5.4) and (5.12), we obtain

a"(t)—4(@+1)d (t)+4(6+1)a(t)+ K >0,
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where
Ki=(@+80) E(0)+4(+1) (luoll® + oo]*) . (5.13)
Let

Then b (t) satisfies Lemma 2.3. Consequently, we get from (5.7) o’ (t) > (Hu0|\2 + HU()H2) , t >0, where ry is

given in Lemma 2.3. O

Theorem 5.4 Assume (A1) and one of the following statements are satisfied (for 3 <§ < p1).

(i) E(0) <0
(i) E(0) =0, and [ (wou1 + vov1) dz >0,

. (a’ (to) = (luoll®+lvo]1?))*
(iii) 0 < E(0) < STet) (T —to) (Tuo P+ vl and (5.7) holds.

Then the solution (u,v) blows up in finite time T* in the sense of (5.2). In case (i),

H (to)
T <ty — . 5.14
<t~ ) (5.14)
Furthermore, if H (tp) < min{l, \ /—%} , we have
T <t V0 5.15
< 0+ \/_—_ H(to) ( )
where
2 1
a=82H>"5 (1) [(a (to) = lluoll® = Iluo|*)” = 8E(0) H™# (t0) | >0, (5.16)
b=852E(0). (5.17)
In case (ii),
H (to)
T <ty— . 5.18
=10 H/ (tO) ( )
In case (iii),
. H(ty) .. a1 a2t & ay 2+ B
< < — - — — )
T < =2 or " <to +2°% (b) Vﬁi{l [1+—(b) L{QOJ }, (5.19)

where a and b are given in (5.16) and (5.17).
Proof Let

H (1) = [a(t)+ (T = 1) (Jluo|* + HvOH?)}_é, for ¢ € 0,71], (5.20)
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where T > 0 is a certain constant which will be specified later. Then we get

B = ~ofa®+@ -0 (ol +ll®)] " o © - (ol + uol?)]
= —6H"H (1) [a/ (1) = (Jluoll® + lvol1*) |, (5.21)
H' (1) = —0H'"F ()" (1) [a () + Ty — 1) (ol + ol ?)]
FOHTE (1) (14 ) [a/ (8) = (Jluo* + |\vo|\2ﬂ2 : (5.22)
and
H"(t) = —5H"S () V (1), (5.23)
where
V(t) =a"(t) [a (t) + (T1 — 1) (Huon + |\vo|\2)] —(1+96) [a’ (t) — (Huon + Hvon)r. (5.24)

For simplicity of calculation, we define

P, = [,uldx, R, = [yuldz, Q. :fOzHuH?dt, S, :f€|\ut|\2dt,
Py = [ovdx, R, = [yvide, Q,= [y|v|*dt, S, =[] [l dt.

From (5.5), (5.9) and Holder inequality, we get

a’(t)

t
2/ (uuy 4 vvy) dz + |uol| + [Jvol® —|—2/ / (uus + vvy) dedt (5.25)
Q 0 Ja

IN

2 (VRP + VQuBu + v/ RPy + V@S, ) + o> + ol
If case (i) or (ii) holds, by (5.4) we have
a"(t) > (—4—86)E(0)+4(1+06)(Ry+ Sy + Ry +S,). (5.26)
Thus, from (5.24)—(5.26) and (5.20), we obtain

V() > [(~4—80)E(0)+4(1+6)(Ry+Su+ Ry+ So)| H 7 (t)

~4(1+0) (VRPu + VQuSu + VRP, + \/QUSU)2.
From (5.3),
a(t) :/Q(u2+v2)dx+/0 /Q(u2+v2)dxds:Pu+Pv+Qu+Qv
and (5.20), we get
V(t)> (—4—88) E(0)H 5 (t) +4(1496) [(Ru + Sy + Ry + Sy) (T1 — t) (|\u0|\2 + |\v0|\2) +0 (t)} ,
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where

O(1) = (Rut Sut R+ 50) (Put Qut Pot Q) — (VEPut V/@uSu + VR, +V@S,)
By the Schwarz inequality, and © (t) being nonnegative, we have
V(t)>(—4—85)E(0)H 7 (t), t > t,. (5.27)
Therefore, by (5.23) and (5.27), we get
H" (1) <45 (1+28) E(0) H'5 (1), t > to. (5.28)

By Lemma 5.2, we know that H’ (t) < 0 for ¢ > ty. Multiplying (5.28) by H' (t) and integrating it from ¢ to
t, we get
H™ (t) > a+bH>*5 (1)
for t > tg, where a,b are defined in (5.16) and (5.17) respectively.
If case (iii) holds, by the steps of case (i), we get a > 0 if and only if

(o (to) — (ol + 1o 7))

PO Tt + @10 (1ol + Ieol?)]

Then by Lemma 2.4, there exists a finite time 7% such that lim H (¢) = 0 and the upper bound of T* is
t—T*—

estimated according to the sign of E (0). This means that (5.2) holds. O

5.2. Case 2: 1 <m,r<p

We consider problem (1.1) with 1 < m,r <p and ¢ =0.

Theorem 5.5 Suppose that (A1), 1 <m,r <p and q¢=0 holds, and further assume that E (0) < 0; then the
solution of (1.1) blows up at a finite time T*,

1-r
0<T* < 27(0)7
c(l—r)
where z (0) = k1 (—E (0)1_(“) + [ (wour + vov1) dz, here ki, a1 and r are positive constants.

Proof can be done by following the arguments in [3, 22].
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