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Abstract: Two versions of diametral dimension are shown to coincide for quasinormable Fréchet spaces. The diametral

dimension is determined by a single bounded subset in certain cases.

Key words and phrases: Diametral dimension, Fréchet spaces, Kéthe spaces

1. Introduction

The set A(E) of sequences (&) such that for each neighborhood U of zero of a locally convex space E there is
another such neighborhood with lim &,d,, (V,U) = 0, where d,,(V,U) is the n-th diameter of V' with respect to
U, is called the diametral dimension of E. ([3], [6], [7], [8]). Another version is the set Ay(E) of all sequences
(&,) such that for each neighborhood U and each bounded subset B we have lim¢,,d,(B,U) = 0. Ay(FE) is less
frequently used than A(E). We always have ¢y C A(E) C Ap(E). In [6] Mitiagin claimed that A(E) = Ay(E)
holds for every Fréchet space ( F'-space) E, referring for the proof to a forthcoming joint paper. However, there
is an example of a Kothe space A(A), which is a Montel space but fails to be a Schwartz space. In this case we

have

AN(A)) = co C loo © Ay(M(A)).

On the other hand, if E is a locally convex space with a bounded subset that is not precompact, we have
A(E) = Ap(E) = .

We recall that a Fréchet-Montel space (F M -space) is a Fréchet-Schwartz space ( F'S-space) if and only
if F is quasinormable [3]. There is an extensive literature concerning quasinormability (cf. [1]). We want to
single out a remarkable result of Meise and Vogt [5], which states than an F'-space is quasinormable if and only
if it is isomorphic to a quotient space of the complete tensor product ¢1(I)@,A(A), where I is a suitable index
set and A(A) a suitable Kothe-Schwartz space.

We recall the definition of the n-th diameter

dn(A,B) =infinf{a >0: AC aB+ L}

where A and B are subsets of a locally convex space E with A C pB for some p > 0. The second infimum is

taken over all subspaces L of E with dimension not exceeding n € N.
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Proposition 1 If E is a quasinormable metrisable space, then A(E) = Ay(E).

Proof For (§,) € Ay(E) we find 6, > 6,41 > 0 with lim&,d,, = 0. By quasinormability we can choose a
base of absolutely convex, closed neighborhoods Uy, D> Uy D -+ such that for each k and 6§, > 0 there is a
bounded subset By, with

Uk+1 C By + 0nUs.

In particular,

Un+1 C Bin +6,.Up
holds for each n > k. To see how much of By, we need in the above inclusion we observe that for each
x € Up41 there is a b € By, with ||z — b||,, < d,,. This means if we replace By, with
BN (1+60)U,
the above inclusion still holds. Therefore, we will assume without loss of generality that

Bk,n C (1 + 50)Un

in the above inclusion.
This implies that

By = U By
n=k
is a bounded set and therefore for all n > k£ we obtain
Uk+1 C By + 0nUg.
Using the definition of the n-th diameter, from the above inclusion for n > k we get
dn(Uk+1»Uk) < dn(Bka Uk) + (Sn'
Hence
lim &, dy, (Ug+1, Uy) = 0.

O
Our result implies that for an F'-space we have A(FE) # Ay(E) if and only if E is a Montel but not a

Schwartz space.
In certain cases it is sufficient to consider a single bounded subset of E to determine A(E). We will call
an absolutely convex bounded subset B of an F-space E a prominent set if lim¢&,d,(B,U;) = 0 for every k

implies (§,) € A(F). If E has a prominent set B then since
A(E) = {(&) : lim&,dn(B,Uy) =0, k=1,2,...}

the diametral dimension as a space of sequences is an F'-space itself. For an exponent sequence 0 < «, <
Qnt+1 < --- with lima,, = oo the unit ball By of ¢ is a prominent set of the finite-type power series space
A (o) (cf. for example [6], [8]). We will generalize this result in what follows.
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Following [10], we call a Banach space (¢, || ||) of scalar sequences an admissible space if |le,|| = 1 and
for a € loo, x € £ we have ax = (apzy) € £ and ||az|| < ||a|loo||z||. As usual e, is that sequence with 1 as the
n-th term and zero elsewhere. The classical sequence spaces £,,1 < p < oo and ¢y are the most well-known

examples of admissible spaces.

Let A be a Kéthe set and A“(A) be the space of all sequences = = (x,,) such that (z,a%) € ¢ for each
k. Equipped with the seminorms, ||z|[x = ||a*z|, Af(A) is an F-space. A\‘(A) is of course the usual Kothe
space A(A). In fact the spaces \»(A), A% (A),1 < p < oo, are also quite well known.

A Kothe space A(A) is called a smooth sequence space of finite type [8] (or a Gy-space) if 0 < ak, | < ak

and for each k there is a j with (a¥/(a?)?) € (..

Proposition 2 Let A\(A) be a G;-space and ¢ an admissible space with closed unit ball By. Then By is a

prominent subset of A\*(A).

Proof Let
Uy = {(zn) € X(A) : [|[(znay)| < 1}.

By [10], Prop. 1, we have the basic inequality

ak ak
infd = :i<np<d,(U;Ug) <sups —+:i>n
a’ a’

K2 K2

We note that both sides of this inequality are independent of ¢. With the same argument we can easily show
dn(Be,Uy) = ak.

Now for k given we choose j such that for some p > 0 we have a® < p(a?)? for all n € N. From the above

inequality we obtain
(U, Uy) < psup{al : i > n} = pal..
Therefore,
dn(Uj, Uk) < pdyn (B, Uj).
This shows
AN(A)) = Ay (N (A)) = {(&n) + lim Endn (B, Us) = 0 for all j € N}.
O
Of course, a finite type power series space Aj(«) is a G7-space. In this special case the closed unit ball
B, of £, or By of ¢g is a prominent subset of Af‘” (), or of Af°(c).

We will now give a necessary and sufficient condition for a bounded subset to be prominent.

Proposition 3 Let B be a bounded subset of an F-space E. B is a prominent set if and only if for each k
there is a p and p > 0 such that

dn(Uzn Uk) < P dn(Ba Up)

forallne N.
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Proof Sufficiency follows immediately from definitions of A(E) and Ap(E). Let us now assume B is a

prominent subset of E. In this case, the diametral dimension is
A(E) = X*(Bg)

where
Bp = {(du(B,Uy)) : k= 1,2,...}

and so A(F) is itself an F-space. On the other hand, from the definition of A(E), for a given k& we have
A(E) C Up>{(&) : lim &,d, (U,, Uy) = 0}

The right-hand side of the above inclusion is an LB-space and the canonical inclusion map is sequentially
closed. Therefore, by the Grothendieck factorization theorem we can find m > k such that

A(E) C {(&,) : lim &,d, (Upn, Ux) = 0}.
This implies the existence of 57 and p > 0 with
dp (U, Ur,) < pdn(B,U;), neN.

Finally we choose p = max{m,j}. O
Let A(A) now be a smooth sequence space of infinite type [8]. This means 0 < af < af,; < ... and
for each k there is a; with ((aF)?/al) € lo. To avoid the trivial case A(A) = ¢; we will also assume

lim,,_, o a¥ = oo for every k. This implies that A\(A) is a Schwartz space, and so
A(A(A)) = Ap(A(4))

by Proposition 1. Let B be a prominent subset of A(A). Since a bounded set, which contains a prominent

subset, is itself prominent, we can assume without loss of generality [2] that
B ={(&n) : Elénlan <1}

where (a,,) is some sequence such that for each k there is a p, > 0 with a* < pra, for all n € N. By Prop.
3. for each k thereis a p >0 and p > k with

dn(Up,Uk) < pdn(B,U,).
We choose m so that ((a?)3/a™) € l . By the basic inequality

d,(B,Up) < inf{al/a; : i > n}

but
p m
a; a; CPm
—<c <
a; = (a)%a; ~ (a])?

for some constant ¢ > 0.
Applying the left-hand side of the basic inequality we have

k
a

an

Hence (a?) € £, which is a contradiction. So in contrast to Prop. 2 we have the following result.
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Proposition 4 A smooth sequence space of infinite type that is also a Schwartz space has no prominent subset.

In particular, an infinite type power series space Ay (a) has no prominent subset although A(Ax(a)) =

Ap(Aco ().
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