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Abstract: This paper presents the reducibility of some composite polynomials and explicitly determines the factorization

over finite fields. Also families of irreducible polynomials over finite fields are introduced.
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1. Introduction

Let F, be a Galois field with ¢ = p® elements of characteristic p and F; be a multiplicative group of F,.
The problem of irreducibility of polynomials and determining the reducibility of a given polynomial stems from
both mathematical theory and applications. The reducibility of a polynomial often appears in number theory,
combinatorics, and algebraic geometries. The study of irreducible polynomials is an old but currently still active
subject. One of the methods for constructing irreducible polynomials is the composition method. Probably the

most powerful result in this area is the following theorem of Cohen.

Theorem 1.1 (Cohen [1]) Let f(x),g(x) € Fqlz], and P(x) € Fylx] be an irreducible polynomial of degree n .

Then F(x) = g(x)"P (géi;) is irreducible over Fy if and only if f(x) —ag(x) is irreducible over Fyn for some

root o € Fgn of P(x).

The trace and norm functions of Fy» over F, are

n—1 n—1
Treng(@) =Y a%, Npgle) =[] a?, a€Fpn.
=0 =0

It is clear that the trace function is a linear functional from Fy» to F,. Also for a polynomial f(z) over F,
of degree n its reciprocal polynomial is f*(z) = 2™ f(2). For a € Fy, the least positive integer ¢ for which
a' = « is called the order of a and denoted by ¢t = ord(c). From [3] we know that ord(«) divides ¢ — 1. If
ord(f) =q—1, then we say « is a primitive element in F,.

Recently, M. Kyuregyan and G. Kyuregyan [2] presented the following theorem for constructing irreducible
polynomials, which is a powerful tool for constructions in the present paper.
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Theorem 1.2 (M. Kyuregyan and G. Kyureguan [2]) A monic polynomial f(x) € Fqlx] of degree n = dk is
irreducible over Fy if and only if there is a monic irreducible polynomial h(x) = Zf:o hizt over Fya of degree
k such that Fy(ho,...,ht) = Fga and f(x) = Hg;é A (z) on Fyalz] , where
k .
W) () = Z hl at,
i=0

(Note that notation h®(z) = h(z) is used.)

Indeed by using this theorem, they provide a short proof for Cohen’s Theorem. The following proposition
will be used in the next section.

Proposition 1 (Lidl and Niederreiter [3] Theorem 2.26). Let K be a finite field. Let F be a finite extension
of K and E a finite extension of F'. Then

TT’E|K(OK) = TTF\K (TTE|F(06)) , o€ E.

In this paper we always assume that P(z) is monic. For this matter we define

a” for d =0,
Hfa,d) = { d"P(2) for d #0.

In the present paper we consider the factorization of some composition polynomials when assumptions on
Cohen’s Theorem fail. Furthermore, we obtain explicit families of irreducible polynomials of degree np over I,

from a given irreducible polynomial of degree n over F,.

2. Reducibility of composite polynomials of the form

ax? —bx +c
dz? — P ——mm—
(da =12+ h) (qu—rx—i—h)
Let P(z) be an irreducible polynomial of degree n over F,. Then P(z) can be represented in Fyn by
n—1 ’
P($) = H(Z‘ - aq“)’

u=0

for a € Fgn, some root of P(x). Suppose that ax? —bx + ¢ and dz? — rz + h are relatively prime polynomials

in Fy[z] with a or d being non-zero. Set

n—1
B a_ n ax? —br+c\ (u)
F(z) = (dz? —rz + h)"P (dxq — ) = H(ad) ul;[()h (z),

where
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and

b—ar ah —c¢
Azi B: .
a—ad a—od

(Note that notation h(%)(x) = h(z) is used.)
If ar = bd, then

W (z) = (xq—:lx— jag) = (27 — Az — B)®,

where
ah —c¢
a— ad

A="¢eF, B=

g €Fgn.

For this problem we will consider two separate cases.

2.1. Reducibility of composite polynomials of the form

qu+50)

q_ n
(z I+61)P(xq—x+51

In this subsection we assume in (2.1) that A = % =1, and consider F(z) as follows:

x4 —x + o nt
—(d _ n — (u)
F(z) = (z x+&)P<xm_x+&>}%Dl£h (z),
where d¢, 61 € Fy, 00 # 61 and
hW(z) =29 — 7 — BT, B= dra — o
l-«a

Let 7 be a root of h(x), namely h(y) =0 or v? = v+ B. Then we obtain

~ =+ Troniq(B).

(2.1)

(2.2)

In view of (2.2), suppose that Ty 4(B) = 0. Then v as a root of h(z) is in Fy» and further the roots of h(x)

are Ay =y + 0y, where 0, € Fy, k=1,...,q,1ie. h(x) splits in Fyn. It follows that
q
H 1’ — )\k
One can show that )\Zu (k=1,2,...,q) are the roots of h(*)(x). Therefore

q
h(“ H , foreveryu=20,1,...,n—1.

=1

o

Hence we obtain

—1 n—1 q
F(z)=PQ) [[ n @) =P ] ( (x— AZ"))
1

u=0 u=0 \k=

=P<1)ﬁ<nﬂl<x—v >: HmM
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where mjy, (z) is the minimal polynomial of Ay € Fyn of degree n over F,. So we obtain the following theorem.

Theorem 2.1 Let P(z) =>" c;z’ be an irreducible polynomial of degree n over F, and 6,61 € Fq, 00 # 1.

Suppose that ndy + (5o — 51)1;,((11)) =0. Then

F(z) = (29 — 2 + 6,)"P (M) :

29 —x + 01

is decomposed as a product of q irreducible polynomial of degree n over F,.

Proof We only need to compute T74n4(B), where B = %. For this purpose we have
p=20=% _ 5, 91=0%
l-a 1l-«a

Hence

1
Trgnjq(B) = —nd1 + (91 = 60)Trgnig(7—2)-

If we set Py(z) = P(1 —z) =37 diz’, then 1~ is some root of Py (x) and so

1 . di  P(1)

This completes the proof. O
Now assume in (2.2) that Trgn|(B) # 0. Then, v as a root of h(zx) is not in Fyn and thus

np

Y =+ pTreno(B) = 7.

Then v € Fgnr and therefore conjugates of v over Fy» are A ,’yq(Pfl)n. If we set Tryn|o(B) =b€F; |
then we have

v =y 4idb, i=0,1,...,p— 1.

Therefore the minimal polynomial of v € Fyns over Fyn of degree p is as follows:

mv(x):jj:(x—(v—kib)):b”jj:(xgv—i>

J— p J—
= ((x b 7) - (x b 7)) = o =W la b =P € Fonla].

On the other hand, an irreducible factor of h(z) = 27 —x — B € Fyn[x] is of the form
P — Pl — B, BeFgm. (2.3)

Now let 8 be a root of (2.3) in some extension field of Fgn. Then we obtain

B -0 -G) e
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Summing (2.4) yields

e o (B (BY B\ ¥

On the other hand, we have h(f) =0, or 82 — 8 = B. Thus

B (BY B\? o,

By Theorem 3.50 in [3], equation X + XP + ...+ X7 = Bb~! has % distinct roots. So we have

'E«m
'Ema

h(z)=2?—z—-B=][@?-v""tz-5)=|]si).
=1 =1
The same reasoning shows that for every u=1,2,...,n — 1, we have
aq q
P p

B (x)=21—z— B = H(l‘p — bl — ﬁi)(u) = H 85")(1‘)

Then
n—1 n—1 %
F(a) = P() [T 2" @) = P I ([T @)
u=0 u=0 \1i=1
+ n—1 i
=P]] (H s§“><a:>> = P() [T kia).
i=1 \u=0 i=1
Since for every constant 1, sgu) (x), w=0,1,...,n—1 are irreducible polynomials of degree p over F,» and

B; is a proper element in F;n, then by Theorem (1.2) k;(z) is an irreducible polynomial of degree np over F,.

Then we obtain the following theorem.

Theorem 2.2 Let P(z) =Y ", c;z® be an irreducible polynomial of degree n over F, and 6,61 € Fy, 00 # 1.

Suppose that ndy + (59 — 51)1;,((11)) £ 0. Then

F(z)= (29— 2+ 6)"P <M> ,

Jiq—l‘—F(Sl

s decomposed as a product of % irreducible polynomial of degree np over F,.

In a special case if we set

F(z) = (2 — x + 6,)"P <M)> ,

P — x4+ 0
where P(z) is an irreducible polynomial of degree n over F, then we obtain

“ S — 6,
h(z) =aP —x — BY € Fynlz] and B = % € Fyn.
a
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Let v be some root of h(x). Then
Y=9+B =" =47 =7+ Tre,p(B). (2.5)

If we assume in (2.5) that Trgn,(B) =0, then v € Fgn and in this case \y =y +k €Fyn, k=0,1,...,p—1

are the roots of h(z). Hence,

hiz) = [[ (@ = M),
k=0
and
W (@) =[] =A%)
k=0

Finally we derive

F() = PO) [ 1) = PO) [ <H<x - AZ“))
u=0

u=0 \k=0

=P ] (1:[ (z — AZ“)) =P(1) ][] ma. (@),
k=0

k=0 \u=0
where my, (z) is the minimal polynomial of Ay € Fyn of degree n over F,. This implies the following corollary.

Corollary 1 Let P(z) = .1 ,c;z" be an irreducible polynomial of degree n over Fy and 6y, 61 € Fy, 8o # 61 .

Suppose that 17y, (n51 + (6o — 51)1;((11))) =0. Then

F(z) = (2 — x + 6,)"P <xp_“5°> ,

P — x4+ 6

is decomposed as a product of p irreducible polynomials of degree n over F,.

Proof By the above discussions it is sufficient to compute Trgn|,(B), where

p=20=% _ s, 01=0%

11—« l1—«

But by Proposition 1, we have

)

Trynp(B) = Try, (Trqn\q(B)) =Trqpp (—n51 + (01 — o) 13/((11))> )

Thus, the proof is complete. O
Now if in (2.5), Trgn|,(B) # 0, then h(z) = 2P — 2 — B € Fyn[z] is irreducible over Fyn [3]. Moreover
W) (z) = aP — 2 — BI" € Fynlz] is irreducible. Hence by Theorem (1.2), F(z) = P(I)Hz;é h(W(z) is an

irreducible polynomial of degree np over F,. This yields the following corollary.
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Corollary 2 Let P(z) =Y., c;z" be an irreducible polynomial of degree n over Fy and 6y, 61 € Fy, 8o # 61 .

Suppose that 17y, (n51 + (6o — 51)1;((11))) # 0. Then

nn [P — x4+ 0

is an irreducible polynomial of degree np over F,.

2.2. Reducibility of composite polynomials of the form

IEq 52$+50)

q _ n
(2% = o2z + 1) P(xq—égx-i-él

In this subsection we suppose that in (2.1) A= % # 1 and consider F(x) as follows:

R ey e 0 AR & S
where 50,61,52 €Fq,50#51,52§£0,1 and
h(u)(x):mq_(;zx_Bq’“7 B:w € Fgn.

Let ord(d2) =t and also ged(n,q —1) =1. Set
h(z) = 2% —bsx — B € Fyn 2], g(x) = 2% — dox € Fy[z],

and claim that h(z) has exactly one root in Fgn and other roots of h(z) are in Fynt.

Since ged(h(x), h'(x)) =1, then h(z) has no multiple roots. Let vy, as, ..., a4 be its roots in an extension
of Fgn. It is clear that for each 1 <i <gq, v = agn — a; is aroot of g(z) = 2% — daz or 4} = do;. But

qt

2
73:62717 7'? :65’727a Yi = iy

implies that roots of g(x) are of degree t over F,. Now we show that v1,7v,...,7, are pair-wise distinct. On

the contrary, suppose that we have 1 < i # j < ¢ so that v; = ;, namely afﬂ —; = a?" — o; and then
a; — o € Fgn. Moreover, a; and a; are roots of h(xz) and so a; — «; is a root of g(z); it follows that
a; —aj € Fge . But ged(n,t) =1 so we get o; — a; € Fy, which yields do = 1, and this result is not true. So
the roots of g(x) are pair-wise distinct. In view of the fact that zero is one root of g(z), there is an index ¢
such that ~; = oz?" —a; = 0. Therefore a; as a root of h(x) is in Fyn and denote this root «; by A. On the
other hand,
A, 7=1,2,...,q,

are roots of h(x), so that A € Fyn, v; € Fge and ged(n,t) = 1. It implies A +7; € Fyne and thus w;(x) as the

minimal polynomial of A+ ; over Fy» is of degree ¢t. Then we can write
a—1
h(z) = (x =) [[wi@), wj(x)€Fenla].
j=1
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One can show that for every u=1,2,...,n—1,

Therefore

F(z) = P(1) ]_:[ A (z) = P(1) (z — A1) H wé")(x)
u=0 .

<
I
<}
<
I
—

= P(ma(e) ] (e,

where s;(z) is an irreducible polynomial of degree nt over F, and m () is the minimal polynomial of A € Fyn

over [Fy. This proves the validity of the following theorem.

Theorem 2.3 Let &y, 01,02 € Fy, do # 61,02 # 0,1. Suppose that P(x) is an irreducible polynomial of degree

n over Fy and ged(n,q —1) = 1. Then the composite polynomial

q_
F(z) = (27 — §ox + 61)"P <x52x+50) ’

27 — dox + 01

factors as a product of one irreducible polynomial of degree n and q%l irreducible polynomial of degree nt over
F, where t = ord(ds).

In a special case we set

P — dox + O nl
— (P _ n T T2 TR0 (u)
F(z) = (a2 — §yx 4 01)" P (:w S 51) P(1) £[0h (x), (2.6)
where
(510[ — (50
h(.’Ii) =P — 62.’1] —Be ]Fqn [x], B= ﬁ S Fqn. (27)

By Corollary (3.6) of [4], h(x) is an irreducible polynomial over Fyn if and only if d = AP~! for some A € Fyn
and Tryn), (&) # 0. If in Corollary (3.6) of [4], we add the extra condition Ng|p(d2) = 1 or equivalently

iy
657" =1, then we can obtain d, = AP~! for some A € F,. Now by this additional assumption and Proposition

1, we get
Trynip (fp) = Tryp <Trqnq <fp>> = Trypp (;Trqﬂq(B)) =Tryp ()
where
2 ="Treng(B) = —ndy + (61 — 50)];((11))
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By definition of the trace function we have

z z 2P 2P
Tray (55) = 25+ 2+t

1z 2P P
We formulate this result as follows.
Corollary 3 Let P(z) be an irreducible polynomial of degree n over Fy, ¢, 01,02 € Fy, g # 61,02 # 0,1 and

Ng|p(d2) = 1. Then the polynomial

p_
F(z) = (a8 — 8oz + 61)"P <x62x+50> ’

P — dox + 01

of degree np is irreducible over [, if and only if the following relation holds

s—1 putl_q
> e, T #0, (2.8)
u=0
where z = —ndy + (61 — do L) Otherwise F(z) factors as the product of p irreducible polynomials of degree
P(1)

n.
Proof By hypothesis of Corollary 3, h(® (), u=0,1,...,n — 1 are irreducible polynomials of degree p over
Fy» and B = 5110‘_7;50 is a proper element in Fyn. So by Theorem (1.2), F(x) is an irreducible polynomial of
degree np over F,.

Now suppose that (2.8) failed. So by [3], h(z) in (2.7) splits in Fyn as follows:

h(z) = H(m —Xi)s
i=1
where \; € Fgn. It can be shown that
P
(@) = [ =)
i=1

where my,(x) is the minimal polynomial of \; € Fyn over F, of degree n. Thus the proof is complete. O
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