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Abstract: Main results: For every equicontinuous almost periodic linear representation of a group in a complete locally
convex space L with the countability property, there exists the unique invariant averaging; it is continuous and is
expressed by using the L-valued invariant mean of Bochner and von-Neumann. An analog of Wiener’s approximation
theorem for an equicontinuous almost periodic linear representation in a locally convex space with the countability

property is proved.

Key words: Invariant averaging, invariant mean, almost periodic function

1. Introduction

The concept of the invariant averaging was introduced and investigated in the paper [14]. The following results
were obtained in it: (7). A group G is amenable if and only if every almost periodic linear representation of
G in a quasi-complete locally convex space has an invariant averaging; (i:). A locally compact group G is
compact if and only if every strongly continuous linear representation of G in a quasi-complete locally convex
space has an invariant averaging. The invariant averaging can be considered as an infinite-dimensional analog
of Reynold’s operator in the invariant theory [21, 11.3.2]. Invariant averagings are closely connected with vector-
valued invariant means, amenable groups, almost periodic functions, almost periodic linear representations of a
group in locally convex spaces and uniformly equicontinuous actions of a group on compacts. The vector-valued
invariant mean with values in a locally convex space was introduced and applied to investigation of vector-valued
almost periodic functions by Bochner and von Neumann [1]. This investigation was continued in papers ([3]-[7],
[10], [11], [17], [19], [20], [25]) and different applications were obtained. A survey on almost periodic functions
and representations in locally convex spaces is given in [22].

The continuity property of an invariant averaging and uniqueness of an invariant averaging have important
role for investigations of problems of harmonic analysis and dynamical systems. The present paper is devoted to
a description of a class of almost periodic linear representations of a group with a continuous invariant averaging.

Our paper is organized as follows. In section 2, some definitions and results which will be used in the
following sections are given. In particular, the theorem on equivalence of different conditions of precompactness
for L-valued bounded functions is given (Theorem 2), where L is a locally convex space. In section 3, the
theorem on existence of invariant averaging for almost periodic representation of an amenable group in a

locally convex space is obtained (Theorem 3). In section 4, the following theorem is obtained: for every
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equicontinuous almost periodic linear representation of a group G in a complete locally convex space with the
countability property, there exists the unique invariant averaging; it is continuous and is expressed by using
the L-valued invariant mean of Bochner and von Neumann (Theorem 5). In section 5, an analog of Wiener’s
approximation theorem for an equicontinuous almost periodic linear representation in a locally convex space

with the countability property is proved (Theorem 7).

2. Preliminaries
Let L be a complex locally convex vector space and H(L) be the group of all continuous linear operators

A: L — L such that A~! exists and is continuous. Let G be a group.

Definition 1 A homomorphism o« : G — H(L) is called a linear representation of a group G in a locally

convex space L.

Let « be a linear representation of G in L. For x € L, let {a(s)z,s € G} ={y € L:y=ca(t)z,t € G}
be the a(G)-orbit of x. Denote the convex hull of {a(s)z,s € G} by Co{a(s)z,s € G} and the closure of

Co{a(s)z,s € G} in L by Co{a(s)z,s € G}.

Definition 2 [14, Definition 1.2] A linear operator M : L — L is called an invariant averaging for a if:

(1) a()M(z) = M(a(t)x) = M(z) for all x € L and dall t € G;

(1) M(z) € Co{a(s)x,s € G} forall x € L.
Remark 1 This definition differs from the definition of the “invariant average” in [3].

Let M be an invariant averaging for a. Put LY = {y € L : a(t)y = y,Vt € G}; that is LY is the set of
all a(G)-invariant points of L. Then LY is a closed linear subspace of L. By Definition 2, M(z) € L for all
v €L, M(z) =2z for all z € LY and M (M (z)) = M(z) for all x € L. Hence M is a projection operator onto
LY.

Remark 2 Linear operators which are similar to the invariant averaging (for example, the Reynolds operator),
have an important role in the invariant theory [21, I1.3.2]. Similar operators also appear and are useful in the
harmonic analysis. For example, the linear operator Py in [15, Proposition 2] is an invariant averaging of a

strongly continuous linear representation of the one-dimensional torus T in a Banach space.

Let L be a complete complex locally convex space. Denote by Z(L) a zero neighborhood basis of L such

that every U € Z(L) is an absolutely convex subset of L. Let G be a group.

Definition 3 (23, Definition 11]) The function f : G — L is called bounded if, for every U € Z(L), there
exists a real number X\ > 0 such that \f(t) € U for all t € G.

Denote by B(G, L) the set of all bounded functions f : G — L. B(H,L) is a complex vector space.
We consider the following topology in B(G,L). For U € Z(L), put 7(U) ={f € B(G,L): f(t) € UVt € G}.
Then {7(U),U € Z(L)} is a fundamental system of zero neighborhoods for some locally convex topology 7 in
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B(G, L). Further, we consider B(G, L) with the same topology 7. In the case L = C, where C is the field of
complex numbers, the topology 7 is the topology of the norm ||z|| = sup,cq |2(t)| in B(G,C).

For brevity, we will say that a locally convex space L has the countability property if there exists a

sequence of zero neighborhoods with empty intersection. The following theorem is known.

Theorem 1 [23, Theorems 17, 18] If L is a complete locally convex space with the countability property, so is
{B(G,L),7}.

For fixed f € B(G,L) and a € G, let ,f be the L-valued function on G such that ,f(z) = f(ax) for
all x € G. Let f, be the L-valued function on G such that f,(z) = f(xza) for all x € G. Then, for fixed
a,b € G, ofp is the function ,f,(z) = f(azb) for all * € G. Let D,f be the function on G x G = G? such
that (Do f)(z,y) = f(zay) for all 2,y € G.

For a proof of Theorem 4, we need the following theorem.

Theorem 2 Let L be a complete locally convezx space, G is a group and let f € B(G,L). Then the following

properties of f are equivalent:
(1) {fa:a€ G} is precompact in B(G,L);
(i3) {of :a € G} is precompact in B(G,L);

(i13) {Duf : a € G} is precompact in B(G?,L).
Proof This theorem is known in the case L = C, where C is the field of complex numbers (see [9, Theorem

18. 1], [18, p.145]). For an arbitrary complete locally convex space L, a proof of this theorem is similar to the
case L =C. O

3. Invariant averagings of almost periodic representations of an amenable group

Let a be a linear representation of a group G in a locally convex space L.

Definition 4 [18, p. 142] An element x € L is called almost periodic if its orbit {a(t)x,t € G} is precompact

in L. A representation o will be called almost periodic if every element of L is almost periodic.

Remark 3 This is a variant of the definition of an almost periodic operator semigroup proposed by K. de Leeuw
and I. Glicksberg [16].

Let C be the field of complex numbers and B(G, C) is the set of all bounded complex functions on G.
B(G,C) is a Banach space with respect to the norm ||z|| = sup,cq |2(t)|, where 2 € B(G,C). Let B(G,C)’
be the conjugate space of B(G,C). For ¢ € B(G,C)", put (Qs)¢(z) = ¢(zs), where s € G, x4(t) = z(s't).
Then @ is a linear representation of G in B(G,C)’. We consider B(G,C)" with respect to the w*-topology.

Proposition 1 (i) B(G,C)" is a quasi-complete locally convex space;

(it) The linear representation Q is almost periodic.
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Proof (i). According to Corollary 2 in [2, ch.III, 3.7], B(G,C)’ is a quasi-complete locally convex space with
respect to the w*-topology.
(i1). We have [(Qsp)z| = |o(xs)| < lloll[|zs] = llllllz]l. Hence [|Qsepll < [|l¢]| for all s € G and

1> (@Qse)zll < D Xill@se)all < D Nillellllz]l = llell [l
i=1 i=1 i=1

n
for all \; € R such that A; > 0 and > A\, = 1. Hence Co{Qsp,s € G} is bounded in B(G,C)’. This im-

i=1
plies that it is compact with respect to the w*-topology. Hence the linear representation @ is almost periodic. O

Theorem 3 For a group G the following conditions are equivalent:
(1) G is an amenable group;

(it) FEvery almost periodic representation of G in a quasi-complete locally convexr space has an invariant
averaging;
(#i1) The linear representation Q has an invariant averaging.
Proof (i) < (it) is given in [14, Theorem 2.1].

(#6) — (#1). By Proposition 1, B(G,C)" is a quasi-complete locally convex space and the linear
representation () is almost periodic. Hence () has an invariant averaging.

(i3i) — (i). Assume that Q has an invariant averaging M. Then Co{Q.u,s € G} has a G-invariant
element My for all u € B(G,C). Let p € B(G,C) be a mean on B(G,C) that is a linear functional on
B(G, C) such that u(f) >0 forall f >0 and u(1) = 1. Then there exists a net {11, } in Co{Q.u,s € G} such
that ju,(f) = (Mp)(f) for all f € B(G,C), where u(f) = S awsn(F((5710)), S av; = 1, 515 € G
and a,; > 0 for all v,j. Since p,(f) >0 for all f >0 and p,(1) =1, we obtain that (Mu)(f) > 0 for all
f>0and (Mu)(1) =1 that is My is an left invariant mean on G. Hence G is amenable. O

Assume that the linear representation « in L has an invariant averaging. Then according to Definition

2, Co{a(s)x,s € G} contains an «(G)-invariant point for all € L. It is very important (in particular, in

ergodic theory) to know when Co{a(s)z,s € G} has a unique «(G)-invariant point.

Proposition 2 Let a be a linear representation of a group G in a locally convex space L. Assume that o has

a continuous invariant averaging M . Then

(i) Co{a(s)x,s € G} contains the unique o(G)-invariant point for every x € L;

(it) every invariant averaging of the linear representation « is equal to M .

Proof (i). This assertion is proved in [14, Proposition 1.2].

(#1). Let M; be an arbitrary invariant averaging of «. Then, by Definition 2, M;(z) € Co{a(s)z,s € G}

and M;(z) € LY. According to assertion (i), the set Co{a(s)x,s € G} has the unique a(G)-invariant point.

Since M (z) and M;(z) are a(G)-invariant elements of Co{a(s)z,s € G}, we obtain that M (z) = M;(z) for
all x € L. Hence M = M; . O
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4. Invariant averaging of an equicontinuous almost periodic linear representation

Let a be a linear representation of a group G in a locally convex space L.

Definition 5 [13, p. 232] A linear representation « of G in a locally convex space L will be called equicontin-
uous if, for every zero neighborhood U of L, there exists a zero neighborhood V' such that o(t)V C U for all
te@G.

Ezample. We define linear representations «; and «, of G in B(G,L) as follows: for s € G and
f€B(G,L), let (q(s)f)(x) = f(s™'z) and (a,(s)f)(x) = f(xs). Then o; and «, are equicontinuous linear
representations of G in B(G,L).

Definition 6 A linear representation o of G in a quasi-complete locally convex space L will be called equicon-

tinuous almost periodic if
(i) the set {a(t)z,t € G} is conditionally compact for any x € L;
(#d) the family {a(t),t € G} is equicontinuous in L.

Remark 4 For a Banach space L, every almost periodic linear representation of a group G in L is equicon-
tinuous (see [18, p.142]).

Let a be a linear representation of G in a locally convex space L. Denote by A,(L) the set of all almost

periodic elements of L. It is obvious that LY C A,(L).

Proposition 3 Let o be a linear representation of G in a locally convex space L. Then Ap(L) is a linear
subspace of L.

Proof Let U € Z(L) be an arbitrary zero neighborhood. For U, there exists V' € Z(L) such that
V+V CU. Let x,y € L be almost periodic points. Then, for V', there exist finite V-meshes {a1,as,...,a,}
and {b1,bs,...,bn} of a(G)-orbits {a(t)z,t € G} and {a(t)y,t € G}, respectively. Hence, for every ¢ € G,
there exist ar and b; such that a(t)r —ar € V and a(t)y — b € V. We have a(t)(x +y) — (ar + b)) =
(a(t)x—ar)+ (a(t)y—b) € V4+V C U. Hence the set {ar +b,:1 <k <n,1 <I<m} isan U-mesh of the set
a(t)(z +y). This means that z + y is an almost periodic point. Similarly, if = is almost periodic and X € C,

then Az is almost periodic. O

Proposition 4 Let a be an equicontinuous linear representation of G in a complete locally convex space L.

Then Ap(L) is a closed linear subspace of L.

Proof Let {x,} be a convergent net in L such that x, € A,(L) and lim, z, =« € L. Prove that x € A,(L).
Let U be a zero neighborhood of L. Then there exist zero neighborhoods V' and V' of L such that V+V C U
and a(t)V' CV forall t € G. Since x, — x, there exists an element x,,, of the net {z,} such that z—x,, € V.
We have a(t)(x — x,,) € a(t)V' CV for all t € G. Since z,, is an almost periodic element of L, there exists
a finite subset {y1,vy2, - ,ym} of L with the following property: for any ¢ € G, there exists k € {1,2,...,m}
such that a(t)z,, — yx € V. This implies a(t)z — yx = (a(t)z — a(t)zy,) + (a(t)z,, —yx) € V+V CU. This
means that the set {y1,vy2, - ,ym} is an U-mesh of {«a(t)x,t € G}. Hence {a(t)z,t € G} is precompact and
z e A,(L). O
Let z € L be fixed. Put F,(t) = a(t)z. Then F, : G — L is an L-valued function on G.
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Definition 7 (/1, Definition 1]). A function f € B(G, L) is called almost periodic if the sets {fq, : a € G} and
{af : a € G} are precompact in B(G,L).

Theorem 4 Let o be an equicontinuous almost periodic linear representation of G in a complete locally convex
space L and x € L. Then F,(t) = a(t)x € B(G, L) and it is an almost periodic function on G for every x € L.

Proof Prove that F, € B(G, L) for every x € L. Since every element of L is almost periodic, according to
Definition 3, the set {a(t)z,t € G} is precompact in L. Hence it is bounded in L and F, € B(G,L).

Let z € L be fixed. Prove that {F,(ta) : a € G} is precompact in B(G, L). Since the family {«(t),t € G}
is equicontinuous in L, for every zero neighborhood U € Z(L), there exists V € Z(L) such that a(t)V C U
for all t € G. Since the set {a(a)z,a € G} is precompact in L, there exists a finite subset {ay,...,an} of
G such that, for every a € G, there exists k € {1,2,...,n} satisfying the condition «(a)r — a(ar)x € V.
Then o(t)(a(a)r — alar)r) = (a(ta)r — a(tar)r) € a(t)V C U for all ¢ € G. This means that the set
{a(tag)z : k=1,2,...,n} is an U-mesh of {Fy(ta) = a(ta)r:a € G}. Hence {F,(ta) = a(ta)r :a € G} is
precompact in B(G, L) and the property (i) of Theorem 3 holds for the function F,(t) = a(t)z. Hence, by the
equivalence () <+ (44) in Theorem 3, F,(¢) is almost periodic in the sense of the Definition 7. O

The L-valued invariant mean in B(G, L) was introduced by S. Bochner and J. von Neumann in the

paper [1]. Denote it by Myp.

Theorem 5 Let L be a complete locally convex space with the countability property and « is an equicontinuous
almost periodic linear representation of a group G in L. Then there exists the unique invariant averaging M
of a, it is continuous and M(x) = Myp(a(t)z) for all x € L.

Proof Let z € L. We consider the function F,(t) = a(t)r. By Theorem 4, F,(¢) is an almost periodic
function on G. Then, according to [1], there exists the L-valued invariant mean Myp(Fy(t)) of Fy(t) = a(t)x.

Put M(xz) = Myp(a(t)r). Then M : L — L is a mapping. Prove that M is a continuous invariant averaging
of a.

By properties 2) and 3) of Theorem 16 in [1], M(z + y) = Mnp(a(t)(z +y)) = Myp(a(t)z) +
Myp(a(t)y) = M(x) + M(y) and M(Az) = Myp(a(t)(A\x)) = Myp(Aa(t)z) = AMyp(a(t)z) = AM(z),
where A € C'. Hence M is a linear operator on L.

By Theorem 13 in [1], for F,(t) = a(t)x and any zero neighborhood V € Z(L) there exist real numbers
T1,72,...,7nm and a finite subset {a1,az,...,am} of G such that r +re + -+ 1, =1, where 7; > 0 for all
i€{1,2,...,m}, and

r1Fy(pait) + roFy(pagt) + -+ + ro Frp(pamt) — M(z) € V (1)

for all p,t € G. For the identity element p =t = e of G, we have ria(a1)x+raa(az)x+- - -+rna(an)z—M(x) €
V. This implies that M (x) € Co~ {a(s)z,s € G}. Prove that M(«a(s)x) = a(s)M(x) = M(z) for all s € G.
By property 5) of Theorem 16 in [1], we have M (a(s)z) = Mnp(a(t)a(s)z) = Myp(a(ts)z) = Myp(a(t)z) =
M(x) for all s €@G.

Now we prove that a(s)M(z) = M(z) for all s € G. Let U € Z(L) be any zero neighborhood.
Then there exists a zero neighborhood W € Z(L) such that W + W C U. Since the linear representation « is
equicontinuous, for W € Z(L), there exists a zero neighborhood V' € Z(L) such that a(s)V C W forall s € G.
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By Equation (12), we obtain «a(s)(r1 Fy(pait) + roFy(pagt) + - - + 1 Fr(pamt)) — a(s)M(x) € a(s)V C W for
all s,p,t € G. Using a(s)F,(t) = a(s)a(t)r = a(st)x = F,(st), we have

(r1Fp(spait) + roFy(spast) + - - + i Fo(spamt) — a(s)M(x) € a(s)V CW (2)
for all s,p,t € G. Put p = e in Equation (2), where e is the identity element of G. Then we have
(r1Fp(sait) + raFy(sast) + - - + rp Fr(samt) — a(s)M (z) € a(s)V CW (3)
for all s,t € G. Using Equation (1) and Equation (3), we obtain

M(z) — a(s)M(x) = (M (x) — (r1Fy(sait) + roFp(sast) 4+ - - - + rp Fr(samt))) +
((rFy(sait) + roFy(sagt) + - - + rpFrp(samt)) —a(s)M(z) e V4+W C W+ W CU

for all s € G. Since U € Z(L) be an arbitrary zero neighborhood, we obtain that M (z) = a(s)M (z) for all
sed.

Prove that M is a continuous linear operator. Let U € Z(L) be an arbitrary zero neighborhood. Then
there exists V € Z(L) such that V4V C U. By the property 8) of Theorem 16 in [1], for all f(¢),h(t) € B(G, L)
such that f(t) — h(t) € V,Vt € G, we have

Mnp(f(t) — Mnp(h(t)) € U. (4)

Since « is equicontinuous, for the zero neighborhood V', there exists a zero neighborhood W such that
a(t)W C V. Let z,y € L such that x —y € W. Then F,(t) — Fy(t) = a(t)(z —y) € a(t)W C V for
all t € G. By Equation (4), we obtain that M (z) — M(y) = Myp(Fy(t)) — Mnp(F,(t)) € U. Thus, for an
arbitrary zero neighborhood U € Z(L), there exists a zero neighborhood W € Z(L) such that z —y € W
implies M (z) — M(y) € U. This means that the linear operator M is continuous.

Hence the linear representation « has a continuous invariant averaging M . By Proposition 2, the linear

representation « has the unique invariant averaging and it is equal to M. The theorem is completed. O

Corollary 1 Let « be an almost periodic linear representation of a group G in a Banach space L. Then there

exists the unique invariant averaging M of «, it is continuous and M (z) = Myp(a(t)z) for all x € L.

Proof Every almost periodic linear representation of a group G in a Banach space L is equicontinuous (see

[18, p.142]). Hence, this corollary follows from Theorem 5. O

5. The spectrum of an element in an equicontinuous almost periodic representation
Let C be the field of complex numbers and 7' is its multiplicative subgroup {A € C':| A |= 1}. In this section,

G is an abelian group with the discrete topology and G is the group of all characters of G (that is the set of
all homomorphisms of G to T').

Proposition 5 Let a be an equicontinuous almost periodic representation of G in a quasi-complete locally
convez space L and x € G. Then B = x'a : G — G(L), where B(t)x = x '(t)a(t)z, (x € L), is an

equicontinuous almost periodic representation.
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Proof Since « is almost periodic, the set A = {a(t)z,t € G} is compact for every z € L. Using
continuity of the mapping F : C x L — L, where F(\a) = Aa,A € C,a € L, we find that the set
B ={Xa,A € C,|\| =1,a € A} is compact. On account of {x~*(t)a(t)z,t € T} C B the set {x " *(t)a(t)z} is

1

compact. Hence x~ "« is an almost periodic representation.

Prove that the linear representation [ is equicontinuous. Since « is an equicontinuous linear represen-

tation of G in a quasi-complete locally convex space L, for every balanced zero neighborhood U of L, there
exists a zero neighborhood V' such that «(t)V C U for all t € G. By |x7'(t)| =1 for all t € G, we obtain
BV =x"1t)at)V C x 1)U CU forall t € G. |

Let L be a complete locally convex space with the countability property and « is an equicontinuous
almost periodic linear representation of a group G in L and x € G. By Proposition 5 and Theorem 5, the

1

unique invariant averaging of the linear representation x ™"« exists and it is continuous. Denote it by M, .

Proposition 6 The linear operator M, has the following properties:

forall x € L and s € H.

Proof Using the definition of an invariant averaging, we find x~!(¢t)a(t) M, (z) =
M, (x ' (t)a(t)z) = M, (z). Using linearity of M, , we obtain «(t)M, (z) = M, (a(t)x) = x(t)M,(x). O

Proposition 7 Let L be a complete locally convexr space with the countability property and « is an equicontin-

wous almost periodic linear representation of a group G in L. Assume that an element y € L,y # 0, satisfies
the condition a(t)y = y(t)y for some v € G. Then M,(y) =y and M, (y) =0 forall x € G such that x # .
Proof For the element y we have v~!(#)a(t)y = y. Hence y is an G-invariant point for the representation
y~'a. Then M,(y) = y. Let x € G and x # 7. Then x ' (t)a(t)y = x ' (t)y(t)y. Consider the linear
representation 3 =y la in L. We have B(t)y = x "1 (t)a(t)y = x " 1v(t)y. The closed convex hull of Gy is

V(y) = {(Alx_l(tl)’Y(tl) +o 4+ )‘nx_l(tn)’y(tn))yv /\k > 07 Z )‘k = 1; )‘z € R; ti € G}
k=1

Hence V(y) is a closed subset of {A\y, A € C}, containing y. Since § is an almost periodic representation, V(y)
contains an G-invariant point for 8. Let z = Aoy be an G-invariant point for some \g € C. If A\g # 0 then
X ) a(t)z = Xox 'v(t)y = Xy for all t € G. Hence x '(t)y(t)y = y. Then x 1(t)y(t) =1 for all t € G.
But this is a contradiction. Therefore A\g = 0. Then z =0 and M, (y) = 0. O
Corollary 2 The linear operator M,, has the following properties:

(1) M?= M, forall x € G;

(13) MM, =0 forall x,v€ G such that x # .
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Proof A proof follows from Proposition 7. O
Let Myp is the invariant mean defined in the paper [1]. It is defined an element My pg(x~'(t)f(t)) of L

for every x € G and every f € B(G,L).

Corollary 3 Let L be a complete locally convex space with the countability property and « is an equicontinuous

almost periodic linear representation of a group G in L. Then:

(i) My(z) = Myg(x~"(t)a(t)x) for every x € L and every x € G;
(t7) the linear operator M, is continuous on L for every x € G.

Proof A proof follows from Theorem 5. O
Let L be a complete locally convex space with the countability property and « is an equicontinuous

almost periodic linear representation of a group G in L. Then for every z € L and every x € G is defined the
element M, (x) € L.

Definition 8 The set {X €eG: M (x)# 0} will be called the spectrum of the element © € L and denoted by
Spec(x).

Remark 5 By theorem 25 in [1], the spectrum {x € H: Myp(x *(t)F(t)) # 0} is countable for every F €

g

Remark 6 Countability of spectrums of almost periodic functions and weak almost periodic functions with
values in a Banach space is well known ([12], [17]). But there exists a weak almost periodic function of
Besicovitch with uncountable spectrum [12]. The remarkable criterion for the countability of the spectrum of a

scalar almost periodic function with values in a Banach space was obtained in the paper [8].

Let L be a complete locally convex space with the countability property and « is an equicontinuous
almost periodic linear representation of a group H in L. We put Q,, ={y € Q : a(t)y = x(t)y,Vt € H} for a
closed a(H)-invariant subspace Q of L and y € H. Q, is a closed a(H)-invariant subspace of Q. For z € L
denote by L(z) the smallest closed o(H)-invariant subspace of L, containing . For L(z) and x € H we

consider the subspace L, (). Denote by Y L, (z) the algebraic sum of all subspaces L, (z),x € H.
xeH

Theorem 6 Let L be a complete locally convex space with the countability property and o is an equicontinuous

almost periodic linear representation of a group H in L. Then ) L,(x) = L(x) for every x € L.
xef[
Proof It is obviously that L,(z) C L(x) for all x € H. Therefore > Ly(x) C L(z) for every = € L.
x€H
Prove the inverse inclusion. Using theorems 21, 23 of the paper [1] and corollary 3, we obtain that the

function F,(t) = «(t)r is a limit of functions F,(¢) in the topology of L, where F,(t) has a form

F,(t) = > rexs(t) My, (), € R,0 < rp < 1. Putting ¢ = 0, we obtain that the element z is a limit
k=1
of elements > 7y M,, (x). Hence z € > L,(z) and L(z) = Y Ly(z). O
k=1 ; :

= x€H xeH
Let E be a closed «(H)-invariant subspace of L. Put SpecE = UzecgSpec(x).
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Proposition 8 Let L be a complete locally convex space with the countability property and o is an equicontin-

uous almost periodic linear representation of a group H in L and x,y € L. Assume that M, (x) = M, (y) for
allxef{. Then x =1y.

m
Proof According to Theorem 6 the element = — y is a limit of elements of a form ) ryM,, (x —y) = 0.
k=1

Hence x = y. O

Proposition 9 Let L be a complete locally convex space with the countability property and o is an equicon-
tinuous almost periodic linear representation of a group H in L, y € L and lim,cqy, =y for some direction
Yy, v € Q, in L. Then Spec(y) C U,ecqSpec(y,) .

Proof Put P = U,cqSpec(y,). Let B be a fundamental system of neighborhoods of the zero in L and
W € B. Then there exists vy € Q such that y —y, € W for all v > 1. Let x ¢ P. Then M, (y,) =0 for all
v € Q. Since M, is continuous, for every U € B there exists W € B such that M, (W) C U. For x ¢ P and
for all v > vy we have M, (y) = My (y —y») + My (y,) = My (y —y,) € U. Hence M, (y) = 0. This means that
X ¢ Spec(y). Thus Spec(y) C UaSpec(y, ). O
Proposition 10 Let L be a complete locally convexr space with the countability property and « is an equicon-
tinuous almost periodic linear representation of a group H in L. Then Spec(x) = SpecL(x).

Proof The inclusion Spec(x) C SpecL(x) is obvious. Prove the converse inclusion. According to Proposi-

tion 5, we have M, (a(s)x) = x(s)M,(x). Using this equality, we obtain that M, (a(s)z) = 0 if and only if

M, (xz) = 0. Hence Spec(z) = Spec(a(s)z) for all s € H. Let y = kzl Ara(sg)x and x ¢ Spec(z). Then

M, (a(sg)x) =0 for all k =1,...,n. Hence M, (y) = > AMy(a(sg)xz) = 0. Thus Spec(y) C Spec(x). Let
k=1
z € L(z). Then according to Theorem 6 there exists a direction {y,,v € Q}, where y, € >~ L,(x), such that
xeH
limg y,, = z. Using Proposition 9, we find Spec(z) C UqSpec(y,) C Spec(z). Thus SpecL(z) = Spec(z). O

Theorem 7 Let L be a complete locally convex space with the countability property and « is an equicontinuous

almost periodic linear representation of a group H in L and x € L. Assume that dimL, <1 for all x € H.
Then L(xz) = L if and only if Spec(x) = SpecL.

Proof Let L(x) = L. According to Proposition 10, we have Spec(z) = SpecL(z) = SpecL. Prove the con-

verse statement. Let Spec(z) = SpecL. Assume that y € L. According to Theorem 6 there exists a direction
n

{yvvea} such that limgy, =y, where y, has a form y, = > r,(CV)MXM (y) for some X,(CV) € Spec(y),r,(cy) €R.

k=1 ke

Since dimL, <1 and Spec(z) = SpecL, we obtain that M, (y) € L(z) for all x € SpecL. Then y, € L(z)
and y € L(z). Thus L(z) = L. O

Remark 7 Theorem 7 is an analog of the tauberian theorem of Wiener ([24, ch.II]).
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