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Abstract: The inertia subgroup I,,(m) of a surgery obstruction group L,(7) is generated by elements that act trivially
on the set of homotopy triangulations S(X) for some closed topological manifold X™ " with 71(X) = 7. This group is
a subgroup of the group C,, (7), which consists of the elements that can be realized by normal maps of closed manifolds.
These 2 groups coincide by a recent result of Hambleton, at least for n > 6 and in all known cases. In this paper we
introduce a subgroup J,(7) C I,(7), which is generated by elements of the group L,(7), which act trivially on the set
S§2(X,0X) of homotopy triangulations relative to the boundary of any compact manifold with boundary (X,8X). Every
Browder—Livesay filtration of the manifold X provides a collection of higher-order Browder—Livesay invariants for any
element z € L, (7). In the present paper we describe all possible invariants that can give a Browder—Livesay filtration
for computing the subgroup J, (7). These are invariants of elements x € Ly(7), which are nonzero if « ¢ J, (7). More
precisely, we prove that a Browder—Livesay filtration of a given manifold can give the following invariants of elements
z € Lyn(m), which are nonzero if z ¢ J,(m): the Browder-Livesay invariants in codimensions 0, 1, 2 and a class of

obstructions of the restriction of a normal map to a submanifold in codimension 3.

Key words: Surgery assembly map, closed manifolds surgery problem, assembly map, inertia subgroup, splitting
problem, Browder—Livesay invariants, Browder—Livesay groups, normal maps, iterated Browder—Livesay invariants,

manifold with filtration, Browder—Quinn surgery obstruction groups, elements of the second type of a Wall group

1. Introduction
Throughout the paper we consider finitely presented groups m equipped with orientation homomorphisms
w: ™ — {£1}. Let L,(m) be the Wall surgery obstruction groups L% (m,w). As usual, Br = K(m, 1) denotes
the classifying space of w. For a manifold X we suppose that the orientation map w: 7 = m(X) — {x1}
coincides with the Stiefel-Whitney character. We shall work in the category of topological manifolds.

Any element x € L,41(m), n > 5, can be represented by a normal map of a compact manifold with
boundary. The results of [19] provide the following representation. Choose a closed n-manifold X" with

7m1(X™) = 7. Then there is a normal map

(F,B): (W™ 90W,0W) — (X x I; X x {0}, X x {1}) (1.1)
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with the obstruction o(F, B) = x, where 0gW = X, Flg,w =1d, hW = M™, and
f=Fly:M—=X

is a simple homotopy equivalence. Here, B : vy — vxx1 is a bundle map covering F', the source vy is the
stable normal bundle of W in Euclidean space, and vxx; is a bundle over X x I. In what follows, we shall
not mention the maps of stable bundles if this does not lead to confusion. We call this the Wall realization of
x on X.

Let X be a closed n-dimensional topological manifold. An orientation preserving simple homotopy
equivalence f M™ — X" of n-manifolds is called a homotopical triangulation of the manifold X. Two
homotopical triangulations f; : M; — X (i = 1,2) are said to be equivalent if there exists a homeomorphism

h: My — M, fitting in the following homotopy commutative diagram (see [16], [17], and [19]).

f

M1 —1% X.
My

The set of equivalence classes STOP(X) is the topological structure set of the closed manifold X . If n is bigger

than 4 it fits into the surgery exact sequence (see [16], [17], and [19])

o5 [B(X4), G/TOP] — Ly (n) —2— STOP(X) — [X,G/TOP] —Z— Ly (7). (1.3)

The map A is defined by the Wall realization on X . For a homotopy triangulation g: M — X, the Wall
realization in (1.3) is defined in a similar way (see [14] and [19]) as in representation (1.1) that gives the action of

x € Lyy1(m) on the trivial triangulation Id: X — X . By definition, [A(z)] (Id) is the homotopy triangulation
Flo,w: W — X x {1}

of the manifold X [19, §10]. For n > 5, let an element « € L, 1(m) act trivially on a homotopy triangulation
of some manifold X™ with m(X) = 7. We denote by I,,+1(7) the subgroup generated by such elements.
Now, let (X,0X) be a compact n-dimensional manifold with boundary. A homotopy triangulation

relative to the boundary of (X,0X) is given by a pair of maps
(f,0f) : (M,0M) — (X,0X),

for which the map f is a simple homotopy equivalence and the restriction df is a homeomorphism. Two such
homotopy triangulations

are concordant if there exists a simple homotopy equivalence of the 4-ad
(F;gmf()afl) : (W;V7M07M1) - (X X I7aX X I?X X {0}7X X {1})

with
GW:MQUMlLJV, 8V:8M0U8M1, V:8M0><I,

and
8f0:8f1, gz@foxI:V%aXxI.
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The set of concordance classes is denoted by S?(X,0X).
In fact, Wall [19] (see also [14]) constructed an action of an element = € L,i1(7w), n > 5, on any

homotopy triangulation relative to the boundary
(f,0f): (M,0M) — (X,0X) (1.4)

of compact manifolds.

Let m1(X™) = m1(0X) = w. Then the results of Wall provide a normal map of 4-ads
(F,B): (WL 0oW,0W, V) — (M x I; M x {0}, M x {1},0M x I) (1.5)

with o(F,B) = z. In (1.5) we have oW = M x {0}, V = 0M x I, Flg,wuv = Id, the boundary of ;W is
OM , and the map
Flalwi oW — M x {1} (16)

is a simple homotopy equivalence. The result of the action of an element = € L,41(7w) on f is the class
[foF|loyw: W — X].

Denote by J,+1(7) the subgroup of L, 1(7), which is generated by elements that act trivially on the
set S?(X,0X) for any compact manifold (X,0X) with 7 (X") = 7,(0X) = 7. It follows immediately from
the definition that J,(7) C I,,(7). We cannot assume that J,(7) is equal to I,(w).

There is a map
A: Hy(Bm;Le) = Ly(m) (1.7)

called the assembly map, where B is the classifying space for m. These maps fit into the algebraic surgery

exact sequence of Ranicki [16]

et 2 Lyt (1) = Spi1(B7) = Hy(Bm;La) —2— Ly () — -+ (1.8)

which holds for n bigger than or equal to zero and where S, 11(B7) is the algebraic structure set of Bm and
L, is the Q-spectrum that is a 1-connected cover of the simply connected surgery 2-spectrum Lg(1) with
Tn(Le(1)) = L, (1), n >0, and Leg ~ G/TOP [16].

For a closed m-dimensional topological manifold X with n > 5 the surgery exact sequence (1.3) is
isomorphic to the left part (from the group L,(m)) of the algebraic surgery exact sequence (1.8) of the space
X with

H,(X;Le) 2 [X,G/TOP] and S,1(X)=S8TP(X)

(see [16], [17], and [19]).

Let Cy(m) consist of the surgery obstructions o(f,b) € L, (n), where (f,b) is a normal map of closed
manifolds with a given orientation map w.

It was proven in [5] that I,(r) C C, (7). Additionally, it follows from [7] that images of these groups
coincide in the projective Novikov-Wall groups LY. It was proven in a recent paper by Hambleton [8] that
I, (7) = Cp(m) for n > 6.

The iterated Browder—Livesay invariants provide a collection of the higher-order invariants in the closed
manifold surgery problem for a group 7 with a subgroup of index 2 (see [2], [3], [5], [7], [12], and [13]). These

are invariants of elements = € L, (), which are nonzero if z ¢ C, (7). A natural way to describe iterated
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Browder-Livesay invariants for the group L, (m) is the Browder-Livesay filtration of the manifold X with
m1(X) =7 (see [2], [6], and [15]) (the definition of a Browder—Livesay filtration and iterated invariants is given
in Section 2 below).

In the present paper we describe the application of this approach to computing the subgroup J, ().
More precisely, we prove that a Browder—Livesay filtration of a given manifold can give the following invariants
of elements = € L, (w1 (X)), which are nonzero if « ¢ J,(7): the Browder—Livesay invariants in codimensions
0, 1, 2 and a class of obstructions of a restriction of a normal map to a submanifold in codimension 3.

In Section 2 we give necessary preliminary material and state our main result (Theorem 2.5), and in

Section 3 we formulate and prove all key theorems.

2. Browder—Livesay filtration and iterated invariants

A pair of closed manifolds (X™,Y"~1) is called a Browder—Livesay pair if Y is a one-sided submanifold in X
and the homomorphism 71 (Y) — m1(X) induced by the inclusion map is an isomorphism (see [1], [4], [5], [7],
[13], and [19, §11]). Let p = m (X \Y) and let i: p — 7 be the natural map induced by the inclusion.

Let U be a tubular neighborhood of Y in X with boundary OU. We obtain a pushout square

m(OU) — m(X\Y) p = p
2 TR [ f (2.1)
m(Y) —  m(X) at - gt

of fundamental groups with orientation in which horizontal maps are isomorphisms and vertical maps are
inclusions of index 2. Thus i: p — 7 is an inclusion of index 2 subgroup. In (2.1) the upper horizontal map
and the vertical maps agree with the orientations. The bottom horizontal maps preserve the orientation on
the image of the vertical maps and reverse orientations outside these images. We shall denote this fact by

“—7_ We shall omit these superscripts if the orientation follows from the context.

superscripts “+” or
By definition (see [17, §7] and [19, §11]), a simple homotopy equivalence f : M — X splits along the
submanifold Y if it is homotopic to a map g : M — X, which is transversal to Y with N = g~1(Y’), and whose

restrictions
gln : N =Y and glanny: M\N—X\Y (2.2)

are simple homotopy equivalences. The splitting obstruction groups
LNn_l(ﬂ'l(X \ Y) — 7T1(X)) = LNn_l(p — 7T)

for a Browder—Livesay manifold pair (X,Y) have been widely investigated (see [1], [3], [5], [7], [17, §7], and
[19]) and are called the Browder—Livesay groups. The algebraic definition of the LN, -groups was given in [18].
These groups depend functorially on the oriented inclusion p — 7 and the dimension n — 1 mod 4.

These groups fit in the following braid of exact sequences (see [1], [7], [13], [17], and [18])

R Lo(p) TN L) —2— LN, s(p—7) —
S N\ s/ N\ A hV
LP,_,(F) r| L (i) (2.3)
NS NSNS
— LN,_i(p—>m) —s Lpa(r") ———  Lpa(p)  —
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where LP, (F) = L,(i'.) are the surgery obstruction groups for the manifold pair (X,Y) (see [1], [17], and
[19]), and L,,(i.) are the relative surgery obstruction groups for the inclusion 4 (see [1], [11], [17], and [19]). The
upper and bottom rows of Diagram (2.3) are chain complexes, and T' is an isomorphism of the corresponding
homology groups. Note that the maps s and ¢ are the natural forgetful maps, and the map ¢ denotes passing
from surgery problem inside the manifold X to an abstract surgery problem [19]. The map i is the surgery

transfer map, and the map 0 is the composition

Ly(n) —2— STOP(X) - LN,_s(p — )

of the action of an element z on the trivial triangulation of a closed manifold X™~! and taking an obstruction
to splitting along the submanifold Y2 C X on the top boundary of the bordism as in (1.1). For an element

x € L, (m), which represents a homology class
[] € Ker 9/ Im i,

we have a class

I([z]) = {gs~(x)|z € Ker 0} € Keri' /Imc

that is represented by an element ¢(y), where y € LP,_1(F) and s(y) = x.
Let X be a filtration

XpCXp1C---CXoCXjC X=X (2.4)

of a closed manifold X™ by means of locally flat closed submanifolds such that every pair of submanifolds is a
manifold pair in the sense of Ranicki [17]. A filtration in (2.4), for which every pair of submanifolds (X;, X; 1),
0 <i<k—1, is a Browder-Livesay pair, is called a Browder—-Livesay filtration (see [2], [6], and [15]). In what
follows, we shall consider only Browder—Livesay filtrations and we shall assume that dim X; =n—% > 5. The
filtration X in (2.4) is a stratified manifold in the sense of Browder—Quinn (see [4], [15], and [20]).

Let F;, 0 < i <k —1, be a square of fundamental groups in the splitting problem for the manifold
pair (X;, X;11) of the filtration in (2.4), G; = m(X;), and p; = m1(X; \ Xi41). Then LN, (p; — G;) are the
splitting obstruction groups for the manifold pair (X;, X;11).

Every inclusion p; — G; of index 2 gives a commutative braid of exact sequences that is similar to (2.3).
Putting together central squares from these diagrams (see [9] and [12]), we obtain the following commutative

diagram:
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—_— Ln(GO) L LNn,Q(po — Go)
s/0 N\
LPn—l(FO) T \I/ Ln(pO — GO)
a~ S
—_— L,-1(G1) L LN,—3(p1 — G1)
s/ N\
LP,_5(F) ry Ly_1(p1 — G1)
a~ S
E— Ln_Q(GQ) L) LNn(pQ — GQ)
RN (2.5)
LP, 3(Fy) ril Ln_2(p2 — G2)
N
Ln—3(G3)
—_ Lp_p41(Gr-1) N LNy _j—1(pr—1 — Gr—1)
s/ N\
LP, i (Fy—1) ry Lp_ps1(pr—1 — Gr-1)
a~
Ly—(Gk)

In this diagram we denote by s and ¢ the similar maps from different diagrams. However, in what follows, it
will be clear from the context which map is under consideration. Note that the groups and the maps in Diagram
(2.5) are defined by the subscripts taken mod 4 since the L,-groups and Diagram (2.3) are 4-periodic.

Now we can give an inductive definition of the sets
() C Lyp—j(Gy) for 0< j <k

and iterated Browder—Livesay j-invariants (1 < j < k) with respect to the filtration (2.4) (see [6], [12], [13],
and [15]).

Definition 2.1 Let x € L,(Gy). By definition,
I'z) = {z} € L.(Gy).
The set T°(x) is said to be trivial if x € Tmage{L,,(po) — Ln(Go)}. Let a set
M(z) C Ln—j(Gy), 0<j<k-—1

be defined. For j > 1, it is called trivial if 0 € TV (z).
If T9(x), 0<j <k—1, is defined and nontrivial, then the (j + 1)-th Browder—Livesay invariant with
respect to the filtration (2.4) is the set

9;(I7(x)) € LNy—j—2(pj—1 — Gj-1).
The (j + 1) -th invariant is nontrivial if 0 ¢ 9;(IV (z)).
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If the (j+1)-th, 1 < j < k—1, the Browder—Livesay invariant is defined and trivial, then the set 7! (z)
1s defined as
def

. de . _ .
7 () = 0 ()  {gs™! (2)]2 € T9(2),85(2) = 0} € Ly -1(Gy1)-
Theorem 2.2 ([12],[15]). Let z € L,(Go) be an element with a nontrivial j-th Browder—Livesay invariant for
some j > 1 relative to a Browder—Livesay filtration X of the manifold X (this is an element of the first type

in the sense of [12], [13]). Then the element x cannot be realized by a normal map of closed manifolds.

Let us consider an infinite diagram D, of groups with orientations

P2 p1 po
N v N Ve N v hS (2.6)

Gs —= G2 = G1 = Go,
which is commutative as the diagram of groups. The maps p; — G; and p; — G411 in (2.6) are index 2
inclusions of groups with orientations, and the horizontal maps preserve the orientations on the images of the
groups p; and reverse the orientations outside these images. Each commutative triangle from (2.6) defines an
algebraic version of diagram (2.3) for the inclusion p; — G; [18].

Putting together central squares of these diagrams we obtain an infinite in bottom direction diagram,
which is similar to diagram (2.5) (see [2], [6], [9], and [15]). Thus we can define the iterated Browder—Livesay
invariants of an element x € L,(Gy) relative to the diagram Do in (2.6) similar to the case of the filtration X'.
A result similar to Theorem 2.2 is true for Browder—Livesay invariants of an element x relative to the diagram
in (2.6) [15]. Note that the finite subdiagram (from G} until Gp) of diagram (2.6) provides a commutative
diagram (2.5). Denote this diagram by Dy .

Definition 2.3 ([2],[6],[13]). Let x € L,(Go). An element x is the element of the second type with respect to

Do if all sets T9(x), j >0, are defined and nontrivial and all Browder-Livesay invariants with respect to Dao

are defined and trivial.

Theorem 2.4 ([12],[13]). Let = € L,(Gp) be an element of the second type with respect to Do,. Then x

cannot be realized by a normal map of closed manifolds.

Now we state the main result of the present paper:

Theorem 2.5 Let x € L,(Gy), n > 5, be an element for which the set T3(x) is defined and nontrivial with
respect to the subdiagram D3z of diagram (2.6). Then the element x does not belong to the subgroup Jp(r).

Definition 2.6 ([12]). If € L,(Go), n > 5, is not an element of the first or the second type with respect to
any Do then we shall say that such an element is of the third type.

Remark 2.7 By [12] and [13], the group L, () is a union of disjoint subsets T}} (), T2(m), and T3(m) of the
elements of the first, the second, and the third type, respectively. The elements of the first and the second type

cannot be realized by normal maps of closed manifolds, [12], [13], and hence

Cn(m) N (T (m) U T3 (7)) = 0.
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To define the j-th Browder-Livesay invariant of x for ;7 > 4 relative to the diagram D, we must have a
nontrivial set I'*(x) with respect to subdiagram D3 of D.,. Thus, the nontriviality of the j-th Browder—
Livesay invariant for j > 4 automatically implies nontriviality of the invariant I'*(z). Also, if the element x
has the second type, then by Definition 2.3, the invariant I'*(z) is nontrivial. Define a subset J! () consisting

of the elements = € L, (7) for which there exists a diagram D5 such that I's(x) is defined and nontrivial. Then
T2(n) C J.(7) and J'(7) N J(7) = 0.

The problem of mutually arranging the subsets T1<<3(r), J,(7), and J/(m) for various groups m is open.

This problem is closely related to the computation of differentials in the surgery exact sequence [9].

3. Proof of Theorem 2.5
Lemma 3.1 Let X" = X§ be a manifold with the fundamental group Gy and Dy a finite subdiagram of
diagram (2.6) such that n —k > 5. Then there exists a Browder—Livesay filtration X of X = Xo as in (2.4),

which corresponds to the diagram Dy .
Proof Consider a map
¢: X" — RPN

to a real projective space of high dimension, which induces an epimorphism of fundamental groups Gy — Z/2
that has the kernel py. Using the standard arguments (see [7], [9], [13], and [19, §11]), we can suppose that the
map ¢ is transversal to RPY~! € RPN with Y"1 = ¢=1 (RPN 1) such that the induced map 71(Y) — m(X)
is an isomorphism. The pair (X,Y) is the Browder—Livesay pair that gives the filtration with D;. Iterating
this process we obtain the desired result. O
Proof of Theorem 2.5 Let the element = € L,,(Gg) act trivially on a manifold X™~!. Taking the product

with RP?4, we can suppose that dimension n — 1 > 8 (see [19]). Consider a Browder-Livesay filtration
)Q;C<X2CLX1C:Xh:=4Xn_%

which gives the diagram D3 by Lemma 1. Let U be a tubular neighborhood of X3 in X. Note that
m(X \ X3) = m(X) = Go. In accordance with [19], we can construct the action of the element x on the
manifold X “outside the tubular neighborhood U”. The proof is identical with the proof of Theorem 5.8 (resp.
Theorem 6.5) in [19] because m1 (X \ U) = 71 (X).

This means that we can represent X x I as

XxI=(X\U)yxI |JUxI
oU x1

such that the normal map
F: (W™ oW, W) = (X x I; X x {0}, X x {1}) (3.1)

has the following properties.
(i) The manifold W™ is a union
wr=v" ) UxI

oU X1
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where

ov=aVv |J oaux1 (J avV,
oU x {0} U x{1}

GV = (X \U) x {0},

the boundary of JyV is equal to
oU x {0},

the boundary of 01V is equal to
oU x {1},

W =X x {0} = (X\U) x {0} J U x{o},
oU x {0}

81W = 81‘/ U U X {1}
oU x{1}

(ii) The restriction

Flyqopuoer: X x{0} |J UxT—-xx{0} (J UxI
Ux{0} Ux{0}

is the identity map, the restriction
Flo,v: 0V — (X \U) x {1}

is a homeomorphism that is the identity map on the boundary dU x {1}, and the restriction
Flo,w: W — X x {1}

is a homeomorphism.
By changing
Fly:V - (X\U)x1I

relative to the boundary OV in the class of normal bordisms, we can suppose that it is transversal to
(Xa\(XainU) x I c(X\U)xI

with a transversal preimage (V4,0V}), where

8V1 = 80V1 U (X1 N 8U) x I U 81V1 =
(X1noU)x{0} (X1noU) x{1}

=X\ xino)x{} |J xnomyx1 ) &,
(X1ndU)x {0} (X1ndU)x {1}

the restriction of F|y to

V1 U (X1NnoU) x I
(X1n0U)x {0}

814
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is the identity map, and the restriction of F'|y to 01V; is a homeomorphism
Floyvi: 0V = [X1\ (X1 nU)] x 1.

It follows that the map F in (3.1) is transversal to X; x I with a transversal preimage (W7,0W7), where
OW1 = 9gWr U0, Wy. Let Uy = UNX; be a tubular neighborhood of X3 C X;. The restriction Fy = Fly, is
a normal map

Fr: (WP 00Wy,00W1) — (X1 x I; X1 x {0}, X; x {1}) (3.3)
with the following properties:

(i) the manifold W{*~! is a union

W1 :Vl U 71)(]
6U1><I

where

ovi=o |J oixI | aw,
0U1><{0} 8U1><{1}

0oV1 = (X1 \ Up) x {0},

the boundary of dyV; is equal to
3U1 X {0},

the boundary of 0;V; is equal to
oU; x {1},

80W1:X1 X{O}:(Xl\U1> X{O} U 71)({0}:80‘/1 U 71)({0},
oU x{0} U, x{0}

W1, =0V, U Uy x {1};
8U1><{1}

(ii) the restriction

Filx, woyymrxr: X1 x {0} U Uy x I — X1 x {0} U Uy x I
Uy x{0} U x{0}

is the identity map, the restriction
Filo,v,: V1 — (X1 \ Uh) x {1}
is a homeomorphism that is the identity map on the boundary 0U; x {1}, and hence the restriction
Filo,w, : hWp — Xy x {1} (3.4)

is a homeomorphism.
Now consider the diagram (2.5), for which « € L, (Gp). Since o(F) = z and the map in (3.2) is a

homeomorphism, we conclude from the geometrical definition of the map

80 : Ln(Go) — LNn_Q(pO — Go)
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(see [7], [13], and [19]) that Jy(x) = 0.

It follows from geometrical definition of the map I' in diagram (2.5) ([12], [13] and [19]) that the normal
map Fj in (3.3) has a surgery obstruction o(Fy) = 21 € L,_1(G1), which lies in the class T'(z). As above,
since the restriction Fy|s,w, in (3.4) is a homeomorphism, we obtain 0;(z1) =0 € L,_3(p1 — G1).

For passing from the map F; to a map Fh, which is restriction of F; to the transversal preimage of
X5 x I, we can use the same line of arguments as for the passing from the map F to the map F;. Let
Us = U N X5 be a tubular neighborhood of X3 C X5. Thus we obtain a normal map

Fy: (W32 00Wa, 0:Wa) — (X2 x I; Xo x {0}, Xo x {1}) (3.5)

with a decomposition

Wo =V, U Uy x I,
Uy x I

which is similar to the decomposition above. In particular,

MVe=0Va |J oaxI |J oVa
OUz x{0} OU> x {1}

V2 = (X2 '\ Uz) x {0},

the boundary of JyV5 is equal to
8U2 X {0},

the boundary of 0, V5 is equal to
aUQ X {1},

(')OWQ = X2 X {0}, 81W2 = 81‘/2 U 72 X {1}
Uy x {1}

The map Fy is the identity on

oWz | TaxI=Xyx{0} |J TaxI,
Uz x{0} Uz x{0}

and the restriction of Fy to 9; W5 is a homeomorphism
F2|31W2Z 81W2 — X2 X {1},

which is the identity on
72 X {1} C W Whs.

As above, the normal map F» in (3.5) has a surgery obstruction o(Fy) = x93 € L,,_2(G2), which lies in the

class T'?(z) and 0y(w2) = 0. By our construction,
Fy YUy x {I}) = Uy x {I} € W3

and F»|y,x ¢y is the identity. Since U, is a tubular neighborhood of X3 in X, we obtain that a restriction of
F5 to the transversal preimage of X3 x [

F3 = F2|F2_1(X3><I)
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is the identity. Thus, the surgery obstruction o(F5) € L,_3(G3) is trivial. This obstruction lies in the class

3z

), and hence 0 € I'3(z) and T'3(x) is trivial. The theorem is thus proved.

There are many examples of nontrivial first and second Browder—Livesay invariants and nontrivial classes

I'® (see, for example, [13]). We do not know of any examples with a nontrivial third Browder-Livesay invariant.
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