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Abstract: Let Rk, be the ring Fom [u1,us2,--- 7uk]/<uf,uiuj — UjUi>. In this paper, cyclic codes of arbitrary length
n over the ring R ,, are completely characterized in terms of unique generators and a way for determination of these
generators is investigated. A Fam -basis for these codes is also derived from this representation. Moreover, it is proven
that there exists a one-to-one correspondence between cyclic codes of length 2n, n odd, over the ring Ry_1 ., and cyclic
codes of length n over the ring Ry, . By determining the complete structure of cyclic codes of length 2 over Ram, a
mass formula for the number of these codes is given. Using this and the mentioned correspondence, the number of ideals
of the rings Ra ., and Rs., is determined. As a corollary, the number of cyclic codes of odd length n over the rings

R>.m and Rs,p, is obtained.
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1. Introduction
Codes over rings have been studied extensively after the publishing of the work done in [12], in which the authors
looked at linear codes over Z4 and their binary images. Since then, many different types of rings have been
studied in connection with the coding theory. Among various types of codes, cyclic codes form an important
class of codes due to their rich algebraic structure. Given a ring R, these codes are in correspondence with
ideals in the polynomial ring R[x]/(z™ — 1), where n is the length of the code.

Many of the works in the literature deal with the case wherein R is a finite chain ring [1-9,12-18].

However, recently, the authors of [19] considered the ring F[u, v]/(u?,v?, uv — vu), which is a local ring but

not a chain ring, and studied general linear codes over that. This work was continued in [20], [10], and [11].

In [20], the authors considered cyclic codes over Fa[u, v]/ <u2, v, uv — vu) and obtained a partial charac-
terization for them by presenting a set of generators for these codes. Though a few conditions on the polynomials
involved in the generators were given in [20], the classification of them is still incomplete and the generators are
not necessarily unique. The cardinality of codes and the basis for them are also not known.

Let Rpm be the ring Fom[u1,ug, -, ug]/{u?, uju; — uju;) with the convention that Rg, = Fam. In
this work, we introduce a unique set of generators for cyclic codes over the ring Ry ,, and present a way for
determination of these generators. A Fom-basis for these codes is also derived from this representation. We

also determine all distinct cyclic codes of length 2 over this ring and give a mass formula for the number of

them. Note that the number of distinct cyclic codes of length 2 over R;,, can be obtained from the results
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of [5]. Next, we show that there exists a one-to-one correspondence between cyclic codes of length 2n, n odd,
over the ring Ry_1,, and cyclic codes of length n over the ring Ry ,,. Taking n to be 1, ideals of the ring
Rj;,m correspond bijectively to cyclic codes of length 2 over Rj;_; ,,. Hence, we have determined the number
of ideals of the rings Ry, and Rs,,. As a corollary, the number of cyclic codes of odd length n over the rings
Ry, and Rs,, is obtained.

The paper is organized as follows. In Section 2, a complete classification is given for cyclic codes of
arbitrary length n over Ry ,,. An algorithm generating all distinct cyclic codes of a given length over Rj,, is
also presented there. All distinct cyclic codes of length 2 over Rj,, and a mass formula for the number of them
can be found in this section. In Section 3, a one-to-one correspondence between cyclic codes of length 2n, n
odd, over the ring R;_1 ,, and cyclic codes of length n over the ring Ry, ,, is introduced and some consequences

of this correspondence are investigated. The paper is closed with a conclusion section.

2. Cyclic codes over R ,,

Let o : Ry, — Ry, be the map sending (cosC1y-evyCno1) to (¢n-1,¢0,C1,...,cn—2). o is called cyclic shift
permutation. A hnear code of length n over Ry ,,, that is a Rj ., -submodule of the ring Rk m» is said to
be cyclic if it is invariant under the cyclic shift permutation o. We use the natural correspondence between
cyclic codes of length n over Ry, and ideals of the ring Ry ., [z]/{z™ — 1), which sends (cop,c1,...,¢n—1) tO
co+c1x+ -+ cp_12" 1. In this paper, we denote the ring Ry ,[z]/(z™ — 1) by Ry m.n. For an ideal I of

Ry m,n we define the residue and the torsion ideals as those defined in [11]:
Res(I) ={a € Ry_1,m|3b € Ry—1,m : a+uyb € I},

and
Tor(I) ={a € Ry_1,m|uxa € I}.
Recall from [11] that we have |I| = |Res(I)||Tor(I)|. It is easy to see that if I is an ideal of Rj , » then both
Res(I) and Tor(I) are ideals of Rg_1,m.n-
In this section we completely determine the structure of ideals of the ring Ry, i.e. cyclic codes of
length n over Ry ,,. The ring Ry, is represented by Fam [u,v]/<u2,v2,uv — vu> in this section. Let I be an

ideal of the ring Rj ,, . We associate 4 ideals,

I := Res(Res(I)) = I mod (u,v),

Iy :=Tor(Res(I)) = {f(x) € Fam[z]|uf(x) € I mod v}
I3 := Res(Tor(I)) = {f(z) € Fam|z]|vf(x) € I mod uv}
I i= Tor(Tor(1) = {(z) € Fam [o] uvf (z) € I},

to I. These are ideals of the ring Rg . and hence for any 1 < j < 4 we have I; = (f;(z)), where f;(z) | 2" —1
in Fom[z]. We also have I; C I; for 2 < j <4, I, C Iy, and I3 C I,. Hence, fi(x) | fi(z) for 1 < j < 3,

fa(@) | fi(z), and f3(x) | f1().
According to Theorem 3.6 of [20], any ideal I can be generated by polynomials of the forms

1(7) = fi(@) +ufi2(x) +vfi3(z) +uvfra(z),
Az(x) = ufz(x) +vf23(2) + uvfaa(z),
As(x):vf( ) +uvfsa(x),

As(z) = uvfy(z).
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Note that when f;(z) = 2™ — 1 we set A;(x) := 0. Some conditions on the polynomials f; ;(x) were given in
[20]. Here we prove that we can choose these generators such that f; ;(z) =0 or deg(fi ;(z)) < deg(f;(x)). We
prove this for ¢ =1 and 2 < j < 4. The remaining cases are easy. Assume that A;(x) # 0 and deg(f1,2(x)) >

deg(f2(z)). Dividing fi1,2(z) by fa(x), we have fi2(z) = q(z)f2(x) + r(x), where deg(r(z)) < deg(f2(x)) or
r(z) =0. Now

Ay (z) = q(z)Az(x) = fi(2) + ur(z) + v(fr3(z) — q(@) fo,3(2)) + uv(fra(z) — q(z) fou(@)) € T
If deg(f13(2) — q(x)fo3(z)) > deg(f3(x)), then dividing it by f3(x) we have
fra(@) = q(@) f25(2) = fs(2)d (z) +1'(2),
where deg(r'(z)) < deg(fs(x)). Therefore,
Ay () = q(2)Az(2) — ¢'(2)As(z) = f1(2) + ur(z) + vr'(2) + wo(fra(@) — ¢(2) fou(x) — ¢ (2) f3a(x)) € 1

Finally, dividing f14(z) — q(x)f2.4(z) — ¢'(z) f3,4(x) by fi(xz) we have fi4(z) — q(z)f24(x) — ¢ (x)f34(x) =
fa(x)q" () + r"(x), where deg(r”(x)) < deg(fs(x)) and hence

Ay (z) = q(2)Az(x) — ¢'(2)As(2) — ¢"(2)As(2) = f1(2) + ur(z) + or'(2) + uor”(z) € 1.

Now this later polynomial has the desired property and it is easy to check that we can replace it with

Ai(xz). Next we prove that these polynomials are unique. Again we prove it only for A;(z). Assume that
Ar(z) = fi(w) +ufi2(x) + vfi3(®) +uvfira(e) and Bi(x) = fi(x) +uf’y o(x) +vf'y 3(x) +uvf'y 4(z) are 2

polynomials with the mentioned property in I. Hence,
Ar(z) = Bi(z) = u(fr2(x) — f19() + v(fr3(z) — 1 3(@) + wo(fra(z) — f'4(x) € 1.

Since f1,2(x) — [’y 2(x) € I and deg(f1,2(x) — f'1 2(x)) < deg(fa2(x)), we have fi2(x)— f'; o(2) =0 and hence
fi2(x) = f'12(x). Similarly, we have fi;(z) = f'; ;(x) for 3 < j < 4. Therefore, Ay(x) = Bi(x). Let us

summarize:

Theorem 1 Any ideal I of the ring Ra . is uniquely generated by the polynomials

fi(@) +ufiz(x) +vfis(e) +uvfl,4(z),
fa(z) +vf23(x) + uvfaa(z),
f(();ruvf34( ),

A s s
W N
A~~~ o~
\_/\_/éxv
||

I
:e:

where I; := (fj(x)) for 1 <j <4 and f; j(x) =0 or deg(f;  (x)) < deg(f;(x)).

For an ideal I of the ring Ry, n, the form described in Theorem 1 is referred to as the unique form of I.
Checking the conditions I; := (f;(x)) is the main and difficult task in obtaining the unique form. We start

with the following proposition to obtain more practical conditions instead.
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Proposition 1 Let
I'=(fi(z) +ufi2(z) +vfis(z) +uvfialz),

ufa(z) +vfa3(x) + wvfra(x),

vfs(x) +uvfsa(x),

wv fa(x))

be an ideal of the ring Ra ., n in the unique form. Then we must have

L@A@. B@hE), L@, A@AG. R@lAE), A@la" 1. 1)
(" — 1)
Ja(x) | fl,z(f)ifl(x) : (2)
(a" 1) fia(z)
f3(z) | TR (fl 3(x) + Fo(2) fos(x )> (3)
Ji(x)
f3(x )|f( )f23( x). (4)
fa(@)| fo,3(2). (5)
(" 1)
A faata). (6)
(z™ —1) Ja,3(x)
i) @<ﬁ4> ()ﬁm0~ @
1@ ((frale m) (®)
fi(@) ()
1@ (A + 55 o) + M@“)hxmmm) )
@D (o D20y @+ EE feal) (10)
A ATC I R falx) 7 f3(z) R

Proof Conditions given in (1) are clear since we have Iy C I; for 2 < j <4 and I; C I for 2 < j < 3.
Condition (2) follows from the facts that

(" - 1)
fi(z)

i)
fi(z)

and Iy = (fa(x)). Similarly, we have

(fi(x) +ufi2(z) +vf13(z) +uvfra(r)) =

L=
fi(z)

" (z™ —1)

fral@) + Y fi(z)

fra(@) + fia(x) el

(z" - 1)
fi(z)

(F1(2) +ufra(@) +vfra(@) + wfra(@) + L (ufa(@) + ufas(2) + uvfoa (@) =

(" - 1) fr2(x) (z" — 1) f12(x)
o (TP @ + 228 @) )+ w (S () + 228 ) e
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which imply condition (3). Also,

fi(z)
fa(z)

u (fi(x) +ufia(x) +vfis(x) +uvfia(z)) +

v (253&3(@) + uv (f1,3(x) + ;;Eg f2)4(x)) eI

imply condition (4),
u(ufo(z) +vfos(x) +uvfoa(x)) =uvfas(x) € I
imply condition (5),

(z" = 1)
f3(x)

(vfs(x) +uvfsa(x)) €1
imply condition (6),

(" = 1)
f2(2)

—
8
S
|
—_
S~—"
Sk

2,3(7)

(z)

(ufa(z) + vf23(2) +uvfou(z)) + (vf3(x) +uvfz () =

o
&
&

(" =1)
f2(2)

uv

(f 2,4(x) +
imply condition (7),

fi(z)
f3(z)

v (fi(@) +ufi2(®) +vfia(z) +uvfia(@)) + (vf3(x) +uvfsa(z)) =

fi(z)
f3(z)

uv (fm(x) + f374(a:)) el

imply condition (8),

fi(z)
fa(z)

u(fi(z) +ufiz(z) +vfis(@) +uvfia(z)) +

f1(x) f2,3(x)
fa() f3()
fi(@)

uv (f1,3(33) + mfz,zx(x) +

(vf3(@) +uvfsa(z)) =

fi(z)
fa(z) f3(2)

f2,3(30)f3,4(x)> el

imply condition (9), and finally

(ufa(z) + vf23(2) +uvfou(z)) =

(ufa(z) +vf23(x) +uvfoa(v)) +

(],‘" _ 1) (Z‘n o 1) fljg(x)
Si(z) (fi(z) + ufi2(@) + vfia(@) + whra(z)) + (@) folz) (ufa(x) + v fo3(x) + uvfaa(z)) +
(@ — 1) fra(@) + 828 f 4 (2) )
fi(x) f3(x) (vfs(x) +uvfsza(z)) =
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(2" — 1) Fro() Fra@) + 828 £, o (x)
TR (f1,4(:£) + (@) faa(w) + ) faa(z) | €T
imply condition (10). The proof is now completed. O

Theorem 2 Let
I =< fi(z) +ufiz2(z) +vfiz(z) +uvfia(e),

ufa(z) + v fa3(x) + uvfea(z),
’Uf3($) + ’U/Uf374({,13),
uv fa(x) >

be an ideal of the ring Ra m n such that deg(f; ;(x)) < deg(f;(x)) and also fj(x) and f; ;(x) satisfy in conditions
given in (1) through (10) described in Proposition 1. Then I is in the unique form.

Proof It is enough to show I; = (f;(x)). Suppose that m(z) is an arbitrary element of I. Hence, we can

write
m(z) = (a1(z) + uaz(z) +vaz(z) + was(z))(fi(z) + wfiz() + vfis(r) + wofia(z))

+(b1(z) + ubs(z) + vbs(z)) (ufa(x) + vfa,z(z) + wvfo,4(x))
+er(z) + uca (@) (vfs(x) +wvfsa(x)) + di(x) (wv fa(z)) =
a1(z) f1(x) + u(ar(z) f1.2(2) + az(2) f1(2) + b1 (2) f2(2))+
v(ar(z) frs(x) + az(@) f1(x) + b1 () f2,3(x) + cr(x) f3(x))+
wv(ay () fr.a(z) + az(z) fr3(x)) + as(x) fr2(z) + as(z) fi(2) + b1(2) f2,4(x)+
ba(x) fo,3(x) + b3(2) fo(@) + c1(2) fs.a(2) + c2(@) f3(2) + fa(x)d (),

where a;(z), b;(x), c;i(x),d1(x) € Fom[z].
Clearly we have Iy = (fi(z)). If m(z) be of the form uf'y(x) + vf'y 3(x) + uvf'y 4(v), then we must

have aq(z) f1(z) =0 and so (:;j(;;) |ay(z). Also by conditions (1) and (3) of Proposition 1, we have

fa(@)|ar(z) f1.2(2) 4+ az(x) f1(zx) + b1 (x) falz),

which implies Io = (fa(z)). If m(z) be of the form v fy(x) + uvf:;A(x), then we must have a1(x)fi(x) =0

implying <§f(;§> a1 () and also a1 (z)f1.2(x) + ag(x) f1(x) + by (2) fo(z) = 0 implying

ai(x) f12 + az(x) f1(x) .

bile) = F2(@)

Therefore,

a1(z) f1,3(x) + a3(x) fi(x) + b1(x) fo,3(x) + c1(x) f3(x) = ai(z) f1,3(x)

a1 () fi,2 + az2(z) fi(z)
fa(z)

+ag(z) f1(z) + ( )f2,3(2) + e1(x) f3().
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By conditions given in (1), (3), and (4) of Proposition 1, we have
fs(@)ar(x) fr3(2) + as(x) f1(2) + bu(2) f2,3(2) + 1 (x) f3(2),

and hence I3 = (fs(z)). Finally, if m(z) be of the form wvf;(z), then we conclude ay(x)fi(z) = 0, implying
&P ar(2), a1(2) fr2(x) + az () fa(x) + by (2) fo(x) = 0 implying

~ai(z)fir2 + az(x) f1(z)
bi(z) = fg(x) )
and
az(z) fi(z) + ai(z) fr,3(x) + bi(x) f2,3(x) + c1(x) f3(x) =
implying

az(x) f1(x) + ai(x) f1,3(x) + b1(x) f2,3()
f3(z) '

ci(r) =

Now we have

a1(z) fr,a(z) + a2(2) f1,3(x) + as(z) f1,2(2) + aa(2) fi(z) + b1(2) f2,4(2) + b2(2) f2,3(2)+
ba() fo(x) + €1(2) fa.a(x) + c2(2) fo(2) + fala)da (z) =
01(2) fra(2) + az(x) fr3(2) + a3(2) fra(@) + aa(@) fo () + (D2t @AE) ) ()4

) f1,2+
a3 () f1(2) +ar (2) fr 5 () + LIL2H 22N p, ()

2(2) f2,3(x) + bs(x) fa (@) + ( e : ) f3.4(x)
+ea (@) f3(x) + fa(@)di(2).

=

By conditions (1), (2), (8), and (10) of Proposition 1, we have
fa(@)]as(z) fi(x) + ba(2) fo,3(x) + bs(2) f2(x)
+ea(z) f3(x) + fa(x)di(x) + a1 () fr,a(x) + az(z) f1,2(2)

+a1($)f1];2$§f2,4($) n al(x)flj,tjggfs,dw)
a5 (@) f5a(2) | @122 (@) fals)
il ) 1o(7)
Also, condition (9) implies
1(@)loa(e) (o) + aa(a) LA gy L LD SL2)
Therefore, I, = {fa(z)) and the proof is completed. 0

Theorem 3 Let n be odd and I be an ideal of the ring Ra . Then the unique form of I is

I =< fi(x),ufa(x) +vfas(x),vfsz(x),uvfs(x) > .
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Proof The proof follows from Proposition 1 and the facts deg(f; ;(x)) < deg(f;(x)) and (fo(x), (”n_;)) =

(o fal@) = (B fa(e) = 1. D
Proposition 2 Let I = (A(z), B(z),C(x), D(z)), where

Az) = f ( ) +ufiz() +vfis(@) +wfra(@),

B(:E) :’LL ( )+’Uf2 3( )+uvf2,4(x),

C(x) = vfs(x) + uvfsa(z),

D(x) = uvfs(x)

is an ideal of Ry m.yn in its unique form. Then the set

A(z),7A(x),- - 2" 2L A(x),
B(z),zB(x),--- 2" "1 B(z),
C(z),zC(x), - ,a"~"1C(x),
D(x),xD(x),--- 2" 41 D(z

forms an Fam -basis for I, where a = deg(f1(x)), b= deg(f2(x)), ¢ = deg(f3(x)), and d = deg(fs(x)).
Proof Assume that «(z),5(z),v(x), and §(z) are polynomials in Fom[z], such that deg(a) < n — a,
deg(B) <n—1b, deg(y) <n —c, deg(d) < n—d, and we have

a(x)A(z) + B(z)B(z) + v(z)C(z) + é(x)D(z) = 0.

Therefore, we must have «(x)fi(x) = 0, which implies that «(x) = 0 since deg(a) < n — a. Similar arguments

show that we must have 8(z) = y(x) = d(z) = 0 and the proof is now completed. O

Example 1 Let n = 14, fi(z) = (z + 1)(2® + 2% + 1)2(2® + 2 + 1)?, and fo(z) = fi3(x) = fa(z) =
(x + 1)(2® + 22 + 1)(2® + 2 + 1)2.  Clearly these polynomials satisfy condition (1) of Proposition 1. Next,
we will find ideals I of the ring R 114 such that I; = (fi(x)) for 1 <i < 4. Such ideals are in the following
form:
I'={fi(z) + ufi2(@) + vfis(@) + uvfia(z),
ufa(z) + vf23(x) +uvfoa(z),
vfs(x) + uvfsa(z),
uv fy(x)).
According to deg(fij(x)) < deg(f;j(x)), the polynomials f; ;(x) have degree of at most 9. Now we check
conditions (2) through (10) of Proposition 1.
Condition (2): (z+1)(2® 4+ 2% + 1)(2® + z + 1)?|(z + 1) f12(z). Thus,

fio@) =a(@® + 22 + 1)@ + 2+ 1)2 o € Fo.
Condition (3): (z+1)(2® + 22 + 1)(2® + = + 1)?|(z + 1) f1,3(z). Therefore,

fia(@) = ag(a® + 22 +1)(@® + 2+ 1)2 g € Fo.
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Condition (5): (z +1)(2® 4+ 22 + 1)(2® + z + 1)?| f2.3(x). Hence, fa3(z)=0.
Condition (6): (z+1)(2® 4+ 22 +1)(2® + = + 1)?|(z + 1)(2® + 22 + 1) f3 4(x). Consequently,
3 .
faa(x) = (23 + 2+ 1)22@-;5’.
=0
Condition (7): (z +1)(2® + 22 + 1)(2® + z + 1)?|(z + 1)(z® + 2% + 1) fa,4(x). So,
3

fou(x) = (2 + 2+ I)ZZaixi.

=0

Condition (8): (z +1)(2® + 22 +1)(2® + o + 1)?|aq (2® + 22 + 1) (2> + 2 + 1)% + (23 + 2% + 1) f3.4(x). Thus,
a1 = by + b1 + ba + b3.
Condition (9): (z +1)(2® + 22 + 1)(2® + 2 + 1)?|ag(23 + 22 + 1)(2® + 2 + 1)? + (2% + 2% + 1) f3.4(x). Hence,

a9 = ag + a1 + a2 + as.

Condition (10):
3 . 3
(z+ D)@ +22+ D)@+ 2+ D2 (x+ 1) fra(z) +ar(@® + o+ 1)2204161 + g (x® + 2+ I)QZbix’.

i=0 =0

Therefore, (x> +x+1)? | f1.4(z). Also, from relations obtained from conditions (8) and (9), we can deduce that
3 . 3 .
041Zaix’ + QQZbix’ = (v + 1) (u32® + (u3 + ug)w + (u3 + ug + u1)),
i=0 i=0

where u; = aqa; + azb; for 0 < i < 3. Now summarizing the above results we can conclude that fi4(x) =

a(@® + 2+ 1)2 (23 + (1 4+ uz)z? + (ug +uz)z + (1 4+ uy + ug + u3)) where o € Fam . Therefore,

I = (@+z+1)? ((@+1)(@®+2°+1)2+ (2 + 22 + 1) (v +van) +wva(z® + (1 + uz)a?

3
+(ug 4+ uz)x + (14 uy +ug +us3))),u(z® + z + 1)? ((x + 1)@ 422+ 1) + vZaixi) ,
i=0
3 .
v(x® 4z +1)? <(m + 1)@+ 22 +1) + qum’) cuv(z + 1)(2% + 22 + 1) (23 + 2+ 1)°
=0

Therefore, we have 512 distinct ideals in this case. Searching among all 512 ideals, the Gray images of many
of them, such as one with o« =1, ag =byg =by = a3 =1 and a1 = ax = by = bs = 0, have minimum distance

20, and hence we obtain a [56,13,20] code that has the best minimum distance among all codes of that size.

Now we will determine all distinct ideals of the ring Rj ,, 2 in the next theorem.
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Theorem 4 Ideals of the ring Ram 2 are precisely the following ideals:

0), (uwv(x — 1)), (uv), (v,uv), {(v(z — 1), uv), (v(x — 1) + woly, uv(z — 1)),

< (l‘ - 1),1},U”U>, <u(x - 1) + ’UCl,U(iL' - 1),U”U>, <’U,(IC - 1) + UC1($ - 1),uv>,

(u(z — 1) +v¢(r — 1) + wvle, uv(z — 1)), (u(z — 1) + woly,v(z — 1) + wvls, wv(z — 1)),
<uavauv>’ <u + UCLU(:E - 1),uv>, <u + U(Cl(-r -1)+ CQ),UU>7

((z = 1),u,v,uwv), {(x — 1) + uly,u(x — 1),v,uv), {((x — 1) + v{1, u + vi2,v(z — 1), uv),
((x = 1) +u +vio,u(z —1),v(x — 1), uv),

((x = 1) +uC + vl +uvls,u(x — 1) + wvls,v(x — 1) + uvly, uv(x — 1)), (1),

where (; € Fom for 1 < j <3.

Proof First note that we have 22 — 1 = (2 — 1)? in Fom[z] and any polynomial of degree less than 2 over
Fym can be written as a(xz — 1) + b, where a,b € Fam . According to Theorem 1, any ideal of the ring Rg 2

can be uniquely generated by polynomials

Ar(z) = (z = 1) +ufia(w) +vfis(z) +uvfia(e),
Ag(l‘) = U(IIT — 1)a2 + ’Ufg,g(ﬁc) —+ U’Uf274(l'),

Asz(z) = v(z — 1)* + uvfs 4(x),

Ay(z) = uv(z — 1)%,

where I; = ((x —1)%) and f; j(z) € Fam[z] and deg(f; ;(x)) < a;. Moreover, we have 0 < a1,a2,a3,as < 2,
as < ay, az < a1, ag < ag, and ag4 < az. Also, if a; = 2 then we have A;(xz) = 0. Next, we shall call the
sequence a1, as, as,as the type of the ideal. We argue on the type of an ideal and determine all distinct ideals
in the unique form. Since the arguments for all cases are similar, we only argue on the ideals of type 1,1,1,1.

Ideals of this type are of the form
I'=((z—1) 4 uC + vi + uvs, u(z — 1) + v + uvis, v(z — 1) + uvle, wv(z — 1)).

Now condition (5) of Proposition 1 implies that (x — 1) | (4 and hence we must have ¢4 = 0. Moreover,
condition (8) of the proposition implies that (x — 1) | ({2 — (5) and therefore we must have (s = (5. Also,
condition (9) implies (z —1) | (¢1 — ¢{g). Consequently, we must have ¢; = (5. Note that other conditions given

in Proposition 1 are clearly satisfied. Therefore, according to Theorem 2, I is of the unique form
I={(x—1)4+ul +vé +uvs,u(r— 1)+ uvle,v(x — 1) + uvly, uv(z — 1)),

where (; € Fom for 1 < j <3 and the proof is now completed. O

Counting all of the above ideals, we have the following corollary.

Corollary 1 There are 9+ 5(2™) + 5(22™) 4 23™ distinct ideals in the ring R m 2.

3. A one-to-one correspondence

In this section we show that there exists a one-to-one correspondence between cyclic codes of length n, n odd,
over Ry ., and cyclic codes of length 2n over Rj_;,,. For unifying the proof statements and simplicity, for
1 <k <3, we denote by

Fom [u1, ug, - - -, ug]

(uf, wiuy — wju;)

the ring Ry . Let us start the section with the following lemma.
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Lemma 1 The ring Ry ., is isomorphic to the ring

kal,m[w]
(w? — 1, wu; — ww)’

Proof Set
S - szfl,m[w]
T (w? = 1, wu; — uw)
and write
Ryt = Ri—1 m|uk]

)

(U, upu; — wiug)

Now define the map ¢ : Ry m — S by the role p(a + uxf) = (@ — ) + wp. Since p(ug) = (w—1) and in S
we have (w — 1)? =0, it is easy to verify that the map ¢ is a ring isomorphism. O

Recall that we denote the ring Ry ,[z]/(z" — 1) by Rkm.n-

Proposition 3 Assume that n is odd. Then we have

Ri_—1 m[w
~ l("w;'—l[} ] [.1‘]
]zk m,n —
Y <.Z‘n — U}>
Proof Define the map

Ailal

Ry — —o= 2
n k,m,n <1’n — ’LU>

by the role n(f(z)) = f(wz). Since (wz)” —1 = wz™ — 1 = w(z™ — w), we have 2™ — 1 | f(z) if and only if

2" —w | f(wz). Now it is straightforward to show that 7 is a ring isomorphism. O

Theorem 5 There exists a one-to-one correspondence between ideals of the ring

Bcpltlo]

(" —w)

and ideals of the ring Ri—1,m,2n -

Proof Set

Ri—1 mlw
Begnlel (2]

5= (x™ — w)

and define the map 6 : S — Ry_1 m,2n by the role

d((ap + who) + (a1 + wby)x + -+ + (ap_1 + wbn_l)x"_l) —

ap+ a1z + -+ ap_12" "+ boax™ + by 4 - 4 bo_q2? L
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Let I be an ideal of the ring S. We have

(ap + who) + (a1 + wh)z + - + (an_1 + why_1)z" ' €1

+ (
w(an_1 + wby_1) + (ag + who)x + -+ + (ap_o +why,_o)z" €l +—
+ (

(bnfl'i-wanfl) a0+wb0)x+...+(an o + why,_ 2) =l o e

byo1+agx + -4 ap o™t ay 12" + box™ T 4 b, _x® T € 5(T).

Therefore, I is an ideal of S if and only if §(I) is an ideal of Ry_1 m, 2n - O

Corollary 2 I is an ideal of the ring Ry mn if and only if ¥(I) is an ideal of the ring Ri_1,m,2n, where
Y=¢onod.

Corollary 3 There are 9+ 5(2™) + 5(22™) + 2™ distinct ideals in the ring Rgm, .

Remark 1 We should note that the determination of all ideals of the ring Ry was introduced in [11] as a

challenging open problem. The previous corollary solves it for k= 3.

Example 2 Here we list all 47 distinct ideals of the ring R3 .. Note that for the ring R3., we set u = uy,

vi= U9 and w = us.

(00, (1), (u), (), (w), (u,), {u,w), (v, w), {u, v, w),

(wv), (uw), (vw), (wow), (u+wv), (u+w),(v+w),

(u4 v+ w), (w,uw), (uv,vw), (uw,vw),

(uv, vw, uw), (uv + uw), (uwv +vw), {(vw +vw),

(uwv 4+ vw + vw), (w4 v,u+v), (uvw+ uwv,vw + wv), (u,vw),
(v,uw), (w,uv), {(u+ovw), (v+uw), (w+ uwv),

(u,v+w), (v,u+w), (w,u+v), (vw,v+ w),

(vw, u + w), (vw,u+v), (uv+v+w), (uv+u+ w),
(vw 4+ u +v), (v, wv +uw), (vw,vw + wv), (uw,uw + wv),
(u+ v+ w,wv,uw), (u+v+w+uv).

If 2™ — 1 = py(x)p2(z) - - - pr-(x) be the factorization of 2™ — 1 over Fam into basic irreducible pairwise

coprime polynomials, then we have

r
ka@,n = @ Rk:,mia

i=1
where m; = deg(g;(x)). Noting that, from the results of [5], the number of ideals of the ring R 2, i.e. the
number of ideals of the ring Ry ,,, is 5 + 2", we have the following corollary.
Corollary 4 Let n be an odd number and m; be as above. Then there are

[I6+2m)

i=1
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distinct cyclic codes of length n over Ry, and there are

T

IT (9 +5(2m) +5(22m) + 25™)

i=1

distinct cyclic codes of length n over R, .

4. Conclusion

A unique set of generators for cyclic codes over the ring Rj ,, was introduced and a way for determination of

these generators was presented. All distinct cyclic codes of length 2 over this ring were determined and a mass

formula for the number of them was given. A one-to-one correspondence between cyclic codes of length 2n, n

odd, over the ring Rj_1 ., and cyclic codes of length n over the ring Ry ,, was introduced. The number of

ideals of the rings Rj,, and R3,, was determined. As a corollary, the number of cyclic codes of odd length n

over the rings Ry ,, and R3,, was obtained.
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