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Abstract: The purpose of this paper is to investigate the asymptotic behavior of the solutions of parabolic equations

with singular initial data in weighted spaces Lg(x)(Q) where §(z) is the distance to the boundary. We first establish
the existence of the attractor for that equation in Lj,)(£2) and then show the existence of the exponential attractor in

L§<m>(Q). In contrast to our previous results, we get the existence of attractors in weak topology spaces.
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1. Introduction

Let Q C RY be a bounded domain with a sufficiently smooth boundary. Consider the following nonlinear

reaction-diffusion equation:

ur — Au+ f(z,u) = g(z) in Q, t>0,
u=0 on 09, (1.1)
u(0) = uy,

where the nonlinear term f(z,u) € C(RY x R,R) satisfies
f(z,0) =0, (1.2)

| flz,u) = flz,0) [ CTa(@) lu—v] ([l + v]["7" +1) (1.3)

with p > 1 and a(z) € L?(m)(Q), B >1. For 1 <r < oo, the weighted Lebesgue spaces Lg ) (2) are defined
by
5 = L) (Q) := L"(Q; 6(2)dx),

where §(x) = dist(z, 0Q2). Evidently, L ,(€) is a Banach space endowed with the norm

1
P

o= ( / | u | 6(z)da)

Suppose that g(z) € L, ().
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Elliptic and parabolic problems with nonlinearity analogous with that of (1.1) have drawn much attention,
and a review of these studies was given in [13]. In contrast to the regular data problems, the well-posedness
of evolution equations with singular initial data can be obtained in critical cases. Thus, it plays an important
role in the study of evolution equations, especially in the long-time behavior of them. There has been a great
deal of study done on parabolic problems with singular initial data. Authors in [6] studied problem (1.1) with
f(z,u) = — | w [P7' u and g(x) = 0, where p > 1 and Q C R" is a bounded domain. They obtained
that if » > Y(p — 1) and uy € L"(), there exists a unique solution u € C([0,T],L"(Q)) N L:<.((0,T),

2 loc

L>°(12)). Further study was done in [10]. More precisely, the authors in [10] obtained that if r > &L (p — 1)
and ug € Ly, (€), there exists a unique solution u € C([0,T], Ly, (2)) N L5.((0,T), L*=(Q)) of (1.1) with

loc
f(r,u) = —|u [P~ u and g(z) = 0. In [1], the authors studied the abstract parabolic problem
uy = Au+ f(t,u), t> o, (1.4)
u(to) = Uuq,

where the linear operator A : D(A) C X° — X0 satisfies that —A is a sectorial operator in the Banach space
X0 and f(t,u) satisfies some local Lipschitz condition. They obtained that there exists a unique solution
(e-regular mild solution) u(t) € C([to, 7); X*) N C((to, 7); X1T¢) of (1.4), where X (a > 0) is the fractional
power spaces associated to A, and they applied their abstract results to (1.1) with f(z,u) = — | u [P~ u and
g(x) =0. If f(z,u) = —a(z)u? —b(z)u?, 0 < ¢<1<p, a(xr) € L*(Q), b(z) € L#(Q), o, 3> 1, and g(z) =0,
it has been proven in [14] that there exists a unique positive solution u € C([0,T1; L™(2)) N L;S.((0,T); L>=(£2))
of (1.1) with up € L™(Q2), 1 <r < 0o, and ug > vd(z), where + is a positive constant.

In this paper, we establish the existence of a global attractor for (1.1) in Lg(x)(Q) and exponential

attractor for (1.1) in Lﬁ(w)(Q). Based on the well-posedness of (1.1) obtained in [12] and under some dissipative

conditions, we show that the semigroup corresponding to (1.1) with %Jr p;1 < NL_H is well defined on L, (£2),

and we prove that it possesses a compact attractor in Lg., (€2). Since L"(92) C Lj ), we mention here that

in contrast to the results in [13], we get the existence of attractors in weak topology spaces. It is known that
the global attractor has 2 essential defaults: being very sensitive to the perturbation and attracting the orbits
at a slow rate. To overcome these defaults, exponential attractors were introduced in [8]. It is noticed that,
in contrast to the global attractor, the exponential attractor is not unique. Applying the abstract results of

[3, 7, 9], we prove that there exists an exponential attractor for (1.1) in Lg(x)(ﬂ).

2. Preliminaries and main results

It is well-known that if  has a C? smooth boundary, there exist constants c¢;, ca > 0 such that

c16(z) < ¢1(z) < e2d(z), €,
where ¢;(z) is the first eigenfunction of —A in H}(Q2). It then follows that L)) =L, (), 1 <7 < o0,
and the 2 norms are equivalent. In this case, from [10] we know that the operator A generates a Cjy semigroup

{T(t)}e>0 on L, (22), 1 <r < oo. For nonnegative integer m and 1 <p < oo, define W;{wg(ﬂ) by

Wi (@) = (we D@l u lwggo= Y ([ 1D%u(@) P 8()dn)? < oc),

§(x)
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where D’(Q) is the set of all distributions over . By the interpolation theory in [16], one can define W;(’i’ )(Q)

for 0 < s < c0. Denote by Wos’g’(w)(Q) the completion of C§°(f2) in W;(’g)(Q).

Lemma 2.1 (See [12]) Let 1 <p<g<oo, 0<r <s<oo, and T(t): Wr () = W>I (Q) for t >0.

0,6(x) 0,6(z)
Then there exists a constant C' > 0 such that
N+l 1yy1(._
| T@uo lhwga < O FGmDTEO) g s (2.5)

for all t >0 and uy € Wg’g’(m)(ﬂ).

Theorem 2.2 (See [12]) Assume that f(x,u) satisfies (1.2)-(1.3) with p > 1 and a(x) € Lg(w)(Q), 1<p<
oo. Let %—l— ”;1 < NLH (resp. %—l— ”;1 = NLH), 1 <r<oo (resp. r>1), and g(x) € Ly, (). Then
if uo € L, (), there exists T = T(ug) > 0 such that there is a unique solution u € C([0,T], L, (£2)) N

Li5.((0,T); L>(S2)) of (1.1). Furthermore, the solution depends continuously on the initial data ug € Lg, (€2) .

To investigate the long-time behavior of solution of (1.1) with initial data in L’(;(I)(Q))7 we need the

following dissipative condition:

J(@,uyu > ~Do |u P =Dy | ul, (2.6)

where Dy and D; are positive constants such that Dy < %7 A1 is the first eigenvalue of —A in H}(€).
Similar dissipative conditions were also introduced in [2, 3, 5, 13, 17].

The first main result of this paper is described as:

Theorem 2.3 Assume that f(x,u) satisfies (1.2)-(1.3) with p > 1, a(z) € Lg(m)(Q), 1 < p < oo, and

g(x) € Lg(w)(Q). Let % + pZI < Niﬂ, 1 <r < oo, and (2.2) hold. Then problem (1.1) possesses a compact
attractor A in Ly, ().

To overcome the defaults of global attractor, ezponential attractors (or inertial sets) were introduced in
[8]. By definition, an exponential attractor is a compact semiinvariant set of the phase space, has the finite

fractal dimension, and attracts exponentially the trajectories. In order to construct the exponential attractor,

we present the definition of the squeezing property for the discrete map.

Definition 2.4 (See [8]) Let H be a separable Hilbert space, B C H, a map S : B — B is said to satisfy the
(discrete) squeezing property if there exists an orthogonal projection Py of rank N such that for every u and

v in B,

1
I P (Su = Sv) <] (I = Pv)(Su = Sv) [=]| Su—Sv < g lu—vl]
where I is the identity map on H .

Theorem 2.5 (See [3]) Let H be a separable Hilbert space, {S(t)}i>0 be a semigroup acting on H, and let B
be a closed bounded subset of H such that S(t) maps B into itself. Let {S(t)}s>0 have a global attractor on
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B. Suppose that for a fixed t. > 0, Sy« is Lipschitz on B and satisfies the discrete squeezing property on B.
Then S« has an exponential attractor M* on B.

In order to get the existence of the exponential attractor, we impose a little stronger dissipative condition
than (2.2) on f(z,u): Suppose that f(z,u) € C%1(RY x R,R) such that

of(xz,u
% > —Dy. (2.7)

The second main result of this paper is described as:

Theorem 2.6 Assume that f(x,u) satisfies (1.2)-(1.3) with p > 1, a(z) € L?(Q), and g(x) € Lﬁ(w)(Q). Let

% + %1 < Ni—&-l and (2.8) hold. Then problem (1.1) possesses an exponential attractor in L%(z) Q).

3. Proofs of the main results

We first show that the semigroup corresponding to (1.1) is well defined on Lg(x)(Q).

Lemma 3.1 Assume that the assumptions of Theorem 2.3 hold. Then the solution of (1.1) satisfies

I 9 r —Cit r
e I, < 2 0 ul0) 5, €O+ ol [ g(a) I,

where Cy and Csy are positive constants.

Proof Multiplying (1.1) by | u |"~2 u¢; and integrating with respect to x, we obtain

/ ug | u |2 u¢1dx+/(—Au) | u |72 ugrde +/ flz,u) | u |2 ugrda
Q Q Q

= / g(x) | u|""% upida. (3.8)
Q

Note that

/ ug | u "2 uprde = li/ | u|" ¢rdx. (3.9)

Q rdt Q
By the fact
A .
/Vu-V(bl | u |72 ude = —1/ |u|" ¢rde,

Q T Ja

we get that

/ (=Au) [u ] ugrde = / Vu- V(| u |7 u)grde + / Vu- Vo | u "2 uds
Q Q Q

A
:(7‘—1)/|Vu|2|U\T_2¢1d$+*1/|u|r¢1d$
Q T Ja

r

4(r—1 - A
= L9 iR e 2 [l e 3.10)
Q T Jao
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By (2.2), Holder’s inequality and Young’s inequality, we get that

/ fau) [ udrde > — Do / \u | gude — D / w7 ¢yda
Q

—Do/\u|r¢1d$—D1/|U\ prdz) T /¢1d9€%

Do+ [l drde - T >—““—1>/¢1dx7 (3.11)
r o r—1 Q

Y

| \/

/Q o) | w2 ugrde < ( / | g(@) " drda)E( / | grda)
/|u\r¢1d:c+ ( —(r= 1)/ | g(z) |” prde, (3.12)

where € is small enough such that Dy + 2 < 21 . Therefore, it follows from (3.1)-(3.5) that

d

— [l u(t) ||E;51 + (A1 = 7(Do + 2€)) || u(t) HEQI +4(r

d
dt prdx

< —(r—1) —(r—1) r
< DY [ oo+ (T gl [

(3.13)

.
P1

Neglecting the third term on the left-hand side of (3.6) and applying Gronwall’s lemma, we get the result. This
completes the proof. O

By Theorem 2.2 and Lemma 3.1, the semigroup S(t)ug = u(t) is defined on L,y (€2), where u(?) is the

solution of (1.1). Moreover, the set
Bo ={u € L,y () :f| w [|;< Ro}
is a bounded absorbing set for the semigroup {S(t)}+>0, where

0= 2Cx(1+ || () |

)

Let Ty = T1(Bop) > 0 such that for all t > Ty, S(¢)By C By.
In order to get the existence of the global attractor, we decompose the solution u(t) of (1.1) into the sum

u(t) = v(t) + k(t), where v(t) solves the following equation:

ow—Av=0 in Q,
v(z,t) =0 on 09, (3.14)
v(0) = uo(z),

and the remainder k(t) satisfies

Ok — Ak + f(x,k+v) =g in Q,
k(x,t)=0 on 04, (3.15)
k(0) = 0.
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As the proof of Lemma 3.1, we get that the solution of (3.7) is globally defined and exponentially decay:

C2

o) Iy, < Ze™ ug I (3.16)

C1
For the solution of (3.8), we have:

Lemma 3.2 Assume that the assumptions of Theorem 2.8 hold. Then, for every 0 < e < €, €y < min{1,2 —
(N + 1)(% + 21} and any t > T) and uy € By, the solution of (3.8) satisfies

T

K@) llwgr

0,6(z) —

< Ot ala) lys,_se o, | 9(a) lzs,,))

s

Proof From the proof of Theorem 3.1 in [12], we get that the solution of (3.8) satisfies

k@%iée““”kﬂ%M@+WSD+M@W&

Let o = % + 2. By Lemma 2.1 and 3.1 we have
’ A
e k) + 05 Ty
i A
<C [ 1A afa) | (0 [uls) 1) g,
t _e_N+t1,1 1
<0y [[(t=9 T FED afo) | (05 [uls) 1) 5, ds
t e _N41,1 p—1
<G [(t=9 G a0 ) Iy, )i
Thus,
1k llwer,,

0,6(x)

S‘/ | A9 f(@, k(s) + v(s)) + g(&)] [lwer ds
0

t t
gA|wéWﬂfwm@»+wﬁnma®d&+A|MA“@amnwm

0,5(x)

N+1(%+p—

t
<Cullao) Ny, [ =0 5 F O a1, +1)ds+C [ 9@) g, #7F

5(x)
_e_N+lo1, p—1 _e
< Cs || alx) ||L§(m) =52 (g5 )_|_05 Il g(z) HLg(x) th=3,

O

Proof of Theorem 2.3 By Lemma 3.1-3.2 and the standard theory (e.g., see [4, 11, 15]) of dynamical systems,
we get that there exists a global attractor for (1.1) in L, (). O

In order to get the existence of the exponential attractor for (1.1) in Lg(x)(Q), the higher regularity of

solution of (3.16) (see below) than that of (3.8) is needed, which guarantees the discrete solution semigroup
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satisfies the squeezing property. As the proof of Lemma 3.1, we get that there exist positive constants C; and

Cs such that for any ug € Lg(m)(Q), the solution of (1.1) satisfies

Co —
() 135, < o o g | e + Callt Il 9(@) Iz ).

Therefore, the solution semigroup {S(¢)}¢>0 of (1.1) is well defined on Lﬁ(w)(Q) and the set

Br={ue L, () :|ulg <R}

S(x) —

is the absorbing set for the semigroup {S(¢)};>0, where

RS = 2051+ | 9(2) B2 ).

Let Ty = T5(By) > 0 such that for all ¢ > Ty, S(t)B; C By. Let

TR — 1
By = US(t+T2)B1 .

t>0

We note that Bs is a closed bounded positively invariant set and By C By .

(3.17)

Lemma 3.3 Assume that the assumptions of Theorem 2.5 hold. Then for any t > 0, the S(t) is Lipschitz

continuous.

Proof Let ui(t) = S(t)u1(0) and wug(t) = S(t)uz(0) be 2 solutions of (1.1) with initial values uq(0) and

u2(0), respectively. Setting w(t) = uq(t) — ua(t), we note that w(t) satisfies

wy — Aw + f(z,u1) — f(x,uz) =0 in Q, t>0,
w=20 on 0f),
w(0) = u1(0) — uz(0).

Multiplying (3.11) by w¢; and integrating over €2, we have

1d
2 dt

A1
2

For the fourth term on the left-hand side of (3.12), by (2.3) we have
1
[ () = fawwords = [ [ fioue 0 - ua)ad | w P érds
Q aJo
> —DO/ | w |? ¢rde.
Q
Therefore, by (3.13), it follows from (3.12) that

d 2 2
Slw s < @Do=X) w s,

lw s, + o s +5 1w Iy, + [ (o) = fou)wsr =0,

(3.18)

(3.19)

(3.20)
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which implies that

C2 -
| w(t) ||i§(z)§ ae(mo A || 4(0) ||%§(z) . (3.21)

This completes the proof. O
Let t, = % In2.

Lemma 3.4 Assume that the assumptions of Theorem 2.5 hold. Then the discrete semigroup Sy, satisfies the
squeezing property on Bs.

Proof Split the solution w(t) of (3.11) as follows: w(t) = wq(t) + wa(t), where wq(t) solves the following

problem
21— Awy =0 in Q,
w; =0 on 01, (3.22)

w1(0) = w(0) = u1(0) — u2(0),

and ws(t) satisfies

0w — Aws + f(w,u1) = flwuz) =0 in
w2 =0 on 09, (3.23)
wz(0) = 0.

For the equation (3.15), we get that

Cy _
i (@) 172, < e w(0) 7z - (3.24)

c1 ()
Note that
t
wwz/eM*Wmmwwmww&
0

By Theorem 2.2 we know that the solution of (1.1) belongs to L{°.(0,T; L>°(2)). Notice that % + pT_l < Niﬂ,

loc

which implies that % -3< ﬁ Thus, using (2.1) and from above, we have

lw2(®) lwez

< C/O e Ta(@) | (1 [ur(s) P71+ Tuz(s) 1771) [ w(s) [z ds

0,8(z)

0,8(z)

t
S%AH&“WM@HHMM@WHW®VMwadS
t

gClO/O t—s)"2"2 G ||a(@) | 1+ | ui(s) |° + | ua(s) |?) IILg(J) ds

a2 (3.25)
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Thus,

[wa(te) Gz < (Caate * 722 i= MY (3.26)

Note that the left-hand side of (3.19) can be written in the form (Lwg,ws) < M?Z, where L is the operator
determined by the quadratic form. Since the set defined by (3.19) is compact in L?(m) (Q), we get that L=! is

compact on Lﬁ(z)(Q). Therefore, by spectral theory (e.g., see [18]), we know that (3.19) defines an ellipsoid Bs

in Lﬁ(z)(Q), and it can be rewritten as

o0
— . _ 2 2
By = {ws : ;MJ (w3, €)1z, < Mih
where {e;} is an orthonormal basis in Lg(x)(ﬂ), e; is an eigenfunction of L, and p; — +oo monotonely as
j — +oo.
Choose N large enough such that

256 M2
_ 3.27
AN T0(0) oz (327
3(a)
and let En = span{ey,ea, - ,en}. Obviously, if ws(t.) € Bs, it holds that
2 = 2 M7
I = Pv)wa(te) Iz = Z (wa(ta), €)1z, < S
J=N+1
Therefore, by (3.17) and (3.20), we get that if
| Poc(St.1(0) = St ua(0) 1z, < (2 = Por) (S22 (0) — Se.ua(0)) [z,
then
[Se.1(0) 81, x(0) [
= P (S u1(0) = Sh () 35+ 1 (= Pa)(Sh.a(0) = Shwa(0) [
<2 (I = Pn)(Se,u1(0) — St uz(0)) Hi?(m)
1 M?
<2[— 0) ||? _ 0) ||?
= [256 ” ’LU( ) ”L%(m) +MN H w(O) ||2L2 H ’LU( ) ||L§(m)}
5(x)
< = [[w(0) I3
~ 64 Ly
This completes the proof. O

Proof of Theorem 2.5 By Theorem 2.3-2.4 and Lemma 3.3-3.4, we get that S;, has an exponential attractor
M* on By. Let

M= |J sim=.

0<t<t,
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By (3.14), we get that the map F'(t,u(0)) = S(t)uo is Lipschitz from [0,¢,] x By into By. Therefore, it follows
from Theorem 3.1 of [9] that M is an exponential attractor for {S(¢)},>¢ acting on By and

dF(M) = dF(M*> +1,
where the dr denotes the fractal dimension. O

Remark 3.5 By (3.14) we can choose t, > 0 such that the discrete semigroup S(t.) is a-contraction. Thus,
we can also prove Theorem 2.5 by using Theorem 2.1 in [7]. On the other hand, the results of Theorem 2.3 and

2.5 can be used for reaction-diffusion equations with specific nonlinearities, e.g., f(z,u) = a(x) | u [P~! u with
a(x) € Lg(z)(Q), 1< p<oo, alr) >0 forae x€Q,and p>1.
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