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Abstract: Given a graph G with an induced subgraph H and a family F of graphs, we introduce a (hyper)graph
Hu(G;F) = (Vu,Em), the hyper- H (hyper)graph of G with respect to F, whose vertices are induced copies of H in
G, and {H1,Ha,...,H,} € Eg if and only if the induced subgraph of G by the set Uj_, H; is isomorphic to a graph
F' in the family F, and the integer r is the least integer for F' with this property. When H is a k-complete or a
k-path of G, we abbreviate Hk, (G;F) and Hp, (G;F) to Hi(G;F) and HPi(G;F), respectively. Our motivation to
introduce this new (hyper)graph operator on graphs comes from the fact that the graph Hy(Kp;{Kak}) is isomorphic
to the ordinary Kneser graph K (n;k) whenever 2k < n. As a generalization of the Lovdsz—Kneser theorem, we prove
that x(Hi(G;{Kak})) = x(G) — 2k + 2 for any graph G with w(G) = x(G) and any integer k < |w(G)/2|. We
determine the clique and fractional chromatic numbers of H(G;{K2:}), and we consider the generalized Johnson
graphs H,(H;{Kr41}) and show that x(H,(H;{Kr+1})) < x(H) for any graph H and any integer r < w(H). By
way of application, we construct examples of graphs such that the gap between their chromatic and fractional chromatic
numbers is arbitrarily large. We further analyze the chromatic number of hyperpath (hyper)graphs HPy(G; Pn), and
we provide upper bounds when m = k 4+ 1 and m = 2k in terms of the k-distance chromatic number of the source

graph.

Key words: Kneser graphs and hypergraphs, chromatic and fractional chromatic numbers, hypercomplete and hyper-

path (hyper)graphs

1. Introduction

Most surprised reactions (and equally appreciations) to Lovdsz’s proof of the Kneser conjecture are due to his
method of proof that is now counted as the beginning of the discipline: topological combinatorics. Many other
proofs with more topological flavors were made afterwards. Mainly, the methods of these proofs concentrate on
the famous Borsuk—Ulam theorem or its combinatorial counterparts. However, we here are willing to provide
more reasons to celebrate the proof of the Kneser conjecture after more than 30 years. We show that its
presence may enable us to determine the chromatic numbers of many other graphs with no additional costs.

Our departure begins by understanding the construction of Kneser graphs from complete graphs.
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To be more explicit, we recall that for given integers n,k with 2k — 1 < n, the Kneser graph K(n;k)
is the graph whose vertex set consists of all k-element subsets of [n] := {1,2,...,n}, where 2 vertices form an
edge if and only if they are disjoint. The Kneser conjecture [8] now takes the following form in graph theory

language that computes the chromatic number of the Kneser graph.

Theorem 1.1 (Lovasz—Kneser Theorem [11]) If k>0 and n > 2k — 1, then x(K(n;k)) =n —2k+ 2.

Once we take [n] as the set of vertices of the complete graph K, , it is easy to notice that a k-element
subset of [n] corresponds to an induced complete graph of order k, and being disjoint for any 2 such sets means
exactly that their set union induces a complete graph of order 2k in K,,. Such an observation may naturally
be generalized to an arbitrary graph by taking it as a source graph instead of K,. In other words, when we
are given a graph G, we may construct a new graph by taking its vertices to be all induced k-complete graphs
in G, where 2k < w(G), the clique number of G, and declaring that any such 2 vertices form an edge if and
only if the union of their vertices induces a 2k-complete graph in G. Let us denote the resulting graph by
Hi(G; Ka), which we call the k-hypercomplete graph of G with respect to the graph Koy (see Definition 3.2
for a more explicit and general description). The next logical step is to vary the reference family within the above
construction. In other words, we consider Hy(G; F), where F is a family of graphs. Surprisingly, some of the
constructions may end up being hypergraphs depending on the choice of F as well as the parameter k. As an
example, we note that Hy(K,; K1) is just the Kneser r-hypergraph of the set system ([n], (7)) with respect
to suitably chosen integers n,k, and r (see Section 2.2). The known computation of the chromatic number of
Hy(Kp; Kpi) can be easily generalized to other graphs, which proves the power of the hypercompletion operator
in the case of hypergraphs.

Theorem 4.2 Let G be a graph with w(G) = x(G). Then for any integers k and r satisfying 2k+1 <n and

2§r§[%],weh(we

x(G)—rk -1
V(i (G K)) = O Ty
In the particular case where r = 2, we state the following result, which can be considered as the

generalized Lovasz—Kneser theorem:

Corollary 4.3 If G is a graph with x(G) = w(Q), then x(Hix(G; Kar)) = x(G) — 2k + 2 for any k < L@J .

In fact, we show that x(Hr(G; Ka2)) € [w(G) — 2k + 2, x(G) — 2k + 2] for any graph G.

Even if every graph can be realized as an induced subgraph of some Kneser graph, we note that there
exist graphs for which Hj(G; Kai) is not an induced subgraph of K (n;k) for any integer n.

Almost all other computations regarding to Kneser (hyper)graphs can be carried out to hypercomplete
(hyper)graphs (see Sections 4 and 4.1 for more details). For instance, the clique numbers or the fractional
chromatic numbers can be derived similarly. Such results also enable us to provide examples of graphs such
that there is a large gap between their chromatic and fractional chromatic numbers that may be of particular

interest.
Shortly after Lovész’s proof of the Kneser conjecture, Schrijver found a vertex-critical induced subgraph

of K(n;k), whose chromatic number is the same as that of K(n;k) [15]. We recall that a set S C [n] is called



CIVAN and TAYLAN/Turk J Math

stable if i € S implies i +1 ¢ S, and if n € S implies 1 ¢ S. The stable Kneser graph (or the Schrijver graph)
SK(n;k) is defined to be the graph whose vertices are all stable k-subsets of [n], 2 being adjacent if and only
if they are disjoint. We generalize Schrijver’s construction to hypercomplete graphs by fixing a coloring of the
source graph beforehand. Suppose that k is a proper n-coloring of G, where x(G) = n. When 2k < w(G),
we call a k-complete S of G k-stable if x(S) := {k(s): s € S} is a stable set in [n]. We define the stable
k-hypercomplete graph SH;(G; Kay) of G with respect to x to be the graph with vertex set consisting of all
k-stable k-completes of G, where 2 such sets form an edge if and only if their set union induces a 2k-complete

in G. The following is not a surprise:

Corollary 4.12 Let k be a proper n-coloring of a graph G with n = x(G) = w(G). Then, x(SH}(G; Kay)) =
X(G) =2k +2 for any k < |5].

It should be noted that the subgraphs SH} (G; Ka) of Hi(G; Kar) need not be vertex-critical as opposed
to the case of complete graphs. Furthermore, for any 2 distinct n-colorings ki and ks of G, the graphs
SH;'(G; Koi) and SH?(G; Kay) are not isomorphic in general.

Our final move is to study the chromatic number of hyperpath (hyper)graphs HPy(G; P,,). As opposed
to hypercomplete graphs, there seems to be no general relation between x(G) and x(HPx(G; P,,)). However,
there is a simple upper bound involving the maximum degree of the source graph x(HPx(G; Pa)) < 2A(G) -1,
which is indeed the best possible. On the other hand, by the use of the hypercompletion operator, we also provide
upper bounds on x(HPx(G; Py,)) when m = k+1 and m = 2k in terms of the k-distance chromatic numbers

of the source graph (see Section 5).

Theorem 5.5 For any graph G and any integer k > 2, we have x(HPi(G; Pr+1)) < xx(G) and x(HPr(G; Pay))
< ng_l(G) — 2k +2.

2. Preliminaries
We first recall some general notions and notations needed throughout the paper, and repeat some of the

definitions mentioned in the introduction more formally.

2.1. Graphs
By a simple graph G, we will mean an undirected graph without loops or multiple edges. If G is a graph,
V(G) and E(G) (or simply V and E') denote its vertex and edge sets. An edge between u and v is denoted
by e = wuv or e = {u,v} interchangeably. A graph G = (V, E) is called the null-graph on V whenever E = .
If U C V, the graph induced on U is written as G[U]. We denote by |G| and ||G|| the order and size of G,
while d(v) denotes the degree of a given vertex v € V. A graph G = (V, E) is said to be r-regular if d(v) =r
for any v € V.

The complement G := (V,E) of a graph G = (V, E) is the graph on V with uwv € E if and only if
wv ¢ E. Throughout the paper, K, , C,, and P, will denote the complete, cycle, and path graphs on n
vertices, respectively. The distance d(z,y) between 2 vertices = and y is defined to be the length of a shortest
path in G between them.

A subset S CV is called a complete of G if G[S] is isomorphic to a complete graph, and a k-complete
of G is a complete of cardinality k. The set of all k-completes of G will be denoted by Cx(G). In particular,
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a complete that is maximal with respect to inclusion is called a cliqgue of G, and the largest k£ such that G has
a k-clique is called the cligue number of G and denoted by w(G). An independent set of G is a complete of
G, and the independence number is defined by o(Q) := w(G).

We recall that a mapping k: V' — [m] is a (proper vertex) coloring of a graph G if k(u) # k(v) whenever
wv € E, where [m] :={1,2,...,m}. The least integer m for which G admits a coloring with m colors is called
the chromatic number of G and is denoted by x(G).

The line graph L(G) of a graph G is the graph on the edges, 2 of which form an edge if and only if they

share a common vertex.
Let Gy = (V1, E1) and G2 = (Va, Es) be 2 nonempty graphs on (disjoint) sets of r and s vertices. The

Cartesian product G10G> is the graph with vertex set Vi x Vo and (21, 22)(y1,y2) is an edge if and only if
either z1y1 € E7 and xo = y2 or xays € Ey and x1 = y1, whereas the tensor product (also known as the
categorical or weak product) G x G4 is the graph with vertex set Vi x V5, where 2 vertices (1, 22)(y1,y2) are
adjacent if and only if both x1y; € E1 and x2ys € Ey. The strong product G X G5 is the graph with vertex
set V1 x Vo and edge set (E(G10G2)) U (E(Gy x G2)). Furthermore, their disjoint union G1 UGz is the graph
G1UGy = (V1 UVa, By UEs), and their join GV Gy is the graph on n = r 4 s vertices obtained from G; UG»
by inserting new edges from each vertex of GG; to each vertex of G5. We write nG to denote the disjoint union
of n copies of G. A (graph) homomorphism ¢: G — G5 is a mapping from V; to V, such that ¢(z)¢p(y) € Eo

whenever zy € Ej .
For a given positive integer n, we denote by ([Z]) the set of k-subsets of [n]. The Kneser graph K(n;k)

for 2k —1 < n is defined to be the simple graph on (1), where 2 vertices form an edge if and only if they are
disjoint. Note that K(n;1) is the n-vertex complete graph, and K (2k — 1, k) is the null-graph.

The fractional chromatic number x;(G) of a graph G is defined to be the infimum of the fractions 7
such that there exists a graph homomorphism from G to K(n;k) (see [2, 16]).

2.2. Hypergraphs

A hypergraph is a set system H = (V,&), where V is a set, the set of vertices of H, and £& C 2. The
hypergraphs that we consider may have loops; that is, £ may contain singletons as edges. However, we do not
allow repeated edges in general. A hypergraph H = (V,€) is said to be simple if A¢ B and B ¢ A for any 2
edges A, B € £. We call a hypergraph r-uniform if all of its edges have the same cardinality r.

When S C V| the induced subhypergraph of H by the set S is defined to be the hypergraph #H[S] :=
{Ae&: ACSY.

A mapping x: V — [m] is a (proper) coloring of a hypergraph H = (V, &) if none of the edges of H
are monochromatic under k. The least integer m for which H admits a coloring with m colors is called the
chromatic number of H and denoted by x(H). The r-colorability defect cd,.(H) of a hypergraph H is defined
by

cd,(H) := min{|S|: S CV and x(H[V\S]) < r}.

Given a hypergraph H = (V, &), the Kneser r-hypergraph of H, denoted by K,(H), has vertex set &,
and an r-tuple (Ajy,...A,) of edges of H forms an edge iff A; N A; = 0 for all i # j. We will simply write

K. (n; k) when H = ([n], ()).
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3. Hyper-H (hyper)graphs

In this section, we introduce our main objects of study, hyper- H (hyper)graphs; provide various examples; and
construct some known (hyper)graphs as hyper- H (hyper)graphs. We choose to state the definition as broadly

as possible.

Definition 3.1 Let G be a graph and let H be an induced subgraph of G containing at least one edge. Then
G is said to be H -decomposable if there exists a family {Hy,...,Hs} consisting of induced subgraphs of G,
each being isomorphic to H such that G|Ui_, H;] 2 G, and the integer t is called the size of this decomposition.
When G is H -decomposable, the least integer d for which G admits an H -decomposition of size d is called
the H -width of G and denoted by wy(G). In case G is not H -decomposable, we set wy(G) := 00.

In particular, when H is a k-complete for some k > 2, we call wg, (G) the k-clique-width of G and
denote it by cw(G). Note that wy(G) < oo if and only if any vertex of G is contained by at least one induced
copy of H in G. Similarly, when H is a k-path for some k& > 2, we call wp,(G) the k-path-width of G and
denote it by pw,(G).

Definition 3.2 Let G be a graph and let H be an induced subgraph of G containing at least one edge. For a
given family F of graphs, we define the hyper- H hypergraph Hy(G;F) = Vu(G),Ex(G)) of G with respect
to F by taking Vg (G) to be the set of induced copies of H in G, and {A1,..., A} € Eu(G) if and only if
there exists F € F satisfying wy (F) =t such that G|Ul_;A;] 2 F.

When Hy(G;F) is just an ordinary graph, we call it as the hyper-H graph of G with respect to F,
which is only possible when wy(F) =2 for all F € F. We also abbreviate Hy (G;{F}) to Hu(G; F).

We generally refer to G as the source (or ground) graph of Hy(G;F), and to F as the reference family of our
operator.

Throughout the paper we only deal with 2 particular cases: H = K} for some 2 < k < w(G) and
H = P; for some k > 2, where we call the resulting hypergraphs the k-hypercomplete hypergraph and k-
hyperpath hypergraph of G and denote them by Hy(G;F) and HPy(G; F), respectively.

Example 3.3 If we consider the graph G illustrated in Figure 1, then Ha(G; Ky 3) is a 3-uniform hypergraph
on the set {1,2,...,8} with edges {1,2,4},{2,3,5},{4,6,7}, and {5,7,8}. We also note that HPs(G; K1 3) =
4K3.

6 7 8

1 2 3
G

Figure 1. A graph G with the corresponding edge labeling.
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We remark that the hypergraph Hy(G; F) does not have to be a simple hypergraph in general. For instance,
Ho(G;{Ps, K1 3}) contains both {1,2} and {1,2,4} as edges for the graph G of Figure 1. This may be overcome
by assuming that if F € F and F’ is an induced subgraph of F with cwy(F’) < oo, then F' ¢ F.

Example 3.4 For a given graph G, its 2-hypercomplete graph with respect to the family {Ps, K3} is isomorphic
to the line graph of G; that is, Ho(G;{P3,K3}) = L(G). This easily follows from the fact that for any 2

intersecting edges in G, the set of vertices incident to these edges induces either a P3 or a Ks.

In fact, our construction generalizes many of the known operators on graphs when k& = 2. For instance,
Ho(G; Ps) is the Gallai’s graph of G, Ha(G; Py) is the wing-graph of G, and Ho(G; {Ps, Cy}) is the Chvatal’s
graph of G (see [3] for details).

It may be useful to note that Ha(G; F) is a graph if and only if F is a subset of the set of graphs depicted

in Figure 3.

ASEl A

Bg, K;; P, 2K, Cy Ky 3—pan K;—e

Figure 2. Graphs with cw2(G) = 2.

The power of the hypercompletion operator comes from the fact that many classical results related to
Kneser graphs have generalizations to hypercomplete graphs along almost the same lines. We therefore have
the chance to expand known results to a wider class of graphs. This section offers such a treatment.

It is easy to verify that if H is an induced subgraph of G, then H(H;F) is an induced sub(hyper)graph
of Hy(G; F) for any family F and any integer k < w(H). Similarly, if 7’ is a subfamily of F, then Hy(G;F")
is a (not necessarily induced) sub(hyper)graph of Hy(G;F) for any graph G.

As we mentioned earlier, our starting point to introduce hypercomplete graphs begins with the following
observation.

Proposition 3.5 If 2 <k < | 3], then Hp(Kp; Kox) = K(n; k).

Proof Once we assume that V(K,) = [n], the claim follows, since 2 k-completes A, B of K, are disjoint if
and only if K,[AU B] = Kyy. O

Remark 3.6 [t is well known that any graph can be obtained as an induced subgraph of some Kneser graph [5];
however, for an arbitrary graph G, it is not true that the graph Hi(G; Kak) is an induced subgraph of K(n;k)
for some n > 2k. For instance, if we consider the graph G illustrated in Figure 3.6, there exists no integer n
such that Ho(G; Ky) is an induced subgraph of K(n;2). This is clearly due to the fact that being disjoint is not
enough to form an edge of the hypercomplete graph for any 2 completes.

We may readily extend the construction of Kneser graphs as hypercomplete graphs to a general graph
family obtained from the complete graphs by the same manner.
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Figure 3. A graph G for which H3(G; K4) is not an induced subgraph of K (n;2) for any n.

Suppose that n,r,s € N are given with 1 < s <r < [5|. We then define IK(n,r;s) to be the graph
whose vertices are the r-element subsets of [n], 2 of which form an edge if and only if their intersection is a set

with s-element. We omit the proof of the following obvious fact.
Proposition 3.7 Let n,7,s be integers with 1 < s <r < |§]. Then H,(Kp; Kop_s) = IK(n,r;s).

We particularly note that the graph Hy(K,,; Kx+1) is the well-known Johnson graph J(n;k), whose vertices
are k-element subsets of [n], and 2 such sets form an edge if and only if their intersection has exactly k — 1
elements (see the discussion after Theorem 4.13).

It may be expected that our construction will always produce simple graphs if we choose the reference
family to be the one consisting of a single complete graph. However, this is not the case. As an example,
we consider Hy(Ky; Kyi) for integers satisfying 2k +1 < n and 2 < r < [7]. It is easily seen that
Hi(Kp; Krg) &2 Kp(n;k). On the other hand, it should be noted that the hypergraph Hy(G; K,) is not

in general isomorphic to the Kneser r-hypergraph of (V,Ci(G)) for an arbitrary graph G = (V, E') and integers
with 2k+1 < w(G) and 2 < r < L@J . Moreover, Hy(G; K,j) does not have to be an induced subhypergraph
of K,(n;k) for some n.

One other family of graphs that we will construct as hypercomplete graphs are stable Kneser graphs, also
known as Schrijver graphs [15].

In order to construct SK(n;k) as a hypercomplete graph, we first point out that any stable subset S of
[n] corresponds to an independent set in the cycle C,,. When n > 4, we call SK,, := C,, the stable complete

graph of order n.

Proposition 3.8 For all integers n,k with 1 <k < [%], we have

Hi(SKor; SKag), ifn = 2k,

SK(n; k) = =
(n; k) {”Hk(SKn; {Pr,U...UP. :r1+...4+1rs=2kr; >1}), otherwise.

Proof It is enough to show that if A and B are two stable k-subset of [n] = V(C,,), then AN B =0 if and
only if C,[AUB]| = P,, U...U P, for some partition of 2k, which trivially holds. O

4. Generalized Lovasz—Kneser theorem
The generalization of the Lovasz—Kneser theorem to Kneser hypergraphs was the main subject of many recent

papers [1, 9, 10, 13, 17]. There are 2 main approaches that differ on whether to allow edges consisting
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of multisubsets of the ground set together with intersection multiplicities. We here only consider Kneser

hypergraphs of hypergraphs whose edges consist of ordinary subsets of the vertex set without multiplicities.

In this restricted context, there is a well-known lower bound due to K#iz [9, 12].

Theorem 4.1 ([9]) For any (finite) hypergraph H = (V,€) and any r > 2, we have x(K,(H)) > 25 - cd.(H)).

r—1

We should also note that the upper bound in the specific case of x(Hp (K, ; Krx)) was first constructed
by Erdos [4] (see also Ziegler [17]), which is just a modification of Kneser’s upper bound for K(n;k), and the

lower bound is the simple extension of Dol’'nikov’s 2-colorability defect [12].

Theorem 4.2 Let G be a graph with w(G) = x(G) = n. Then for any integers k and r satisfying 2k+1 <n

and 2 <r < ], we have

n—rk— 1)]
r—1

Proof The lower bound follows from Theorem 4.1, since w(G) = n, implying that Hj(K,; K,x) is an induced

subhypergraph of Hy(G; K,). For the upper bound, we simply follow Erdés. We let A: V(G) — [n] be a

proper coloring of G and define A: V(Hy(G; Krk)) — [m] by

X(Hi(G; Krg)) = [

A(A) == min{ (T%l min{A(A)}], m},

where A(A) := {A(a): a € A} and m := [%l Suppose that {A;,..., A} is a monochromatic edge of
Hi(G; Kyi) under A. If A(Aj) =i <m forall 1 <j <r,then there must exist a vertex a; € A; with A\(a;) =1¢
for each j € [r]. However, this is impossible since G[U}_;A;] = K,;. On the other hand, if A(4;) = m for
each j € [r], it follows that U_;A(A;) C{(r —1)m,(r —1)m+1,...,n}. This is also impossible, since the set
on the left-hand side contains exactly rk elements by G [U}’:IAJ-] = K., while on the right-hand side there are
at most rk —r + 1 elements. O

Corollary 4.3 If G is a graph with x(G) = w(Q), then x(Hr(G; Ka)) = x(G) — 2k + 2 for any k < L@J .

In general, the condition x(G) = w(G) in the statement of Theorem 4.2 cannot be dropped. For this, we
consider the graph G depicted in Figure 4. Note that x(G) =5 and w(G) =4, while x(H2(G; K4)) = 2.

We may, however, obtain a lower and an upper bound in the general case in the view of Theorem 4.2.

Corollary 4.4 For any graph G and for any integers k and r satisfying 2k +1 <n and 2 <r < |2], we

have

D= D1 < (6 o) < O T,

Proof Assume that G is a graph with x(G) = m > n = w(G). We then have x(Hi(G;K,)) >
X(Hi(Kn; Kri)), since w(G) = n. On the other hand, let H := G U K,,; that is, H is the disjoint union
of G and K,,. We note that x(H) = w(H) = m; hence, x(Hr(H; Kyr)) > x(Hr(G; Kr1)), since G is an
induced subgraph of H. O
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G Ha(G; Ky)
Figure 4. A graph G with x(G) # w(G) and its 2-hypercomplete graph H2(G; K4).

When r = 2, the Corollary 4.3 simply translates that x(Hx(G; Kox)) € [w(G) — 2k + 2, x(G) — 2k + 2]
for any k < L@J

Example 4.5 We define H;, to be the join of s-copies of the 2m -cycle. If we assume that m,s > 3, then we

have x(Ho(HE; Koy)) = [22E] for any s > 1 > 2 by Theorem 4.2.

Example 4.6 Assume that G = Cs V C5, the join of the 5-cycle with itself, so w(G) = 4 and x(G) = 6;
hence, 2 < x(H2(G; Ky)) < 4 by Corollary 4.3. However, the chromatic number of Ho(G; Ky) is indeed
equal to 3. To ensure that, we let {a,b,c,d,e} and {A,B,C,D,E} denote the set of vertices of two 5-
cycles respectively with edges in cyclic fashion. We then note that the graph Ho(G; Ky4) is disconnected with
2 connected components; one is isomorphic to the complete bipartite graph Ks 5, induced by the set of vertices
U := {ab,bc,cd,de,ae, AB, BC,CD,DE  AE}, and the other component is isomorphic to Cs x Cjs, the tensor
product of Cs with itself, induced by the rest of the vertices of Ha(G; Ky) .

The above analysis can naturally be generalized to higher order odd cycles. In other words, if we set
Gy :=Corp1V Copgq for v > 2, then the vertices of Ha(G,r; K4) corresponding to the initial edges of the copies
of Cory1 in G, form a complete bipartite graph Kopi1,2-41, and the rest of the vertices induce the component

being isomorphic to the tensor product Corypq X Copp1. Therefore, x(Ha(Gr; Ky)) = 3.

Proposition 4.7 If G is a graph and 2k < w(G), then w(Hi(G; Kai)) = L%J
Proof Let W = {A1,..., A} be a complete of Hj(G; Ko). Then G[A; U Aj] = Koy, for all 4,j € [s] with
i # j. Therefore, we must have G[U_;A;] = K, which in turn implies that w(H(G; Kax)) = L@j as

claimed. O

Our next computation concerns the independence numbers of hypercomplete graphs Hy(G; Kay). We
first point out that the classical result of Erdés—Ko—Rado [7] takes the following simple form in the language of
hypercomplete graphs.

Theorem 4.8 (Erdés—Ko—Rado Theorem) If n > 2k, then

w(’Hk(Kn; {Kk+1, Kk+2, ey ngfl})) = (n B 1).
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Therefore, we have o(Hy(Kn; Kor)) = (3~ 1) whenever 2k < n. It seems that we are not that lucky
for the general case. We are only able to propose the computation with respect to particularly chosen graphs.
We remark that what really differs from the specific case of complete graphs is that the consideration of
the maximal intersecting families of k-completes is not enough to deduce the result for an arbitrary graph.
Furthermore, the maximal independent sets do not have to be uniquely determined, as opposed to the cases of

many generalizations of the Erdés—Ko—Rado theorem [6].

Let G = (V, E) be a graph. We denote the strong product graph G X K,,, by Gl™) for any m > 2. As

(2]
d g | k
e b m h

an example, the graph Pj
Mo (P Ky)

Figure 5. The graph P3E2] and its 2-hypercompletion.

is depicted in Figure 5.

C

a

The reason why we consider the strong product of a graph with complete graphs is that w(G[m]) =
m - w(G), while a(GI™) = a(G) for any graph G and m > 2.

Proposition 4.9 For any 2 <k <m and n > 2, we have

n—l)-(Qgi ) "5 L. (m 1) if n is even,

n—1)- (2;:_ ) 1252 (7 11) if n is odd. (4.10)

(M (PP Kop)) = {E

Proof We verify the claim by the help of Theorem 4.8 together with an analysis of ’H,k( K o) - We write
V(P,Em]) ={(i,7): 1 € [n] and j € [m]}, and we define V; := {(¢,7), (i + 1,7): r € [m]} and R; := P,Em][Vi] for
i € [n—1]. Similarly, we let U; := {(j,r): r € [m]} and T, := pim [U;] for 2 < j <n—1. We note that
R; =2 Ky, and T; =2 K,,,. We then consider the families of k-completes of Py[Lm] defined by

A27-_1 = {A S Ck;(RQT»_l)‘(QT —1, 1) S A} and Ag,- = {A S Ck(Rg,.)\Ck(Tg,.)|(2r, 1) € A}

whenever 2r —1,2r € [n—1]. When n is even, it is straightforward to show that U?"}'A; is an independent set
in 'Hk( K or) with the requested cardinality. When n is odd, we consider the independent set U} AiUAn,
where W,, := {(n —1,7),(n,7): r € [m]}, Sn iml [W,] and A, :={A € Cx(Sy,): (n,1) € A}. This proves

the lower bound.

For the upper bound, we simply note that the contribution of k-completes contained by any 2 consecutive
2m-cliques R; and R;;; to an independent set of Hk( ml. ; Koi) can not be greater than [2 (2;:’:11) — (Z’:ll)] O
Our next aim is to prove an analogue of Schrijver’s result [15] for hypercomplete graphs.

Definition 4.11 Suppose that k is a proper n-coloring of G, where x(G) =n. When 2k < w(G), we call a k-
complete S of G k-stable if k(S) := {k(s): s € S} is a stable set in [n]. We define the stable k-hypercomplete

10



CIVAN and TAYLAN/Turk J Math

graph SHE(G; Kay) of G with respect to k to be the graph with vertex set consisting of all k-stable k-completes

of G, where 2 such sets form an edge if and only if their set union induces a 2k -complete in G.

Corollary 4.12 Let x be a proper n-coloring of a graph G with n = x(G) = w(G). Then x(SH;(G; Kay)) =
X(G) =2k +2 forany k < |%].

Proof The upper bound is provided by the fact that SHj (G; Kay) is an induced subgraph of Hy(G; Ka),
and the lower bound is a consequence of Schrijver’s theorem, since w(G) = n. i

As noted earlier, the graphs SH;'(G; Kor) and SH;?(G; Koy) are not in general isomorphic for any

distinct 2 n-colorings x1; and ko of G. Furthermore, these subgraphs need not be always vertex-critical.
For instance, we consider two 4-colorings k;: V(PSEQ]) — [4] of P3[2] depicted in Figure 6. Note that neither

S”HSI(P:?];K@ nor SH5? (P3E2];K4) is vertex-critical.

4 3 ef 2
b c ‘ 4 b 4 c ‘ 4 bc  ce
cd
a 2 a 3
2 d 1 f ab 3 d1 f ad df
Ki: V(PP = [4] ko0 V(PP = [4]

Figure 6. Two 4-colorings of P:,E2], and the corresponding stable 2-hypercompletions S"H;l(PS[Q];IQ) and
SH5? (P(E]; Ky) of P;,EQ], in which the isolated vertices bd and de are deleted.

As we have seen so far, our computations are only valid with respect to an even order complete graph
taken as the reference family. There is one more exceptional case that we examine next.

Theorem 4.13 w(GQ) — k + 1 < x(Hi(G; Kk+1)) < x(G) for any graph G and any integer k < w(G).

Proof Suppose that G is a graph with w(G) = n < m = x(G). Since G contains an induced K,, the
graph Hy(G; Kg41) must contain an induced K, _gy1; thus, x(Hg(G; Kky1)) > n—k+1. Let X\: V(G) —
{0,1,...,m — 1} be a proper m-coloring of G. We define a coloring A: V(Hi(G; Ki+1)) — {0,1,...,m — 1}
of Hi(G; Kiy1) by A({z1,...,2x}) = Zle A(z;) (mod m) for any k-complete {z1,..., 25} of G. Suppose
that A(A) = A(B) for 2 k-completes of G. If G[AU B] & Kj.41, then we must have |[ANB| =k — 1. We may
therefore let A = {x1,...,21-1,y} and B = {x1,...,25_1,2}. However, the equality A(A) = A(B) implies
that A(y) = A(z); that is, yz ¢ E(G). Therefore, GJAUB] 2 K1, a contradiction. So, A is a proper coloring
of Hi(G; Kiy1) as claimed. O

In the particular case where k = 2, Theorem 4.13 forces n — 1 < x(H2(G; K3)) < n whenever
X(G) =w(G) = n > 2 for a given graph G. We also remark that both bounds are attainable in this special case.
For example, if G = Ko,, then x(Ha2(Ka,; K3)) = 2r — 1, and similarly, x(H2(Ka,—1;K3)) =2r —1 for r > 2,
as the resulting hypercomplete graphs simply correspond to the line graphs of complete graphs. Furthermore,
the graphs Hi(G; Kr11) can be considered as the generalized Johnson graphs, since Hy(G; Kiy1) = J(n; k),

when G = K,, as noted earlier.

11
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Example 4.14 We let H, := Cy,.V Co,. for r > 2, and we consider the graph Ho(H,; K3). By Theorem 4.13,
we must have 3 < x(Ha(H,; K3)) < 4. In fact, we claim that x(Ho(H,; K3)) = 3. To verify that, we first
note that the graph Ho(H,; K3) is a connected graph with 4r(r + 1) wvertices. If U is the set of vertices of
Ho(H,; K3) corresponding to the initial edges of copies of Ca,, then U is an independent set. On the other
hand, the subgraph of Ho(H,; K3) induced by the set V(Hao(H,; K3))\U is isomorphic to the Cartesian product
C5-.00C5,. from which the claim follows.

4.1. Fractional chromatic number and examples

In this subsection, we prove the fractional analogue of the generalized Lovasz—Kneser theorem that turns out

to have no difference from the specific case of complete graphs.

Theorem 4.15 If G is a graph with x(G) = w(G) =n, then x;(Hi(G; Kox)) = & for any k < L@j .

Proof For the upper bound, we construct an explicit graph homomorphism from H(G; Kaor) to Hy(Kn; Kak) .
Since w(G) = n, a copy of K, is contained in G as an induced subgraph. We let x: V(G) — [n] be a proper
n-coloring of G, and we define ¢: V(G) — V(K,,) C V(G) by ¢(v) = z if and only if «(v) = k(x).

If we define : V(Hp(G; Kor)) = V(Hi(Kn; Ko)) by V(A) := {¢(a): a € A}, we claim that ¥ is a
graph homomorphism. We first note that if a,b € A, then we necessarily have 1 (a) # 1(b) so that U(A) isa k-
complete in K,,. On the other hand, if GJAUB] 2 Ky, for some A, B € V(H(G; Ka)), then (A)NTY(B) = 0.
We therefore conclude that x;(Hy(G; Kax)) < %

For the other direction, we simply note that x s (Hr(G; Kar)) > x5(Hi(Kn; Kox)) = 7, since G contains
an induced K,,. O

Following the same steps in the proof of Corollary 4.3, we can easily obtain the following by Theorem
4.15.

Corollary 4.16 x;(Hi(G; Kak)) € [@, @] for any graph G and any integer k < L“’TG)J )

Before providing an example, we recall that x;(GUH) = max{xs(G), xs(H)} for any graphs G and H
[14], and xf(G x C5) = min{xs(G), x(Cs)} for any graph G and any integer s > 3 by a recent result of Alon
and Lubetzky [2].

Example 4.17 Consider the graph G, = Cory1 V Coryq for v > 2. We know from Ezample 4.6 that
Ho(Gri Ka) =2 Korg1,2r41 U (Copg1 X Copg1). By Corollary 4.16, we have x¢(Ha2(Gr; Ka)) € [2,3]. On the
other hand, we note that x¢(Kori1,2r41) = 2 and x¢(Corg1) = 2 + %, since both Kori12r+1 and Capiq
are vertez-transitive ([14]). By the same reason together with Alon and Lubetzky’s result, we conclude that

Xt(H2(Gr; Kq)) =2+ % for any r > 2.

We next provide examples of graphs such that there is a large gap between their chromatic and fractional
chromatic numbers, as we promised. Let us first mention an already existing example. The Kneser graph
Hy(Ksg—1; Kor) contains no triangle while having chromatic number k£ + 1 for k£ > 2. By Corollary 4.3 and
Theorem 4.15, any graph (other than complete graphs) whose clique and chromatic numbers are equal to 3k —1

will produce a new example of a graph with the desired property.

12
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Example 4.18 We may consider the complete t-partite graphs K, .. n, with n; > 2. By choosing t = 3k—1,

we conclude that x(Hi(Kn,,...nge_ 13 Kor)) = k+1, while it contains no triangle and x (Hi(Kn, .. ngp_1; Kok)) =
3— %

Example 4.19 Let m,s > 2 be given. Recall that H;, is the join of s-copies of the 2m-cycle. If we choose
k> 2 and s = 2k + 1, then x(Hi(H*+1; Kop)) = 2k + 4 by Corollary 4.3, w(Hi(H241 Kor)) = 4 by
Proposition 4.7, and x;(Hr(H2; Koy)) =4+ 2 by Theorem 4.15.

5. Hyperpath hypergraphs
In this section, we provide a study of the chromatic number of hyperpath (hyper)graphs HPy(G; P,,), where we

implicitly assume that the source graph G is always P,,-dense in the sense that any vertex of G is contained
in an induced m-path of G, since otherwise we have HPy(G; Py,) = HPi(G — z; Py,), if x € V(G) is not
contained by any m-path of G. We note that HPy(G; P,,) is a simple graph whenever k¥ < m < 2k. For
notational purposes, if A = {x1,...,21} is a vertex of HPy(G; Py,), we then assume that z;z;11 € E(G) for
any 1 <i <k, and we call z; and zj the ends of A.

We first show that every graph can be obtained as an induced subgraph of a hyperpath graph, for which
we first need a definition.

Definition 5.1 Let G = (V,E) be a graph and let S = {xl, 2l ... 2L} C V be given. For any given
k > 2, we define the whisker W,f(G) of G of length k with respect to S to be the graph whose vertex set is
VE(G):=VU{a!l: 1 <j<kandie [n]} and whose edge set is ES(G) := EU{zlal™': 1< j <k andi€ [n]}.
In particular, we write Wi.(G) when S =V .

Lemma 5.2 For any given graph G, the hyperpath graph HPk(Wi(G); Pay) contains G as an induced subgraph

forany k> 2.

Proof Denote by A; the vertex of HPy(Wi(G); Par) induced by the set of vertices {x},...,2F}; then

AiAj € E(HPy(Wi(G); Par)) if and only if zjz} € E(G), from which the claim follows. O
As opposed to the case of hypercompletion Hy(G; Kay), the chromatic number of HPy(G; Pay) may

well exceed that of G. This is easily verified when k is even, since, for example, the graph HP2(Cs; Py) has

chromatic number 3. When k is odd, it is rather illusive to construct such examples. However, we provide one

such example as follows.

Example 5.3 Let G be the graph depicted in Figure 7a. It is straightforward to check that x(G) = 3, while
the graph HPs(G; Ps) contains a 4-complete illustrated in Figure 7b; hence, it has a chromatic number of at
least 4.

There is still a chance that x(G) and x(HPr(G; Par)) may well be equal.

Proposition 5.4 If G is bipartite and k > 3 is an odd integer, then x(HPr(G; Py)) =2 for any m > 2k.

Proof Let V(G) = U; UU; be the bipartition. Since k is odd, any k-path in G has its ends in either U; or
Uy . Therefore, if we color any such k-path by i if its ends are contained by U; for ¢ = 1,2, this is definitely a
proper coloring of HP(G; Py,). O

13
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def

uvw

abc TYz

(b)

Figure 7. A graph G for which the chromatic number of HPs(G; Ps) exceeds that of G.

Even if there seems to be no general relation between x(G) and x(HPy(G; Pn)), we can bound the
latter by the k-distance chromatic number of the source graph for a particularly chosen m. We recall that a
k-distance coloring of a graph G is a vertex coloring of it, in which 2 vertices lying at a distance of less than or
equal to k£ must be assigned different colors. The minimum number of colors needed in such a coloring is called

the k-distance chromatic number of G and is denoted by xx(G). In terms of graph operations, x;(G) is equal

to the chromatic number of G¥, the kth-power graph of G, which is the graph on the same set of vertices such

that any 2 vertices whose distance is at most k£ are adjacent.

Theorem 5.5 For any graph G and any integer k > 2, we have X(HPr(G; Pry1)) < xx(G) and x(HPx(G; Pa))
< x2k-1(G) — 2k + 2.

Proof If A is a k-path in G, then it is a k-complete of G" when k — 1 < r < 2k. Therefore, the inclusion
maps HPy(G; Piy1) < Hi(G¥; Kipy1) and HPy(G; Par) < Hp(G?*71; Koy,) are graph homomorphisms; hence,

claims follow from Theorem 4.13 and Corollary 4.3. O

Theorem 5.6 For any graph G and any integer k > 2, we have X(HPr(G; Par)) < 2A(G) —1, and this bound
18 tight.
Proof Suppose A = A(G) and let A= {z1,...,2;} be a vertex of HPy(G; Pz). If B is any other vertex of
HPr(G; Pa,) satistying AB € E(HPr(G; Par)), then we must have either Ng(z1)NB # 0 or Ng(zi)NB #£0.
When Ng(x1) N B # (), we say that B is a neighbor of A at 7, and similarly B is a neighbor of A at xj if
Ng(zp) N B # (. Now, if By,...,B, are neighbors of A at z;, we must have B; N B; = () for any distinct
i,j € [r] in order to maximize the degree of A in HPk(G; Pa); thus, » < A — 1, which in turn implies the
claim by Brooks’ theorem.

For tightness, let D(r, k) be the graph defined for » > 1 on the set V(D(r,k)) = V3 U Vo U V3, where
Vi ={z1,...,zi}, Vo= {yl,... v}, ... ,ygr_l), e ,y,(;'_l)} and V3 = {2f,...,2},... ,ZY_l), e ,z,(!_l)} with
the set of edges:

E(D(r,k)) ={zizip1: 1 <i<k}U{yjyi:1<i<kand 1 <s<r—1}
U{zjzj 1 1<i<kandl1<s<r—1}U{zyj:1<s<r—1}
U{zrzl: 1<s<r—1}U{yjzr: 1 <s<r-—1}

Uyl 1<p<q<r—1}U{ef2l:1<p<q<r—1}

14
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Note that A(D(r,k)) = r, and it is easy to check that the hyperpath graph HPy(D(r, k); Pax) contains
a (2r — 1)-complete. O
There are other ways to bound x(HPx(G; Pai)) that we state next, while noting that the computation
of X(HPo(G*~1; Py)) or x(Ha(G; Ky — €)) seems to be as difficult as that of x(HPy(G; Pay)), where Ky — e

denotes the complete graph on 4 vertices with an edge removed (see Figure 3).

Proposition 5.7 Let G be a graph. Then x(HPr(G; Par)) < x(HP2(G*~1; Py)) for any k > 2 and x(HPx(G; Par,)) <
X(Ho(G; Ky —€)) for any k > 2.
Proof If A= {z1,...,z1} is a vertex of HPy(G; Psy), then the mapping ¥(A) := {x1,xr} defines a graph

homomorphism in either case. O
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