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1

Abstract: We characterize geodesic hyperspheres of radius = such that cot? (r) = 5 as the unique real hypersurfaces in

complex projective space whose structure Jacobi operator satisfies a pair of conditions.
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1. Introduction

We will consider connected orientable real hypersurfaces M in complex projective space CP™, m > 3, endowed
with the Fubini-Study metric g of constant holomorphic sectional curvature equal to 4. Let J be the Kaehlerian
structure of CP™ and N a unit normal vector field on M. Let (¢,&,7, g) be the almost contact metric structure
induced on M by (J,g) (see Section 2) and D the maximal holomorphic distribution on M ; that is, at any
point D contains any tangent vector orthogonal to £&. We will say that M is Hopf if £ is a principal vector
field for the shape operator associated to N.

Homogeneous real hypersurfaces were classified by Takagi in [14] and [15] into 6 classes: Type A; are

s

geodesic hyperspheres of radius 7, 0 < r < 5. Type Ay are tubes of radius 7, 0 < r < 7, over totally

us

T, over

geodesic complex projective spaces CP", 0 < n < m — 1. Type B are tubes of radius 7, 0 < r <
the complex quadric. Type C are tubes of radius r, 0 < r < 7, over the Segre embedding of CP! x CP™,
where 2n +1=m and m > 5. Type D are tubes of radius r, 0 < r < 7, over the Plucker embedding of the
complex Grassmannian manifold G(2,5) in CP?. Type E are tubes of radius 7, 0 < r < 7, over the canonical

embedding of the Hermitian symmetric space SO(10)/U(5) in CP'. See also the papers by Okumura [7],
Maeda [5], Kimura [3], and Cecil and Ryan [2]. All these hypersurfaces are Hopf and have constant principal
curvatures. In [6] there is a survey of the most important results on these real hypersurfaces.

On the other hand, we can consider ruled real hypersurfaces introduced by Kimura [4]. Except for these
real hypersurfaces there are few known examples of real hypersurfaces in CP" . Therefore, it is interesting to
know whether certain families of real hypersurfaces do or do not exist once we know the behavior of their shape
operator associated to N, A. In Section 3 we present 2 theorems of nonexistence of 2 families of such real

hypersurfaces. Namely, we will prove:
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Theorem 1.1 . There do not exist real hypersurfaces in CP™, m > 3, whose shape operator is given by

A = o + BU, AU = BE + 5271U, ApU = 6¢U , where U is a unit vector field in I, and there exists

(e

Z € Dy = Span{&, U, U}t such that AZ =0, ApZ = —é, a, B being nonvanishing functions on M and §

2
is either 0 or —’%.

Theorem 1.2 . There do not exist real hypersurfaces in CP™, m > 3, whose shape operator is given by
AéE = al+pU, AU = BéE+ %U, AU = 0¢U , and for any Z € Dy, AZ = A\Z , where «, B are nonvanishing

. . . 32 . . 1
functions defined on M, § is either 0 or —= and X\ is either 0 or —s.

The Jacobi operator Rx with respect to a unit vector field X is defined by Rx = R(., X)X, where R
is the curvature tensor field on M. Then we see that Rx is a self-adjoint endomorphism of the tangent space.
It is related to Jacobi vector fields, which are solutions of the second-order differential equation (the Jacobi
equation) V4 (V5Y) + R(Y,¥)¥ = 0 along a geodesic v in M. The structure vector field given by £ = —JN
is called the Reeb vector field on M. The corresponding Jacobi operator Rg is called the structure Jacobi
operator on M .

In the line of characterizing real hypersurfaces of CP™ in terms of Ry it is natural to consider the problem
about the parallelism and the invariance, or Lie parallelism. In [8] the nonexistence of real hypersurfaces in
nonflat complex space forms with parallel structure Jacobi operator was proven. In [9], we also proved the
nonexistence of real hypersurfaces in CP™, m > 3, whose structure Jacobi operator is invariant, that is, its
Lie derivative in any tangent direction vanishes.

In [11] we obtained the following;:

Theorem 1.3 . Let M be a real hypersurface of CP™, m > 3, such that the structure Jacobi operator Re¢ is
invariant under the structure vector field &, that is, LcRe = 0. Then either M s locally congruent to a tube
of radius 7/4 over a complex submanifold in CP™ or to either a geodesic hypersphere or a tube over a totally

geodesic CP*, 0 < k < m — 1, with radius r # 7/4.

On the other hand, we do not know the classification of real hypersurfaces in CP™ satisfying

AR = ReA, (1.1)

although we know that every Hopf real hypersurface satisfies it. The geometrical meaning of this condition is
that any eigenspace of R is invariant by A.

In [12] we proved the nonexistence of real hypersurfaces in CP™ satisfying this condition if the structure
Jacobi operator is D-invariant, that is LxR¢ = 0 for any X € D. In order to generalize this result we devote
this paper to studying real hypersurfaces satisfying (1.1), and at the same time the Lie derivative of the structure

Jacobi operator is always in the direction of the Reeb vector field £. Namely, we will suppose

(LxRe)Y = —g(¢AX,Y)E (1.2)
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for any X,Y € D. A geodesic hypersphere of radius 7 such that cot?(r) = 1 clearly satisfies (1.1). It is also
easy to see that it satisfies (1.2) (see final section of this paper). Our purpose is to prove that the converse is
also true by the

Main Theorem. Let M be a real hypersurface in CP™, m > 3. Then M satisfies (1.1) and (1.2) if and only

if M is locally congruent to a geodesic hypersphere of radius v such that cot?(r) = %

Remark If in addition we impose that the real hypersurface is complete, by Takagi [14], M should be

congruent (globally) to a geodesic hypersphere of radius 7 such that cot?(r) = %

2. Preliminaries

Throughout this paper, all manifolds, vector fields, etc. will be considered of class C'* unless otherwise stated.
Let M be a connected real hypersurface in CP"™, m > 2, without boundary. Let IV be a locally defined

unit normal vector field of M. Let V be the Levi-Civita connection on M and (., g) the Kaehlerian structure

of CP™.
For any vector field X tangent to M we write JX = ¢X + n(X)N, and —JN = £, where ¢X is the

tangent component of JX. Then (¢,&,7,g) is an almost contact metric structure on M ; see [1]. That is, we

have

X =-X+nX)& nE) =1, g(¢X,0Y)=g(X,Y)—n(X)nY), (2.1)

for vector fields X,Y tangent to M. From (2.1) we obtain

¢¢ =0, n(X)=g(X,9). (2.2)
From the parallelism of J we get
(Vx@)Y =n(Y)AX — g(AX,Y)¢ (2.3)
and
Vxé = pAX (2.4)

for any vector fields X,Y tangent to M , where A denotes the shape operator associated to N. As the ambient

space has holomorphic sectional curvature 4, the equations of Gauss and Codazzi are given respectively by

R(X,Y)Z = g(Y,2)X — g(X, 2)Y +g(¢Y, Z)pX — g(¢X, Z)0Y

—2g(¢X,Y)pZ + g(AY, Z)AX — g(AX, Z)AY, (2:5)

and
(VxA)Y = (Vy A)X =n(X)oY —n(Y)pX —29(¢X,Y)¢ (2.6)
for any vector fields XY, and Z tangent to M, where R is the curvature tensor of M.
We will write, in general, A = o€ + SU, U being a unit vector field in D. M is Hopf (respectively,
non-Hopf) if =0 (respectively, 8 #0).

We will need the following results
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Theorem 2.1 . (See [5]). Let M be a real hypersurface in CP™, m > 2, such that A = a&. Then « is
locally constant and if X is a tangent vector field on M such that AX = AX and X is orthogonal to £, then

ApX = RE2pX

Theorem 2.2 . (See [10]). There exist no real hypersurfaces in CP™, m > 3, whose shape operator satisfies
A=+ U, AU =&, AgU = —é(bU, where U is a unit vector field in D and o a nonnull function defined
on M.

3. Proof of Theorems 1.1 and 1.2
We begin with the proof of Theorem 1.1.

By the Codazzi equation we get (VzA){—(VeA)Z = —¢Z. This gives Z(a){+Z(B)U+LVzU+AVZ =
—¢Z . Taking its scalar product with &, we have

Z(a) + Bg(VeZ,U) =0, (3.1)
and its scalar product with U yields
Z(8) + ©9(VeZ,U) = 0. (3.2)
From (3.1) and (3.2) we obtain
aBZ(B) + (1 - B*)Z(a) = 0. (3.3)

The Codazzi equation also gives (VzA)U — (VyA)Z = 0. That is, Z(8)€ + Z(Bi;l)U—!— %VZU —AV,U +
AVyZ = 0. Its scalar product with £ yields

Z(B)+Bg(VuZ,U) =0 (3.4)
and its scalar product with U gives
Z(E= 4 ELg(vy2,U) = 0. (3.5)
From (3.4) and (3.5) we obtain
Z(E=1) 4 =5 7(8) = o, (3.6)

From (3.3) and (3.6) we get aZ(8) =0. Thus, Z(8) = 0. From (3.6) we have 1;62 Z(a) =0.

If Z(a) # 0, 2 = 1. Maybe after changing ¢ by —¢ we can suppose that 3 = 1. Therefore, either
d=0o0rd= —é.

From the Codazzi equation we have (V:A)oU — (V4 A) = —2€. Its scalar product with U yields

0g(VepU,U) + 14 ad = —1. (3.7
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If 6 =0, from (3.7) we have a contradiction. Thus § = —1.
From the Codazzi equation, (VyA)pU — (VgyA)U = —2¢. Its scalar product with £ gives

g(VyoU,U) =1 (3.8)

and taking its scalar product with U, bearing in mind (3.8), it follows that —2 + g(A¢U,¢U) = 0. That is,
—3 =0, which is impossible. Therefore, Z(a) = Z(8) = 0.

Once more from the Codazzi equation we obtain (VyzA){ — (VeA)pZ = Z. This yields (¢Z)(a)€ +
apAPZ + (0 2)(B)U + BV y2U — ApAGZ + {(L)pZ + LV epZ + AV¢Z = Z. Taking its scalar product with
& we get

9(VeoZ,U) = —3(62)(a), (3.9)
and if we take its scalar product with U,
(62)(B) + L9(Ve02,U) =0. (3.10)
From (3.9) and (3.10) we have
a(62)(8) - B(6Z)(a) = 0. (3.11)

As (VyzA)U — (VyA)pZ =0, its scalar product with £ yields

9(VuoZ,U) = ~1(62)(8) (3.12)

and its scalar product with U gives (qi)Z)(Bza_l) + %Zg(VUqﬁZ, U) = 0. Bearing in mind (3.12), we get

(02)(E54) — £(s2)(8) = 0. (3.13)

From (3.13) we have a(¢Z)(8)+(1—5%)(¢Z)(a) = 0. This equation and (3.11) yield (¢2)(a) = (¢2)(8) = 0.
From the Codazzi equation, (VzA)¢Z — (VyzA)Z = —2¢. Taking its scalar product with & we obtain

Taking its scalar product with U and bearing in mind (3.14), we have

9(V262,U) =% — 28, (3.15)
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From the Codazzi equation we get (VzA)pU — (VyuA)Z = 0. As Z(a) = Z(8) =0, Z(6) = 0. Therefore,
we obtain 6V z9U — AV 29U + AV 4y Z = 0. Taking its scalar product with Z we have dg(VzoU,Z) = 0. If
0#0, g(VzoU,Z) =0. From (2.3) this yields ¢(Vz¢Z,U) = 0. Now from (3.15) we have

262 = 1. (3.16)
Thus, 8 is constant. If we develop (V4 A)¢ — (VeA)pU = U and take its scalar product with U we obtain
—ad +0(E=1) — B2 + (2 =1)g(VeoU,U) = 1. (3.17)
As 282 =1 and § = —%2, from (3.17) we conclude
402 =1. (3.18)

From the Codazzi equation, (VyyA)U — (VyA)pU = —2¢. Taking its scalar product with U, from (3.16) and
(3.17) we get % + 1 = 0, which is impossible. Therefore, we must suppose § = 0.
From the Codazzi equation, (VzA)pU — (Ve A)Z = 0. Its scalar product with ¢Z yields

9(VzoU,02) — g(Vev Z,9Z) = 0. (3.19)
If we take the scalar product of (VyzA)¢U — (VeuA)pZ =0 with ¢Z and bear in mind (2.3), we get
29(VezU, Z) + (¢U)(3) = 0. (3.20)
Developing (VzA)¢ — (V¢A)Z = ¢Z and taking its scalar product with ¢Z, we have
Bg(VzU,¢Z) — 19(VeZ,¢Z) = —1. (3.21)
Taking the scalar product of (VzA)U — (VyA)Z =0 with ¢Z, we also obtain
B29(V2U,¢Z) — 9(VuZ,¢Z) = 0. (3:22)
The scalar product of (VygzA){ — (VeA)¢Z = Z with Z yields
B9(VezU. Z) — 39(VeZ,0Z) = 0, (3.23)
and the scalar product of (V4zA)U — (VyA)$Z =0 with Z implies
B+ (8 —1)9(VzU. Z) + 9(Vu¢Z, Z) = 0. (3.24)
From (3.21) and (3.23) it follows that
B9(VezU,Z) = Bg(VzU,¢Z) = 1, (3.25)
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and from (3.22) and (3.24) we get
B+ (8% —1)9(VezU, 2) — B?9(V2U,¢Z) = 0. (3.26)
From (3.25) and (3.26) we have

9(V2U,0Z) =28 — 3. (3.27)

From (3.20) and (3.27), (¢U)(1) = —22. Thus,
(¢U)(a) = 2a8. (3.28)
Now (Ve A)¢ — (VeA)pU = U . Taking its scalar product with ¢ and bearing in mind (3.28), we obtain
g(VeoU,U) = —a (3.29)
and its scalar product with U yields
(eU)(B) = 25°. (3.30)
As (Vyou AU — (VyA)pU = 2¢, if we take its scalar product with £ and bear in mind (3.30), we have
B9(VuoU,U) =1~ p? (3.31)

and its scalar product with U, bearing in mind (3.31), gives

(GU)(EL) - 22820 4 1 (3.32)

« « af

From (3.28), (3.30), and (3.32) we get 532 —1 = 0. Therefore, 3 is constant. Thus, (¢U)(8) = 2% = 0, which
is impossible. This finishes the proof of Theorem 1.1.

Now we begin proving Theorem 1.2.

If A =0, from the Codazzi equation we get (VzA)pZ — (VyzA)Z = —2¢. That is, AV4zZ — AV z9Z =
—2¢. Taking its scalar product with & we have

By([02, 2], U) = =2, (3.33)

and its scalar product with U yields

B=10([¢2,2),U) = 0. (3.34)

[
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From (3.33) and (3.34) we obtain 8% =1. If § = —1 from Theorem 2.1, these real hypersurfaces do not exist.
Let us suppose that A¢pU = 0 and that, after a possible change of £ by —¢, 5 =1.

From the Codazzi equation, (VgyA){ — (VeA)pU = U. Taking its scalar product with U we obtain
1=-1.

Therefore, we must suppose that for any Z € Dy, AZ = —iZ . The same computations as above give
us
B9([¢Z,Z2),U) = 543 — 1 (3.35)
and
(287 —1)g([¢Z, Z],U) = 2. (3.36)

From (3.35) and (3.36) we obtain
(282 —1)(1 — 202) = 40232, (3.37)
From (3.37) for any X € TM we get
1-te® () = =1 X (o). (3.38)

Taking the scalar product of the Codazzi equation that we have used to obtain (3.35) and (3.36) with Z, and
respectively with ¢Z, we have Z(a) = (¢Z)(a) = 0. From (3.38) we have %Z(ﬁ) = %((bZ)(ﬁ) =0.
Thus, either 40? = 1 or Z(8) = (¢Z)(8) = 0. If 4a* = 1, from (3.37) we should have —1 = 0, which is
impossible. Therefore, Z(a) = (¢Z)(a) = Z(B) = (¢Z)(5) = 0.

From the Codazzi equation, (VzA){ — (VeA)Z = —¢Z. Tts scalar product with ¢Z yields

9(VzU,¢Z) = B+ 135 — 5- (3.39)
The scalar product of (VzA)U — (VyA)Z =0 with ¢Z, bearing in mind (3.39), gives

232 + 4a% — 12282 — 1 =0. (3.40)

From (3.37) and (3.40) we obtain a?(1 —23?) = 0. Thus, 242 = 1. This and (3.37) yield a = 0, which is a
contradiction. This finishes the proof of Theorem 1.2.

4. Proof of Main Theorem
First, we suppose that M is non-Hopf and write A = a& + BU, where U is a unit vector field in D and S is

a nonvanishing function defined on M. Condition (1.2) gives
9(Vx AL AY + g(AL, pAX)AY + aVx AY — g(Vx AY, §) AL
—g(AY, 9AX)AE —n(AY)Vx AL — aVay X + N(AY )V 4e X — aAV XY (4.1)
+9(VxY, A AL — g(Vy X, £+ aAVy X — g(Vy X, A AL =0
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for any X,Y € D. If we take the scalar product of (4.1) and £ we obtain

Bn(AY)g(¢AX,U) — ag(AY, pAX) + ag(X, 9 A%Y)

—n(AY)g(X, pA%) + g(X, pAY) =0 (4.2)

for any X,Y € D. If we apply Condition (1.1) to & we obtain « AU = af¢ + (82 —1)U. Let us suppose a = 0.
Then A2 =1 and changing, if necessary, ¢ by —¢, we can suppose 5 = 1.
If in (4.2) we take X =U, Y = ¢U, we obtain

9(AgU, ¢U) = 0. (4.3)

Taking Y € Dy = Span{&, U, U}, X = ¢U in (4.2), we have

g(AUY) =0. (4.4)
From (4.4) we know that AU has no component in Dy . If we take Y € Dy, X = U in (4.2), it follows that

g(ApU,Y) = 0. (4.5)
Thus, A¢U has no component in Dy . Take now X =Y =U in (4.2). We get

g(AU, ¢U) = 0. (4.6)

From (4.3), (4.5), and (4.6), we have A¢pU = 0. From (4.4) we get A =U, AU = +~U. Take X,Y € Dy.
From (4.2) we obtain ¢(X,¢$AY) = 0. From this, (4.4), and (4.5), AY =0 for any Y € Dy . Therefore, the
type number of M, that is, the rank of its shape operator, is at most 2. By [13], M must be ruled and v = 0.

From the Codazzi equation, (VyA)§ — (Ve A)U = —¢U . If we take its scalar product with ¢U we get
g(VyU,¢U) = 0. (4.7
The Codazzi equation also yields (VyA)oU — (VeuA)U = —2¢€. Its scalar product with £ gives
g(VyoU,U) = 2. (4.8)
As (4.7) and (4.8) give a contradiction, we assure that o # 0 and we can write

AU = e + £, (4.9)

[e3%

From (4.9), taking X € Dy, Y = U in (4.2), we get g(A¢U,X) = 0. So we write ApU = §oU .
Taking Y = ¢U, X = U in (4.2), we obtain —ag(A¢U, pAU) + ag(U, pA%¢U) + g(U,pApU) = 0. That
is, (8% — 1) + ad? + 5 = 0. Thus, either § =0 or § = 7%2.
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Take now a unit Z € Dy. We have just seen that Dy is A-invariant, so we suppose that AZ =
AZ. Let Y € Dy such that is orthogonal to Span{Z,¢Z}. Applying (4.2) to Z and ¢Y we obtain
(14+aN)g(ApZ, ¢Y) + ag(A%¢Z,¢Y) = 0. Therefore, (1 +a\)ApZ + aA%¢Z is proportional to ¢Z. Thus, we
can write (14 a\)ApZ + aA2pZ + upZ = 0 for some function p. If in (4.2) we take X = Z, Y = ¢Z we get
(1+aN)g(ApZ,¢Z) + ag(A2¢Z,¢Z) = 0. This yields u = 0 and we have

(1+aN)ApZ + aA%¢Z = 0. (4.10)

Suppose that w is another eigenvalue of A in Dy, w # A, and that W is a unit eigenvector corresponding to

w. As above, we find

(14 aw)ApW + aA2pW = 0. (4.11)

If we take the scalar product of (4.10) and W and the scalar product of (4.11) and Z, we have ((1 4+ aA)w +
aw?)g(¢pZ, W) =0 and ((1 + aw)X + ar?)g(¢W, Z) = 0. If we add both expressions, as w # A we obtain

(1+ afw + A)g(oW, Z) = 0. (4.12)

From (4.12) we have:

1. If there exists W such that g(¢W,Z) #0, w+ X = fé.

2. If for any W in the above conditions g(¢W,Z) =0, then A¢pZ = A\pZ.

In the first case we can write ¢Z = a1Z; + aaZs, where a12 + a2? =1, AZy = \Z1, AZy = wZy with
1+ a(A+w) =0. From (4.10) we have ((1+ aX)Xa; + aX?a1)Z; + ((1 + aXwag + aw?az)Z; = 0. From this
equation we obtain a;A(1 4 2aX) =0. If 14+ 2aX =0, as 1 + a(A +w) = 0 we should have A\ = w, which is
impossible. Then a1;A =0. If A=0 and a; =1, A¢Z = 0 and we are in Case 2. So we suppose ag # 0 and
A¢Z = aswZs. From (4.10), (1+aN)asw+aadw? = 0. If A = 0 we obtain w = —1 . The above equation yields

-2+ % =0. Thus, as(az —1) =0 and ay = 1. Thus, ApZ = —L$Z. From Theorem 1.1 this case does not

(e}

occur. Therefore, we must suppose that A # 0, a; =0 and A¢Z = wpZ, A # w and 1+ a(A+w) =0.
From the Codazzi equation, (VzA)pU — (V4uA)Z = 0. If we take its scalar product with ¢Z we obtain

(0 —w)g(VzoU,¢Z) + (w = Ng(Veu Z,9Z) = 0 (4.13)
and its scalar product with Z gives
(@U)(A) = (6 = N)g(VzoU, Z). (4.14)
As (VyzA)pU — (VeuA)pZ = 0, its scalar product with Z yields

(6~ Ng(Vz0U, Z) + (w — Ng(Vou Z,6Z) = 0. (4.15)
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If we take its scalar product with ¢Z we get
(@U)(w) = (6 = w)g(VpzoU, $2). (4.16)
From (4.14) and (4.16) we have
(GU)(=3) = (6 = Ng(VzoU, Z) + (6 — w)g(Vez9U, $Z). (4.17)
Bearing in mind that (VzA)¢ — (VeA)Z = —¢Z and taking its scalar product with ¢Z, we obtain
Ma—w) +B9(VzU,¢Z) + (w— Ng(VeZ,0Z) = —1. (4.18)

Taking the scalar product of (VzA)U — (VyA)Z =0 with ¢Z, it follows that

A3+ (=L — ) g(V U, 62) + (w — Ng(Vu 2, $Z) = 0. (4.19)

The scalar product of (VygzA){ — (VeA)¢Z = Z with Z yields

WA= )+ B9(Vs2U, 7) + (A — w)g(VedZ, 7) = 1. (4.20)
The scalar product of (VygzA)U — (VyA)pZ =0 with Z gives

—wf (B - Ng(VozU, Z) + (w—Ng(VuZ,¢Z) = 0. (4.21)

[e3%

From (4.18) and (4.20), bearing in mind that A\ +w = — | we have

)

Bg(V2U,6Z) — Bg(VyzU, Z) = 20w — 1. (4.22)

Similarly, (4.19) and (4.21) yield

(82 + aNg(V 2U, 6Z) — (B2 + aw)g(VzU, Z) = B. (4.23)

The determinant of the matrix given by the coefficients of the system of equations (4.22) and (4.23) is af(A—w) #

0. Thus, we have a unique solution given by

B2 (B%+aw)(2Aw—1
9(V2U,¢2) = 2= aﬁ()\—)i)) : (4.24)

2_ 2 B
o(T450,2) = g

and from (2.3) g(VzoU, Z) = g(¢VzU,Z) = —g(VzU,$Z). From (4.17) and (4.24) we have

—(oU)(L) = B2 +(1-2)w) (8> +ad) (4.25)

1
« af
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Thus, (¢U)(a) = af + %M. Therefore,

I 6 = -2,
(@U)() = ap.
If 6 = 0,

(@U)(a) = 208(1 = Iw).
As (VyuA) — (VeA)pU = U, if we take its scalar product with £, we obtain
(@U)(a) + 358 — af + Bg(VepU,U) =0,
and its scalar product with U yields
(BU)(8) - ad + 322 — B2 4 (5~ 8)g(VeoU,U) = 1.
From (4.26), (4.27), and (4.28) we get

I 6 = — &,
9(VepU, U) = 22,
(U)(B) = 1+ 2555
If 6 =0,
g(VepU,U) = a0 — 2a(1 — Mw),
(¢U)(8) = 26 +2(1 — ?)Aw.

(4.26)

(4.27)

(4.28)

(4.29)

From the Codazzi equation, (VypyA)U —(VyA)pU = —2¢€. Its scalar product with & yields (¢U)(5) +26% -

ad — (8% = 1)+ Bg(VyoU,U) = 2. From (4.29), we obtain

If 6 = — &,
g(VyoU,U) = 18545,
If§=0,

Bg(VuoU,U) = (1 - 2)(1 — 2w).

(4.30)

Its scalar product with U gives —236 + ((bU)(ﬁza_l) - Bﬁza_l + (52;1 —8)g(VyoU,U) = 0. This and (4.30)

imply
I 6 = — &,
4a? +45* — 1182 +4=0.
If 6 =0,

(5= 2 w)B% + 2 w — 1 = 0.

(4.31)

In the case of § # 0, from (4.31) we have 8a(pU)(a) = (228 — 1683)(¢U)(B). Therefore, 4a* = (832 +
11)(a? 4+ 28% — 53%). From (4.31) and this equation we obtain that B must be a root of an equation with

constant coefficients. Therefore, [ is constant and « is also constant. As (¢U)(a) = «f, we should have

af = 0, which is impossible. Thus, § = 0.

150



PEREZ and SUH/Turk J Math

From (4.31) we get Aw = 1 — % and from (4.29), (¢U)(B) =1 —35%. As moreover A +w = —1 we
find A=—sb + /s — s+ 2z and w=—3t — \/2s — 3+ 225 Ifwetake X = Z, Y =U in (4.1) and
its scalar product with ¢Z, we have

9\VuZ,02) = 9(VU,9Z). (4.32)

Taking X = ¢Z, Y =U in (4.1) and its scalar product with Z, we get

From (4.32), (4.33), (2.3), and (4.24) we obtain —32 + (8% + aw)(2Aw — 1) = B2 — (% + a\)(2A\w — 1). Bearing
in mind the value of \w, it follows that 382 = 1, and thus §3 is constant. Moreover Aw = —%, (oU) () = 3ap.
As (VyzA)E — (VeA)pZ = Z, taking its scalar product with & we have

(¢Z)(a) + Bg(Veh2,U) = 0, (4.34)

and its scalar product with U gives

(24 3aw)g(VepZ,U) = 0. (4.35)

Looking at (4.35), if we suppose 24 3aw = 0, w = —2. Now —2& = ;-(-1— V1+2a?). This yields
9a* + 4a? = 0. Thus, a should be constant and (¢U)(a) = 3a3 = 0 should give a contradiction. Thus, we
must suppose ¢(VepZ,U) = 0. From (4.34), (¢Z)(a) = 0. Analogously, we can obtain Z(a) = 0.

If we develop (VzA)¢pZ — (VyezA)Z = —2¢ and take its scalar product with &, we get Sg([¢Z, Z],U) =
—2. If now we take its scalar product with U, considering (4.24) and the values of A and w, we arrive to

3a? + 2o +2 = 0. Thus, a is constant and we have a new contradiction. This proves that Case 1 does not
occur.
Suppose we have Case 2: for a unit Z in Dy, AZ = \Z, A¢Z = A¢Z. From (4.10) we obtain

(1+ aX)A + ar? =0. From Theorem 1.2, this case is impossible.

Thus we have proven that non-Hopf real hypersurfaces do not satisfy our conditions.

Let us now suppose that M is Hopf, and write A = . Let Y € D such that AY =AY . Forany Y € D
from Condition (1.2), we obtain aAA@Y + al2@Y + A¢Y = 0. From Theorem 2.1, calling p the eigenvalue

corresponding to ¢Y , we get

AMap+ar+1)=0. (4.36)

Suppose (A + p) +1 = 0. From the value of u appearing in Theorem 2.1 we get 2a\? + 2\ +a = 0,
where « is locally constant. Thus, M has at most 3 distinct locally constant principal curvatures. When
the discriminant of such an equation is 1 — 2% = 0 we obtain only 2 distinct principal curvatures. Then
from [2] , M is locally congruent to a geodesic hypersphere of radius r. Writing a = 2cot(2r), we obtain

cot(r) = A = —5=. This yields cot?(r) = % Clearly these geodesic hyperspheres satisfy condition (1.1). Now

1
2c
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take X,Y € D. Then AX = cot(r)X, AY = cot(r)Y . Moreover A¢ = 2cot(2r)¢. Introducing X,Y in (4.1),
we obtain 2cot(2r)cot(r)VxY — 2cot(2r)cot(r)Vy X — 2cot(2r)AVxY + 2cot(2r)AVy X + (8cot?(2r)cot(r) +
cot(r))g(X,pY)E. If we take the scalar product with any Z € D we obtain 0. Its scalar product with &
gives {2cot(r)(cot(2r) + 1)cot(r)}g(X,dY). As 2cot?(r) = 1, the above term equals zero. Thus, these geodesic
hyperspheres also satisfy condition (1.2).

If there are 3 distinct principal curvatures, as they must be locally constant, from [6] , M is locally
congruent to either a type Ay or B real hypersurface. However, in our case, we see that the distributions
corresponding to the principal curvatures different from a are not ¢-invariant. This yields that M cannot be
of type Ay. If M is of type B, we can write a = 2tan(2r), Ay = —cot(r), A = tan(r), but these values do
not satisfy 2a? 4+ 2\ +a = 0.

Therefore, the last possibility is to have A = 0. From Theorem 2.1, A¢pY = —§¢Y. If we apply (4.1) to
X =Y and ¢Y we have —ag(AdY, pAY) + ag(Y, pA%¢Y) + g(Y, pA¢dY) = 0. This yields —au? — p=0. As
w#0, we get = —é and arrive at a contradiction.

This finishes the proof of the Theorem. O
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