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Abstract: In this paper, we consider continued fraction expansions for algebraic power series over a finite field. Especially,
we are interested in studying the continued fraction expansion of a particular subset of algebraic power series over a
finite field, called hyperquadratic. This subset contains irrational elements « satisfying an equation o = f(a" ), where 7
is a power of the characteristic of the base field and f is a linear fractional transformation with polynomials coefficients.
The continued fraction expansion for these elements can sometimes be given fully explicitly. We will show this expansion

for hyperquadratic power series satisfying certain types of equations.
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1. Introduction

Let p be a prime number and ¢ = p*, where s is a positive integer. We consider the finite field F, with ¢
elements. We introduce with an indeterminate X the ring of polynomials F,[X] and the field of rational
functions F,(X). We also consider the absolute value defined on F,(X) by |P/Q| = |X|d&8F~dee@ for
P,Q € F,[X], where | X| is a fixed real number greater than 1. By completing F,(X) with this absolute value,
we obtain a field, denoted by F,((X~!)), which is the field of formal power series in X ~! with coefficients in

F,. Thus, if « is a nonzero element of F,((X~!)), we have

a= Z apXP®,

k<ko

where ko € Z, a € F,, ar # 0, and |a| = | X|*. Observe the analogy between the classical construction of
the field of real numbers and this field of formal power series. The roles of =1, Z, Q, and R are played by F7,
F,[X], Fgo(X), and Fy((X 1)) respectively.

As in the classical context of real numbers, we have a continued fraction algorithm in F,((X~!)). Then

if € F,((X™1)) we can write

Oé:a1+71:[a1,a2,a3,...]
G2t —1
az + —
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where a; € Fy[X]. The a; are called the partial quotients and we have dega; > 0 for ¢ > 1. This continued
fraction is finite if and only if a € Fq(X). We define 2 sequences of polynomial (P,) and (Q,) by P = a1,
Q1=1, P, =a1a2+1, Q2 = as and, for any n > 3,

Pn = anPn—l + Pn—27 Qn = anQn—l + Qn—2-
We easily check that
PoQn-1— PraQn = (71)n71

and

P,
-~ — [01,02,03,...,an].

Qn

P,
The rational fraction — is called the n!"—convergent of a and we have for all n > 2:
n

[y Qn—1..e.., 2] = @n and [an,@p_1.....,a1] = P .
Qn—l Pn—l
Moreover, we have for n > 1 the equality:
a*[a a 4 o ]7Pn04n+1+Pn—1
— 1y W2y ¢y 9 +1 = 5 . A~
" " Qnan+1 + anl
where a1 = [ant1,anye, .. ] is called a complete quotient of «.

For a general presentation of continued fractions and diophantine approximation in the function field

case, the reader may consult Schmidt’s work [6].

Finally, we have the notation IF;]“ ={aeF,((X7)) with |a|>|X|}.

In 1976, Baum and Sweet [1] opened up a new field of research on diophantine approximation in the field
of formal power series with coefficients in a finite field through the continued fraction expansion. These authors
gave an example of a formal power series with coefficients in Fy, algebraic of degree 3 over Fy(X), where all
partial quotients in its continued fraction expansion are polynomials of degree 1 or 2. Ten years later, Mills
and Robbins [5] described an algorithm that allowed them to give explicitly the continued fraction of the cubic
series of Baum and Sweet. These studies have identified a subset of algebraic formal power series obtained as
fixed points of the composition of a linear fractional transformation with the Frobenius homomorphism. These
series are called hyperquadratic. We will denote the set of these elements by #. Then an irrational element of
F,((X~1)), belonging to H satisfies an algebraic equation of the form

_Aad"+B

= CarsD (1.1)

where A,B,C,D € F[X] and r =p*, t > 0.

The continued fraction expansion for the hyperquadratic elements could be given explicitly (see [3], [4],
[6] for more references) for many examples of power series.

We present the reasoning on which our proofs are based. We start with a Lemma about elementary
continued fractions. We recall the following notation. Let U/V € F,(X) such that U/V := [a1,aq, ..., a,]. For
all z € F,(X), we will note

[[a17a27...7an]’x] = +

<l
8=
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Lemma 1.1 Let ai,...,an,x € Fg(X). We have the following equality:

(_1)n71 anl.

Halva% s 7an]ﬂx] = [alaa@a c. '7an7y]7 where Yy = T —

The proof of this Lemma can be found in Lasjaunias’s article [1].

We now state the general reasoning and notations used in the sequel. Let (P, @, R) € (F,[X])® and let [

be a positive entire. We say that « satisfies a relation of type (r,l, P,Q, R) if we have:

Pa" = Qay4q + R.

Then, in this case, the continued fraction of « is determined by the first [ partial quotients and the triple

(P,Q,R). In some simple cases the expansion can be completely and explicitly described and it has a very

regular pattern. It is likely that this relationship is true for almost all hyperquadratic formal series, but, to our

knowledge, no general result is confirmed (the reader may consult [1] for some comment on that).

The aim of this work is to describe the result of expansions of a subset of formal series satisfying an

equation of type (1.1). We are concerned on the continued fraction expansion with a regular pattern of formal

power series satisfying (1.1): with B =1 and D = 0 in the first part, and with B =0 and D =1 in the second

part. To describe the continued fraction expansion of these formal series, we use a technique that has been

used by Lasjaunias in [41]. We will give certain continued fraction expansions for power series with all partial

quotients of degree one, which are nonquadratic algebraic elements over the field of rational functions.

2. Results
Lemma 2.1 Let r = pt, t > 1. The equation

= (Az" +1)/Cz” (1)

where (A,C) € Fo[X] x F;[X] such that deg A > degC', admits a unique irrational solution in F} . Moreover,

this solution admits unbounded partial quotients if (r —1)deg A > rdegC'.
Proof We denote by f the map defined on IF(']" by

Az" +1
.A 1 . . + +
Then f(x) = 16 + Car and since deg A > degC' then |f(z)| > [X|. Hence, f is a map from F to F .

T,y € IF;F, by straightforward calculation and using the Frobenius homomorphism if » > 1, we obtain

Since z,y € F , we have |1/z —1/y|""' < 1. So

|z —yllz —y["t |z —y|
flz) = fly)] = < .
@) = I = (el ey < ICTXP

For
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This shows that f is a contracting map from F;r to F;r. Thus, as IE‘;r is a complete metric subspace of
Fy((X~1)), the equation x = f(z) has a unique solution in F} . Finally we shall prove that this solution is

irrational. We assume that it is rational and we shall obtain a contradiction. So we can write a = R/S with
R,S € Fy[X], ged(R,S) =1 and |R| > |S|. From the equality R/S = f(R/S) we obtain

R/S=U/V
with U = AR" + 5" and V = CR". Then we have
CU—- AV =CS" and V =CR".
So if we consider W = ged(U, V') and since ged(R,S) =1 then |W| < |C|. Consequently we have
[V/W| > [V/C| >[R[ > |S].

Hence, we have V/W # S and this gives a contradiction.
Now, in relation with the equation defining elements of H, we have here |A| = |[(AD — BC)| = |C]|.

deg(C)

Consequently, if « has a partial quotient, other than the first, with degree > 1

, then a has unbounded

partial quotients (see Lemma 3 in [2]).

Set |A| = |X|%€4 and |C| = | X[ . It is clear that |a| = |X|%¢4~d¢C  Furthermore,

A 1 1 1
El = |CH04|T = |X|degC|X‘r(degA—degC) = |X|2degC‘X|r(degA—degC)—degC'

o —

degC
We have rdeg A — rdegC — degC' > Tef equivalent to (r — 1)deg A > rdegC'. So we conclude that if

(r—1)deg A > rdegC then o admits unbounded partial quotients. O

Remark 2.2 ) It is easy to see that if degC < r — 1 then the solution of the equation (1) admits unbounded
partial quotients, and if degC < r then A/C is always a convergent for the solution of (1).
i1) The previous Lemma give us a necessary condition on the degree of the coefficients A and C of the equation

(1) to obtain a solution having bounded partial quotients in its continued fraction expansion.

Lemma 2.3 Let a € F,((X™1)) be an irrational formal power series that satisfies the equation (1) and

P, )
(Q—)nzl be the sequence of convergent of . Suppose that there exists n > 1 such that A/C = P,/Qn.
n

Then « is an expansion of the type (r,n,ged(A,C), (—1)"Qn, (—1)"Qn-1).

Proof We have « is a solution of (1); then with a simple transformation on (1), we get that « satisfies

L1
“ T TAYCa

Let D = ged(A,C). Suppose that A/C = P, /Q, is a convergent of a (P, = A/D and Q,, = C/D). We
recall that if P,/Qn = [a1,a2,- - ,a,] then we have the equality

Pnan—i-l + Pn—l

a = [a17a27"' ,an,an+1] = W
ntn41 n—1
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So we obtain
r 1 . .
he Py 4 Qu(LnGnt T Py = (P Qs+ (—1)"@n
! " Q"a"-‘rl =+ Qn—l

and deg @Q,—1 < deg@,,. This gives that « is an expansion of the type (r,n, D, (=1)"Qn, (—1)"Qn-1).
This Lemma will allow us to determine explicitly the continued fraction expansion of power series satis-
O

fying an equation of the type (1).

Theorem 2.4 Let oo € F} be the solution of the equation (1) such that:
1) A/C = la1,C] is a convergent of «
2) C divides a}™".

Then
o= [al;C,CLg,"' 7an7"']

where
A4k+1 = —agk/C k Z 1, A4f42 = C k Z 0

a4k+3=a§k+1/0 k>0, ay, =—-C k>1

Proof Following the Lemma 2.3, we have in this case n =2 and o" = Cag + 1.
So [a},a5] = Caz + 1 and then [[a]/C,—C],Cab] = as. Thus by Lemma 1.1 and since C divides a]

we get that
a1

=[a}/C,—C,a], with o = .
e%} [a’l/Ca C,CE], w « C C

Since |a'| > 1 then a3 = a}/C, ay = —C and o = as.
Applying the same reasoning again, we obtain
r r r " : " oy 1
as = [[ay/C,C),—Ca}| = [a5/C,C,a ], with a =2 — —
c C
We deduce that as = —a/C, ag = C and since |a’ | > 1 then o’ = ay. So we have
agz = [CL;/C, _Cv —GE/C, Ca Ck7]~
In general, by an easy recurrence on k we obtain that:
an, = —Coypyr +1
Ay = Caugys + 1,
and
O4p43 = [a£k+1/07 —-C, *agk+2/cv C, aupy7].
O

So we obtain the desired result.
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Corollary 2.5 Let o € IF;r be the solution of the equation (1) with r =2 and q is a power of 2. Suppose that
A/C = lay,C) with a; = w1 X and C = us X where (u1,uz) € (F})?. If a € F4[X] and n > 0 is an integer,
[a]™ denotes the sequence a,a,...,a, where a is repeated n times and [a]® is the empty sequence. Define H,

a finite sequence of elements of F,[X], for n > 1, by
H, = u?" X/ud" ", [ug X]*" 1.
Let Ho, be the infinite sequence defined by:
H. = Hy, Hy,....H,,...
Then the continued fraction expansion of « is

a=[u1 X, us X, Hy).

Proof According to the previous Theorem we get that if we put a = [a1,a9, -+ ,an, -] then
a1 =wX and ag =usX
az = u%X/ug and ay = a5 = ag = us X,
ay = U%X/Ug and ag = a9 = a190 = aA11 = A12 = A13 = A14 = U2X7
als = uEfX/ug, N

Thus, we built by recurrence a sequence of rational functions (H,,),>1 such that Hy = u?X/us, [usX]? and for
n>2,

gntl_q

H, = u%nX/u§7l71+1, [us X]

Hence we get the explicit continued fraction expansion of «. O

Theorem 2.6 Let oo € F} be the solution of the equation (1) such that:
1) A/C = la1,C] is a convergent for «
2) C? divides a} — 1.
Then
a=[a1;Cas, ,an, -]

-1
where az = and for all k> 2

T T
agk = Cagy_y, azk+1 = ag_1/C.

Proof Following the Lemma 2.3, we have in this case n = 2 and a” = Cags + 1. This relationship can be

T T
ai —1 ai —1

written in the form [a], of] = Cag + 1, then | c ,Caj] = az. This gives that ag = c and

ay = Cayy = [Cay, a5/C).
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Hence we get a4 = C'al and since C' divides a3 then
ay = oy /C = [a}/C, Cay).
In general, by an easy recurrence on k > 2 we obtain
gy = 2y /C
gy = Casgyr,

which ends the proof. O

Theorem 2.7 Let o € IF:IL be the solution of the equation (1) such that q is a power of 2 and r = 4. Suppose
that A/C = [AX; X, X, X] = X, [X]*, where X\ € F. Then

a = [Hy).

where Hy, = X" X, [ X"~ for n > 1.

Proof Note that in this case 4 = AX? + X? +1 and C = X3. Since A/C = DX;X, X, X]| = P,/Q4 is
a convergent of a then Q3/Q4 = [X,X,X]| and A/C = H;. Furthermore, we have in this case n = 4 and
a* = Cas + Q3. So [af,a3] = Cas + Q3 then

4
aj Qs 1
C + C + CCM% = Q5.

Hence [[a}/C, X, X, X],Ca3] = as. Following the Lemma 1.1 and since C divides a} we get

4 / : ! O/QL QB
[a7/C, X, X, X, d'| = a5, with a = —=+4 —=.
c cC
Since |a'| > 1 then o' = ay. So we obtain:
4 4
a5:%:)\4)(,@6:@7:(18:)(,049:%—1—%.

We apply again the same reasoning and we get the following relation:

[a3/C, X, X, X],a"] = ag.

4
1" 1" a
This gives that ag = a10 = a11 = a12 = X, and since |a | > 1 then & = a13 = 63 + %
In general, by an easy recurrence on k > 1 we obtain:
4 4
o | @3 ay
g = ok %3 1%k X X X aups).
k1 = o C [C Ak+5)
Using this relation of recurrence, we obtain aj3 = ... = agg = X and ag; = AM®X. Thus H; = A\X, [X]!

and Hy will begin with A'6X . It is clear that the sequence (H,),>1 begins with the first partial quotient a,
obtained by the process, which has a power of A as coefficient. We get that for all n > 1, H,,1 is obtained
from H, after 4™ — 1 iteration. So we obtain the desired result. O

We exhibit now some results concerning another family of hyperquadratic power series.
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Lemma 2.8 Let r = pt, t > 1 such that r > 2. The equation
x=Az"/(Cx"+1) (2)

where (A, C) € Fy[X] xF;[X] such that deg A > deg C, admits a unique irrational solution a € F} . Moreover,
we have the following result:
i) a admits unbounded partial quotients if (r —2)deg A > (r —1)degC'.
P, ,
it) If A/C is a convergent of «, i.e. there exists n > 1 such that A/C = P,/Q, (where (Q—)nzl is the

n

sequence of convergent of o), then « is an expansion of the type
(r—1,n,gcd(A4,C), (-1)"Qy, (=1)"Qn-1) and (r,n,gcd(4,C),(=1)"Py,(-1)"Py_1).
Proof The proof of the existence and the uniqueness of the irrational solution of (2) and the property %) is

the same as in the Lemma 2.1.
Now, we can write the equation (2) in 2 forms:

1
r—1 _ 2.2
@ —A+Ca’ (2.2)
or
o
L _— 2.
@ —A+Ca (2:3)

So if A/C is a convergent of « then there exists n > 1 such that A/C = P,,/Q,. Then as Lemma 2.3, the
equation (2.2) implies that « is of the type (r — 1,n,gcd(A,C), (=1)"Qn, (-=1)"Qpn—-1).
The equation (2.3) implies that:
PnanJrl + Pnfl
Da" = @nni1 + Qns = (=1)"Pyans1 + (-1)" Py,

PnanJrl + Pnfl
_Pn +Qp(=————
Q (Qnan—i-l + Qn—l)

where D = ged(A4,C). So we get that « is of the type (r,n, D, (=1)"A4, (=1)"P,_1). O

Now, using this Lemma, we will determine the continued fraction expansion of some power series of
strictly positive degree satisfying an equation of type (2). All given examples are with a regular pattern. Some
of them are general (i.e. with arbitrary coefficients A and C') and other are well chosen to obtain power series
with all partial quotients of degree one. Note that the part (i) of the previous Lemma allows us to chose deg A
and deg C' in such a way that we could obtain power series with bounded partial quotients.

Theorem 2.9 Let o € F} be the solution of the equation (2) such that A/C = [a1,C] is a convergent of .
Then
i) If C divides a} 2.
Then
o = [al;(;"a?”... 7an7"']

where

a1 = —aby, /C k>1, agio=C k>0
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Qapys = ab 1 /C k>0, ag=-C k>1

i) If C? divides a7~ — 1.
Then
a=la;C az, - ,an, ]
r—1

1
where az = alT and for all k> 2

ask = Cag,ﬁz, a2k4+1 = a;;:,ll/a
Corollary 2.10 Let a € IF;]“ be the solution of the equation (2) with r = 3 and q is a power of 3. Suppose
that A/C = [a1,C] with ay = w1 X and C = ua X, where (u1,uz) € (F)?. Define the sequence of integers
('Un)nzl by

vi =1 and v, = 2v,_1 + 1.

Then the continued fraction expansion of « is
Q= [’U,1X7 u2Xa U%X/UQa oy Qp, ']7

such that for all k> 1:
Q4 = Q4p41 = 2U2 X, Qapyo = U2 X,

and

s = { u%"HX/ugnH*l if there exists n such that k = vy,

us X else.

The proof of the Theorem 2.9 and Corollary 2.10 is the same as that of the Theorem 2.4 and 2.6 and Corollary
2.4.

Theorem 2.11 Let o € IF;]" be the solution of the equation (2) such that q is a power of 2 and r = 4. Suppose
that A=X34+ X241 and C=X?+X+1. Then

a:[X;X7X+1,. ’an’...]
such that for all k> 1:

ask+1 €{X, X +1}, asp2=X and azg, =X + 1.

Proof We have A/C = [X, X, X + 1] and we can verify that A/C is the 3"¢-convergent of . Following
the Lemma 2.8 we have that « is of the type (3,3,1,C,Q2) and it satisfies the equation a3 = Cay + Q2. So
[a3,a3] = Cay + Q2 and then

3

aj Q2 1

ctctoa ™™
hence

X34+ X 1

XPrX+1 . CaZ ™
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X3+ X
We have W_;(—f—l = [X+1,X,X+1] then

a3

as=[X+1,X,X +1,a], with a = -

Q2
+C.

Thus ay = X + 1,a5 = X,a6 = X + 1, and o = ar. We apply again the same reasoning and we get

Then since az = a; = X, we get
3
ar=[X+1,X,X+1,a"], with a :%+%_

Thus ay = X + 1,a8 = X,a9 = X + 1, and o’ = ay9. Now, we have

as Q2 _
C + C + C i = (0,
then
(X +13+X 1 X3+ X%24+1 1
g 7 — (v .
X241 X+1  Col X24X+1  Cai 7%
X34+ X241
Since ﬁ = [X, X, X +1] then
a0 =[X, X, X +1,a" ], with a/”:a—i—k@
10 y ALy ) ) C C .
So a9 = X,a11 = X,a12o =X +1, and o =ai3. In general, by an easy recurrence on k we obtain:
3
ak Q2 1
03+l = —~ +—= + .
C C C’oziJrl
: ai Qs
Since a, € {X, X +1}, then 6—}—? €{[X, X, X +1],[X+1,X, X +1]}. So agp+1 € {X, X +1}, agpr2 = X,
and agp43 =X + 1. O

Theorem 2.12 Let o € F} be the solution of the equation (2). Suppose that A/C = [ay,az,a3] is a convergent

of a such that A divides a} "', ay~', and ay~'. Then
o = [al;a27a37"' aana"']7
where for all k> 1:

T
asp = —ap /A, Qap41 = —a3, Qapp2 = —G2, and Qugys = —aj.
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Proof In this case we have A/C = P3/Q3 and o = —Aay — P>. Then we have:

—a{ P2 1
- — = - = Qy.
A P3 Aa2
: P2 : : E r—1 r—1 r—1
Since P = [0, a3, a2,a1] and taking into account that A divides a]™ ", a5, and a3 - then:
3
. —ah P2
[—af /A, —a3, —az, —a1,0'] = g, with o/ = —2 — ==,
A Ps
Hence ay = —al /A, a5 = —a3, ag = —aa, ay = —ay, and o’ = ag. We apply again the same reasoning and we
obtain
. . —Q P2
[—ab/A, —as, —as, —a1, ] = ag, with o = —2 — =,
A Ps
So ag = —aL /A, ag = —as, ajg = —ag, a11 = —ay1, and &’ = aj2. Thus, by recurrence we show that
a 7042 P2
4k = - =
A Ps
for all £ > 1 and then
aap = —ap /A, G4p41 = —a3, Qapy2 = —G2, and agr43 = —ay.

Corollary 2.13 Let o € IF;r be the solution of the equation (2) with v = 4 and q is a power of 2. Suppose
that A=6X? and C = 0X?+1, where 6 € F}. Then

a:[§X,X,5X, 70‘77.7"']7

where for all k> 1:

g = —ai/A, Ggp+1 = 0X, aQapro =X, and agpy3 = 0X.
Proof This corollary is a direct application of the previous Theorem. In fact, we have that A/C =
[6X, X,6X] = [a1,a2,a3] is a convergent of a and A divides a3, a3, and a3. O

We conclude this paper by seeing the behavior of the partial quotients of the solution of the equations (1) and
(2) when C divides A.

Theorem 2.14 Let o € IF&" be the solution of the equation (1) such that C divides A. Then
a: [al’... 7CL,’_L7-.~]

where for all n > 1
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A 1
Proof It is clear that if C divides A then the first partial quotient of o is a3 = A/C and a = c + —. But
as

if a is a solution of (1) then we have
o 1 Qg

T ZA+Ca C°

C
Then Ca" = az. So Caj+—; = az. Hence az = Caf and a3 = aj/C. We apply again the same reasoning and
@

. ab 2 2 3
we obtain a3 = 62 + , 50 ag = ay/C and ay = Caj. Then a3 = C""'a] and a4y = Caf = C" ~"Hlaj" .

1
T
Coy
r2-1 9 S+l 3 .
We remark that a3 = C"+1 a] and a4 = C"#7 a] . By recurrence on k we prove easily that agp = Cady_4,

- rkmli(—nk k=1
aopy1 = b, /CLand ap, =C™ L a] . O

We obtain with the same method as the previous Theorem the following result.
Theorem 2.15 Let o € T} be the solution of the equation (2) such that C' divides A. Then

a:[a17... ’an’...],

where for all n > 1

Ay = (é)(rfl)n_l (C) (7‘_1)’"‘77.1"'(_1)”
c
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