Turkish Journal of Mathematics Turk J Math
(2014) 38: 353 — 373

© TUBITAK
TUBITAK Research Article doi:10.3906/mat-1304-3

http://journals.tubitak.gov.tr/math/

On generalized Robertson—Walker spacetimes satisfying some curvature condition

Kadri ARSLAN"*, Ryszard DESZCZ?, Ridvan EZENTASl, Marian HOTLO§3,
Cengizhan MURATHAN!
!Department of Mathematics, Art and Science Faculty, Uludag University, Bursa, Turkey
2Department of Mathematics, Wroctaw University, of Environmental, and Life Sciences 50-357 Wroclaw, Poland
3Institute of Mathematics, and Computer Science, Wroctaw University, of Technology, 50-350 Wroctaw, Poland

Received: 02.04.2013 . Accepted: 19.10.2013 ° Published Online: 27.01.2014 ° Printed: 24.02.2014

Abstract: We give necessary and sufficient conditions for warped product manifolds (M, g), of dimension > 4, with
1-dimensional base, and in particular, for generalized Robertson—Walker spacetimes, to satisfy some generalized Einstein
metric condition. Namely, the difference tensor R-C'—C'- R, formed from the curvature tensor R and the Weyl conformal
curvature tensor C, is expressed by the Tachibana tensor Q(S,R) formed from the Ricci tensor S and R. We also
construct suitable examples of such manifolds. They are quasi-Einstein, i.e. at every point of M rank (S —ag) <1, for

some a € R, or non-quasi-Einstein.
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1. Introduction
A semi-Riemannian manifold (M,g), n = dim M > 3, is said to be an Einstein manifold if at every point its

Ricci tensor S is proportional to the metric tensor g, i.e. on M we have

S = —g, (1)

K
n
where £ is the scalar curvature of (M,g). In particular, if S vanishes identically on M then (M, g) is called
a Ricci flat manifold. If at every point of M its Ricci tensor satisfies rank.S < 1 then (M, g) is called a
Ricci-simple manifold (see, e.g., [31, 11]).

Let (M,g), n > 3, be a semi-Riemannian manifold and let Ug be the set of all points of M at which
S # Zg. The manifold (M,g), n > 3, is said to be quasi-Einstein (see, e.g., [50] and [22] and references
therein) if at every point of Us C M we have rank (S — ag) = 1, for some a € R.

For the curvature tensor R and the Weyl conformal curvature tensor C' of (M,g), n > 4, we can define
on M the (0,6)-tensors R-C and C'- R. For precise definition of the symbols used, we refer to Sections 2 and
3 of this paper, as well as to [5, 22, 24, 32]. Tt is obvious that for any Ricci flat, as well as conformally flat,

semi-Riemannian manifold (M, g), n >4, we have R-C —C'- R = 0. For non-Ricci flat Einstein manifolds the
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tensor R-C — C - R is nonzero. Namely, any Einstein manifold (M, g), n > 4, satisfies ([32], Theorem 3.1)

R-C-C-R= —"-Q(R) =

T Ql9.C). @

(n—1)n

i.e. at every point of M the difference tensor R-C — C - R and the Tachibana tensor Q(g, R), or Q(g,C),
are linearly dependent. We also mention that for any semi-Riemannian manifold (M,g), n > 4, we have
some identity (see Eq. (32)) that expresses the tensor R-C — C - R by some (0,6)-tensors. In particular, by
making use of that identity we can express the difference tensor of some hypersurfaces in space forms by a linear
combination of the Tachibana tensors Q(g,R) and Q(S,R) ([24], Theorem 3.2; see also our Theorem 6.1(ii)
and Proposition 4.1).

We can also investigate semi-Riemannian manifolds (M,g), n > 4, for which the difference tensor
R-C —C - R is expressed by one of the following Tachibana tensors: Q(g, R), Q(g,C), Q(S,R), or Q(S,C).
In this way we obtain 4 curvature conditions. The first results related to those conditions are given in [32]. We
refer to [22] for a survey on this subject. Since these conditions are satisfied on any semi-Riemannian Einstein
manifold, they can be named generalized Einstein metric conditions (cf. [6], Chapter 16). In particular, (2) is

also a condition of this kind and in Section 2 we present results on manifolds satisfying
R-C-C-R=1LQuR). (3)

In this paper we restrict our investigations to non-Einstein and nonconformally flat semi-Riemannian manifolds
(M,g), n >4, satisfyingon U ={z € M : Q(S,R) #0 at z} the condition

R-C—C-R = LQ(S,R), (4)

where L is some function on this set. We recall that at all points of a semi-Riemannian manifold (M, g), n > 3,
at which its Ricci tensor S is nonzero and Q(S, R) = 0, we have ([9], Theorem 4.1)

R-R =0, (5)
i.e. such a manifold is semisymmetric. We also recall that if
R-S =0 (6)

holds on a semi-Riemannian manifold then it is called Ricci-semisymmetric. The condition (4), under some
additional assumptions, was considered in [15] (see Theorem 2.2 of this paper).

Our main results are related to warped products M xp N with 1-dimensional base manifold (M, g)
satisfying (4). Evidently, generalized Robertson—-Walker spacetimes are warped products of this kind. We inves-
tigate separately 2 cases where the fiber (]\7 ,§) is either non-Einstein or Einstein manifold. In the first case, in
Section 4, we prove that the associated function L satisfies L = ﬁ and we show that the warping function F'
is a polynomial of the second degree. Moreover, (N, §) satisfies some curvature condition presented by (46) (see
Theorems 4.1 and 4.2). Furthermore, in the second case (see Section 5), i.e. when M X N isa quasi-Einstein

1

manifold, we show that also L = —5 and F' is a polynomial of the second degree (see Theorem 5.1). Based

on these results, in Section 6 we give examples of warped products satisfying (4). In particular, we construct
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an example of a warped product manifold satisfying (4) having non-Einstein fiber realizing (46). Finally, we
mention that recently hypersurfaces in space forms having the tensor R-C —C'- R expressed by some Tachibana

tensors were investigated in [26].

2. Preliminaries

Throughout this paper all manifolds are assumed to be connected paracompact manifolds of class C'°. Let
(M, g) be an n-dimensional semi-Riemannian manifold and let V be its Levi-Civita connection and X(M) the
Lie algebra of vector fields on M. We define on M the endomorphisms X A4 Y and R(X,Y) of X(M) by

(X AaY)Z = A(Y,2)X — AX,2)Y ,
R(X,Y)Z = VxVyZ-VyVxZ-VixyZ,
respectively, where A is a symmetric (0,2)-tensor on M and X,Y,Z € X(M). The Ricci tensor S, the

Ricci operator S, and the scalar curvature x of (M,g) are defined by S(X,Y) = tr{Z — R(Z,X)Y},
9(8X,Y) = S(X,Y), and k = tr S, respectively. The endomorphism C(X,Y) is defined by

1
C(X,Y)Z = R(X,Y)Z—m(X/\gSY—kSX/\gY—%X/\gY)Z,

assuming that n > 3. Now the (0,4)-tensor G, the Riemann-Christoffel curvature tensor R, and the Weyl
conformal curvature tensor C of (M, g) are defined by

G(XlaXQ,X37X4) = g((Xl /\!] XQ)X33X4)’

R(X1, X2, X5, X4) = g(R(X1, X2)X3,X4),

C(Xy, X2, X3,X4) = g(C(Xy,X2)X3,Xy),

respectively, where X7, Xo,... € X(M). Furthermore, we define the following sets: Ugr = {x € M : R #
—r-Gata), Us={r €M : S# Zgatx},and Uo = {x € M : C # 0 at z}. It is easy to see that

=D
UsUUgs =Upg.

Let B(X,Y) be a skew-symmetric endomorphism of X(M) and let B be a (0,4)-tensor associated with
B(X,Y) by

B(X1,X5,X3,X4) = g(B(X1,X2)X3,Xy). (7)
The tensor B is said to be a generalized curvature tensor if
B(X1, X9, X3, X4) + B(Xo, X3, X1, X4) + B(X3,X1,X2,X4) = 0,
B(X1, X2, X3,X4) = B(X3,X4,X1,X2).

Let B(X,Y) be a skew-symmetric endomorphism of X(M) and let B be the tensor defined by (7). We
extend the endomorphism B(X,Y") to derivation B(X,Y)- of the algebra of tensor fields on M , assuming that
it commutes with contractions and B(X,Y)- f = 0, for any smooth function f on M. Now for a (0, k)-tensor
field T', k > 1, we can define the (0,% + 2)-tensor B-T by

(B-T)(X1,..., X X,Y) = (BOX,Y) - T)(Xy,..., Xp)
= 7T(B(X, Y)Xl,X27 v 7Xk) - T(Xla v 7Xk—lvB(Xa Y)Xk) .
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In addition, if A is a symmetric (0,2)-tensor then we define the (0, %k + 2)-tensor Q(A,T), named a Tachibana
tensor ([20]), by

QA T)(X1, ..., X X,Y) = (X AAY -T)(X1,...,X3)
= —T((XAY)X1, Xa,. o X)) — o= T(X1, .., Xie1, (X A4 Y)XR).

In this manner we obtain the (0,6)-tensors B-B and Q(A, B). Setting in the above formulas B =R or B =C,
T=RorT=CorT=5,A=gor A=S5, we get the tensors R-R, R-C, C-R, R-S, Q(g9,R), Q(S,R),
Q(g,C), and Q(g,5).

Let Bhniji, Thiji, and A;; be the local components of generalized curvature tensors B and 1" and a
symmetric (0,2)-tensor A on M, respectively, where h,i,j, k,I,m,p,q € {1,2,...,n}. The local components
(B - T)hijkim and Q(A,T)nijkim of the tensors B -T and Q(A,T) are the following:

(B -T)nijkim = 9°" (Tpijk Banim + ThpjkBgitm + Thipk Bqjim + ThijpBakim) »
QA Tnijkim = AnTmije + AuThmjk + AjiThimk + A Thijm
—  AwmTiije — AimThije — AjmThit — AemThiji - (8)

For a symmetric (0,2)-tensor £ and a (0, k)-tensor T, k > 2, we define their Kulkarni-Nomizu product EAT
by (see, e.g., [21])

(E A T)(X17X27 X37X4; }/31 AR Yk)
= E(Xla X4)T(X2aX3,Y37 .. 7Yk) + E(X2>X3)T(X1; X47Y37 cee 7Yk)
—E(X1, X3)T(X2, X4,Y3,...,Yy) — E(Xa, X4)T(X1, X35,Y3,...,Y%).

According to [20], the tensor E AT is called a Kulkarni-Nomizu tensor. Clearly, the tensors R, C', G, and
E AF, where E and F are symmetric (0,2)-tensors, are generalized curvature tensors.

A semi-Riemannian manifold (M,g), n > 3, is said to be locally symmetric if VR = 0 holds on M.
It is obvious that the last condition leads immediately to the integrability condition (5). Manifolds satisfying
(5) are called semisymmetric ([58, 59]). Riemannian semisymmetric manifolds were classified in [58] and [59].
Non-Riemannian semi-Riemannian manifolds (M, g), n > 4, with parallel Weyl tensor (VC = 0), which are
in addition nonlocally symmetric (VR # 0) and nonconformally flat (C' # 0) are called essentially conformally
symmetric manifolds, e.c.s. manifolds, in short ([13]-[18]). E.c.s. manifolds are semisymmetric (see, e.g.,
[13, 14]). In Remark 6.1(v) we present more details related to those manifolds. Another important subclass
of semisymmetric manifolds, investigated recently, form second-order symmetric manifolds [7, 55], i.e. semi-

Riemannian manifolds satisfying VVR = 0. As a weaker condition than (5) there is

which is considered on Ug C M, and hence Lg is a function uniquely determined on this set. On M \ Ug we

have R- R = Q(g,R) = 0. We note that Q(g, R) = 0 at a point if and only if R = ﬁG at this point. A

semi-Riemannian manifold (M, g), n > 3, is said to be pseudosymmetric if (9) holdson Ur C M [5, 19, 28, 43].
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A semi-Riemannian manifold (M, g), n > 3, is said to be Ricci-symmetric if V.S = 0 holds on M. It
is obvious that the last condition leads immediately to the integrability condition (6). Manifolds satisfying (6)

are called Ricci-semisymmetric. As a weaker condition than (6) there is
R-S=LsQ(g,S), (10)

which is considered on Ug C M, and hence Lg is a function uniquely determined on this set. On M \ Us we
have R-S = Q(g,S) = 0. We note that Q(g,5) = 0 at a point if and only if (1) holds at this point (cf. [9],
Lemma 2.1 (i)). A semi-Riemannian manifold (M, g), n > 3, is said to be Ricci-pseudosymmetric if (10) holds
on Us C M [5, 19, 28, 46].

Every locally symmetric, resp. semisymmetric and pseudosymmetric, manifold is Ricci-symmetric, resp.
Ricci-semisymmetric and Ricci-pseudosymmetric. In all cases, the converse statements are not true. We refer
to [5, 22, 28, 44] for a wider presentation of results related to these classes of manifolds.

A geometric interpretation of (9), resp. (10), is given in [43], resp. in [416]. Semi-Riemannian manifolds
for which their curvature tensor R is expressed by a linear combination of the Kulkarni—Nomizu tensors S A .S,
gAS,and G are called Roter-type manifolds; see, e.g., [36] and references therein. Precisely, a semi-Riemannian

manifold (M, g), n >4, is said to be a Roter-type manifold if

R = %S/\S+ug/\$’+nG (11)

holds on the set Uy of all points of Us N Us C M at which rank (S — ag) > 2, for every a € R. It is easy
to prove that the functions ¢, p, and 7 are uniquely determined on U;. Using (11) and suitable definitions
we can verify that on U; the condition (9) is satisfied (e.g., see [36], Eqs. (7) and (8); [22], Theorem 6.7)
with Lr = ¢71((n — 2)(u? — ¢n) — ), and that the difference tensor R-C — C - R is expressed on U; by a
linear combination of the tensors Q(S,R), Q(g, R), and Q(S,G) ([24], Eq. (47)), or, equivalently, by a linear
combination of the tensors Q(g, R) and Q(S,G) ([24], Eq. (48)).

Semi-Riemannian manifolds (M, g), n > 4, satistying (3) on Us N Us C M were investigated in [31].
Among other results in that paper it was proven that: (i) R-C = C-R =0 and rank S =1 hold on UsNU¢,
provided that (M, g) is a quasi-Einstein manifold; and (ii) (11), with some special coefficients ¢, u1, 77 such that
R-R=0,and C-R=—-L;Q(g,R) hold on Us NUg, provided that (M, g) is a non-quasi-Einstein manifold.

We also mention that manifolds satisfying
C-R = LQ(g.R) (12)

were investigated in [50]. Furthermore, we have

Theorem 2.1 ([32], Theorem 4.1 and Corollary 4.1) Let (M,g), n > 4, be a semi-Riemannian mani-
fold. If R-C—C-R = LQ(g,C) holds on UsNUc C M, for some function L, then R-R = LQ(g,R) and
C - R = 0 on this set. In particular, if R-C = C- R holds on UsNUg then R-R = R-C =C-R =0 on
this set.

As we remarked in Section 1, manifolds satisfying (4) were investigated in [15]. We have
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Theorem 2.2 ([45], Theorem 3.1 and Proposition 3.1) (i) Let (M,g), n > 4, be a nonconformally flat

and non-Einstein Ricci-semisymmetric manifold satisfying (4). Then on the set consisting of all points of M

at which L is nonzero we have L = ﬁ and

R(SX,Y,Z,W) = —= CR(XY.ZW). (13)

(ii) Let (M,g), n >4, be a semi-Riemannian manifold satisfying (13). Then (M,g) is a Ricci-semisymmetric
manifold fulfilling (4) with L = ﬁ

We mention that hypersurfaces isometrically immersed in spaces of constant curvature having the tensor
R - C expressed by a linear combination of the Tachibana tensors Q(g,R), Q(S,R), and Q(S,G) were
investigated in [10].

Quasi-Einstein hypersurfaces isometrically immersed in spaces of constant curvature were investigated in
[33, 41]; see also the references therein. In particular, in [33] an example of a quasi-Einstein hypersurface in a

semi-Riemannian space of constant curvature was found. More precisely, in that paper it was shown that some

warped product M x g N , with dim M =1 and dim N > 4, can be locally realized as a nonpseudosymmetric
Ricci-pseudosymmetric quasi-Einstein hypersurface in a semi-Riemannian space of constant curvature. The

difference tensor of that hypersurface is expressed by a linear combination of the tensors Q(g, R) and Q(S, R).

3. Warped product manifolds

Warped products play an important role in Riemannian geometry (see, e.g., [49, 51]) as well as in general
relativity theory (see, e.g., [3, 4, 34, 51]). Many well-known spacetimes of this theory, i.e. solutions of the
Einstein field equations, are warped products, e.g., the Schwarzschild, Kottler, Reissner—Nordstrom, Reissner—

Nordstrém—-de Sitter, and Vaidya, as well as Robertson—Walker, spacetimes. We recall that a warped product
M xp N of a 1-dimensional manifold (M,g), g11 = —1, and a 3-dimensional Riemannian space of constant

curvature (N, J), with a warping function F', is said to be a Robertson—Walker spacetime (see, e.g., [3, 4, 51, 57]).

It is well-known that the Robertson-Walker spacetimes are conformally flat quasi-Einstein manifolds. More
generally, one also considers warped products M xp N of (M,g), dim M = 1, g;; = —1, with a warping

function F' and (n — 1)-dimensional Riemannian manifold (]V ,3), n = 4. Such warped products are called
generalized Robertson-Walker spacetimes [1, 2, 38, 53, 54]. Curvature conditions of pseudosymmetry type on
such spacetimes have been considered among others in [8, 9, 10, 12, 35, 36, 37, 42, 48]. We also mention that
Einstein generalized Robertson—-Walker spacetimes were classified in [2]. From (1) and (2) we immediately get
the following:

Theorem 3.1 On any Einstein manifold (M, g), n > 4 we have
1
In particular, (14) holds on any Einstein generalized Robertson—Walker spacetime.

Let now (M,g) and (N,g), dim M = p, dim N=n-— p, 1 < p < n, be semi-Riemannian manifolds.

Let F : M — Rt be a positive smooth function on M. The warped product manifold, or in short warped
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product, M x g N of (M,g) and (N,g) is the product manifold M x N with the metric g = g X g defined by
GXrg=mig+ (Fom)wsg, where w1 : M x N — M and 7 : M x N — N are the natural projections on
M and N , respectively. With respect to Corollary 3.1, in this paper we consider non-Einstein warped products
M xp N with 1-dimensional base manifold (M, g) and an (n — 1)-dimensional fiber (N,§), n > 4.

Let {U x Via', 22 = y*,...,2" = y" '} be a product chart for M x N, where {U;z'} and {V;y*}
are systems of charts on (M, g) and (N, §), respectively. The local components of the metric g = g X § with
respect to this chart are the following: ¢11 = g11 =€ = £1, gnty = F gap if h =a and k =, and gp, =0
otherwise, «, 3,7, -+ € {2,...,n} and h,i,5,k... € {1,2,...,n}. We will denote by bars (resp., by tildes)

tensors formed from g (resp., §). It is known that the local components I‘?j of the Levi-Civita connection V

of M xr N are the following (see, e.g., [49, 35]):
1 « Ta 1 € i~
'y =0, By — Lpy> Faﬁ = *gFgaBa
1, 1 , oF
gﬁ == ﬁF 63, Fal - F(lyl == O7 F == alF - @ . (15)

The local components Rp;j, of the curvature tensor R and the local components Sy of the Ricci tensor S of

M xp N , which may not vanish identically, are the following (see, e.g., [20, 35]):
1 _ tr T ~ A F ~
RallB = -3 Tll 9aB = ——7 911908 Raﬁ'y§ = F(Raﬁ'yé - = Gaﬁ’y&)a (16)
2 2 4F
n—1 ~ tr T A F
= T Sap=8us— (T +(n—2) T2 G 1
St 5 L1 Sap = Sap (2 + (n )4F)gﬂ (17)
(F")? 11 (F")?
T11:FN— o F y tr T = Tl]_:E(F”— 2F)7
ALF = AgF =gl (F)? = e(F')?. (18)
The scalar curvature x of M xz N satisfies the following relation:
1/, AF
n:f(/{f(nfl)(trT+(n—2) 4F)). (19)

Using (8), (16), and (17) we can check that the local components Q(g, R)nijkim and Q(S, R)pijkim of
the Tachibana tensors Q(g, R) and Q(S, R), which may not vanish identically, are the following:

~ tr T AF ~
Q(9, R)1gys1n = Fgll(RuﬁwF + (T - ﬁ)GuB%) ) (20)

Q(gaR)aﬁ’yMu = FQQ(g’E)aﬁ'v&w (21)
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tr T ~ o~ o~
QS R)ipysrp = 77911«” = 1) Ryupsys — GpvSsu + G86 Sy
tr T AlF ~
+ (T - F)Guﬁ’ﬂs) ;

tr T o~

Q(S, R)1p16an = —791162(9,5)6&“,
o AF o~ ~

Q(S, R)agysrny = FQ(S, R)apysru — i Q(S, G)aprsru

tr T (n—2)AF o~
SR )Q(3: R)asysru -

—F(

Let V be the (0,4)-tensor with the local components

! 1
Viigk = 9" SnuBmigr = Sy, Riij -

Using (16) and (17) we can verify that the only nonzero components of this tensor are the following;:

Vigy n4;1 (tr T) T11Gpy = % (tr T)* 91138+ »
Vat1s = —¥ 911(§a5 - (tr2T + (n _42})7A1F)§a6) )
Vagrs = SoRepys — (tIQT + —42;A1F)§am - %(ﬁmgaa — §855ar)
(tr2T L —42})7A1F) AZL}F Gons.
The last equality yields
Vagrs + Vaays = SoRepys + S5 Reans
_%(gﬁvgaé - §ﬁ5§a7 + §a7§55 - §a5§ﬁv)
= (R S)apns — AZL}F Q9 S)agrs -
Let P be a (0, 6)-tensor with local components

Prijkim = GniVmijk — 9vmViigk — it Vihjk + Gim Vingk + 9j1Vimkni — 9jm Vikni

= 9 Vimjni + 9em Vighi — 95 (Vakim + Vinim) — 9ok (Vijim + Vjitm)
+ 9 (Vajim + Vinm) + 90 Vikim + Viitm) -

360

(25)
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The local components of P, which may not vanish identically, are the following:

T ANF ~
e ) (29)

S tr T (n—2)AF, ~
Pigysip = gn (S# Repys — ( 9 + AF )Ruﬁ'ﬂi

Pigisay = 911((E : g)ﬁém + (

tr T AF . . =
(T - ﬁ)(gﬁwséu — 9855)

n ((n _ 2)(A41FF)2 _ (trj")2 B (n— ;))tr T i}F)éuﬁ—y&) ’

Paﬂﬁ/&)\u = F(ga)\v,u[%/& - ga,uv)\[%/& - gﬁ)\vp,omd + gﬁuV)\awd + gv)\vpﬁaﬁ
- g’wLV)\éa,B - g&)\v,u/yaﬁ + gﬁ,uv)\'yaﬁ - gﬁ'y(vocé)\p, + Véa)\,u,)
— Gos(Vayau + Vapau) + 385 (Varau + Vyaan) + Gany (Vasre + Vapan)) - (31)

4. Warped products with non-Einsteinian fiber

Since we investigate non-Einstein and nonconformally flat manifolds satisfying (4), we restrict our considerations
totheset U =UNUsNUg.

We assume that the warped product M x p N satisfies (4) and the fiber (N, §) is not Einsteinian. Now

we shall use the following identity, which holds on any semi-Riemannian manifold ([24], Section 4):

(n=2)(R-C—=C - Rnijkim = QS R)nijkim —

7 Q(9, R)hijkim + Prijkim - (32)

Thus, in view of (32) and the definition of the tensor P, condition (4) can be written in the following form:

((n—2)L = 1) Q(S, R)nijkim = Phijkim — Q9 R)hijkim - (33)

n—1
For h=1,i=p,j=1,k=9,1=X m=p, in view of (20)-(24), (33) yields

((n=2)L = 1) Q(S, R)1p15an = Prp1sns - (34)
Substituting (23) and (29) into (34) we obtain

~ AF (n—2)L ~

(R ' S),@'éx\u = ( AF - 9 tr T) Q(§7 S)Bts}\u . (35)

On the other hand, (4) implies

(R c-C- R)(X15X27X37X4;X7Y) + (R ¢ - O'R)(X7Y7X17X2;X37X4)
+ (RC_CR)(X37X47X7Y7X17X2) = Oa

which in virtue of Proposition 4.1 of [24] is equivalent to

(R-O) (X1, X2, X3, Xg; X,Y) + (R-O)(X,Y, X1, Xo; X3, Xy)
+ (R'C)(X3ﬂX47X,Y;X17X2) = 0.
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Furthermore, we have ([8], Section 3, eq. (3.19)):

~ ~ AlF tr T

(B-S)ponn = (7 — = ) Q(7, S)gsan - (36)

Since (N,g), dim N > 3, is not Einsteinian, the tensor Q(g, §) is a nonzero tensor. Let Q(g, §) Z0atzel.
Thus, on a coordinate neighborhood Vi C U of x, in virtue of (35) and (36), we get

We assert that tr "= 0. Supposing that tr 7' 0 at y € V; we have L = ﬁ on some neighborhood U; C V3

of y. Therefore, (33) reduces on U; to

P=—— R). 37
— Qo B) (37)
Evidently, on U; we also have
AlF tr T
o C const. (38)
Now (37) gives
K
Plﬁv&lu = m Q(ga R)lB'yélu . (39)

Substituting into this equality (19), (22), and (30) we obtain

R tr T ~ AMF  tr T

S Reprs = ( 5 ) Bupas + (T = 7)@%5@ — §565ur)

n—1

_ R 7trT)(A1F7trT)~
n—1 2 'V 4F 9 /TmBYS

(40)

Using now (38) and (40) we see that tr T' = const. and consequently also A41FF = const. on U;. Whence, after
standard calculations, we deduce that F' must be of the form
F(z') = (az' +b)?, a,beR. (41)
For such F' we have tr T'=0 on Uy, a contradiction. Therefore
tr T =0 (42)
on Vi. Thus, (38) reduces on V; to
A41FF = const. = ¢y . (43)

Note that (42) and (43), in the same manner as above, imply (41) and we have

A F
trT =0, ﬁ:clzaa? (44)
We prove now that
1
L= 4
p— (45)
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on Vi. Applying (19), (20), (21), (30), (42), and (43) to

K
(n—2)L = 1) Q(S, R)18y514 = Pipysrp — e

1 Q(ga R)lﬂ",/(ﬂu

we get

Fo~ . cRa? ~
Ryupys +€a(GpySus — Gas Suy) — " Gppys - (46)

Slf REBV(S = f]_

A
n—1
On the other hand, (26), by (42) and (43), gives

Vags = So Repns — (0= 2)e1 Rapas — 1(dgySas — §855ay) + (n = 2)iGapns,

which by (46) turns into

H ~ ~
Vagys = (-7 = (0 = 2)e1) Rapas + (0 = 2)ciGlagas -

Substituting this into (31) we obtain

K o~
Popyoru = F(m - (” - 2)01) Q(ga R)aﬁ’wﬂ/t . (47)
Now
((n - 2)L - ].)Q(S, R)aﬁ’yéku = Paﬂ'yé)\u - m Q(g7R)aﬁ'y6)\;L P
by making use of (21), (47), and
K 1 K

n—1 F(n—l _(n_2)01)7
turns into

((TL — Q)L — ].)Q(S, R)aﬁ’y&)\,u = 0 (48)

Since V1 C U and in virtue of (22), (23), and (42) we have

Q(S,R) 1851 = Q(S, R)151600 = 0,

at least one of the local components of Q(S, R)agysr, must be nonzero. Therefore, (48) implies (45). Thus we

have proven:

Theorem 4.1 Let M x N bea warped product manifold with 1-dimensional base manifold (M,g) and non-
Einstein (n — 1) -dimensional fiber (N,§), n > 4. If (4) is satisfied on M xp N then on the set U we have

(46) and
1
n—2

L= , F(z') = (az' +)*, a,b€R. (49)

Corollary 4.1 Let M xp N be a generalized Robertson—Walker spacetime with non-Einstein fiber (ﬁ,g),
n>4. If (4) is satisfied on M xp N then (46) and (49) hold on U.
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Proposition 4.1 Under assumptions of Theorem 4.1 the fiber manifold (N,g) is a Ricci-pseudosymmetric

manifold of constant type (see, e.g., [/1]), precisely
R-S=¢ed®>Q(j,5). (50)

Moreover, if n > 5 then the difference tensor R-C—-C-R of the fiber is expressed by the Tachibana tensors
Q(g, E) and Q(g,é) ; precisely, we have

~ o~ ~ o~ ~ o~ K ~

— Qg R). o1
T Q) G1)
Proof First we observe that (46) implies (50). Applying the identity (32) to (N, §) we have

K

(n—3)(1§~6—5~1§):@(§71§)+15—n Q(7,R). (52)

Using now (46) we get
Vaﬂ’ﬂ? + vﬁa’yé = 6042@(,&7 §)a575

and
~ K

P= Q(7, R) —ea’Q(S,G) —ea® § A Q(3,5) ,

n—1

which by making use of § A Q(§,S) = —Q(S,G) (sce (28) of [21]) reduces to P = 2 Q(g, R). Substituting

this equality into (52) we obtain (51). O

We have also the converse statement to Theorem 4.1.

Theorem 4.2 Let (M,g), ji1 = e, be a 1-dimensional manifold and let (N,§) be an (n — 1)-dimensional
non-Einstein manifold, n > 4, satisfying (46). If F(x') = (ax! +b)?, then the warped product M x N fulfills
(4) with L = —

n—2"
Proof As we have seen (cf. (33)), (4) for L = -1 takes the form

K

P = Qlg, R). (53)

n—1

Using now (27), (44), and (50) we have
Vagys + Vaays = 0. (54)

Taking into account (26), (44), and (46), we obtain
Voz,B’yé = (béa,ﬁ'yz; + 7[} éaﬁfyé
for some 1 and ¢ = —£; —e(n — 2)a®. Substituting the above equality and (54) into (31) we get
Paﬁ’y(;)\,u = F(b Q(ga E)aﬁ'}/é)\u )
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which in view of (19) and (44) takes the form

K
Pogysapy = 1 Q(g, R)apysxu -

1

Using (29), (44), and (50), we have Pjgisx, = 0, which means that (34) is satisfied. Finally, in the same manner

we obtain (39). Thus we see that (53) is satisfied for all systems of indices. O

Corollary 4.2 The equality (/6) is satisfied on every Einstein manifold (N,g). Thus every warped product
M x r N with 1-dimensional base (M, g), Einsteinian fiber (J\Nf, J), dim N > 4, which is not a space of constant

curvature, and the warping function F(z') = (az! + b)?, ca? # m , satisfies (4) with L = 1.

Remark 4.1. Let M xp N be the warped product manifold with 1-dimensional base (M, g), Einsteinian fiber

(N,§), dimN > 4, and the warping function F(z!) = (az! + b)?, ca® = % Now (17) yields S = 0,

ie. M xp N is a Ricci-flat manifold.

5. Warped products with Einsteinian fiber

In this section we consider non-Einstein warped products M X p N , dim M = 1, assuming that a fiber (Nf )

is an Einstein manifold, i.e.

~ R

Sag = n—1 9ap - (55)

Using (17) we can easily show that such warped product is a quasi-Einstein manifold. It is worth noticing that
R+ 7(7171)&(”72)@ on U. Using (23), (29), and (55), we get

Q(S, R)1p16an = Prp1on = 0. (56)
Analogously, in view of (22), (30), and (55), we have

tr T R trT  AF

Q(57 R)laﬁ’ylﬁ = 7911 (_(n - 1)§5a[37 + <Tl 1 - (T - AF ))EKSocﬂ’y) 5 (57)

Pigysiy = 911 (Uéumé (58)

tr T AlF K AlF 2 (tI‘T)2
(G = G5 + (= 2)(F5)? = == = (n=3) =5 =) Cupns

where
EotrT  (n—=2)AF
n—1 2 4F ’

']7 =
Finally, making use of (26) and (55), we obtain

~ A F ~
Vapys =1 (Rapys — ﬁ Gaprys),
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and next, in virtue of (24) and (31), also

Q(S, R)apyorn = FnQ(G, R)apysa (59)

Pogroire = F1Q(G, R) aprory - (60)

Thus, taking into account (20), (21), and (56)—(60), we see that (33) is equivalent to the following 2 equalities:

tr T ~ P tr T AF ~
(-22-1) 5T (c- R+ (- (5 - 2T 0)
tr T ~ trT  AF, ~
= 9 9 1
2 (R+( 2 4F)G>’ (61)
- tr T . ~
We consider 2 cases: (i) tr T =0 and (ii) tr T # 0.
(i) tr T =0. Since Q(§,R) # 0 on U, (62) leads to
—2)L -1 - =0.
(n-2)p 1) (L - DT
Supposing that M% = A41FF and using (17) we obtain S = 0, a contradiction. Thus we get m #*
AAQ,F and L = ﬁ Moreover, solving the differential equation tr 7" = 0, one can see that the warping function
F must be of the form (41). Thus, we have the situation described in Corollary 4.2.
(ii) tr T # 0. Now (61) leads to
~ R tr T A]F R ~
(n—2)((n—1)L—1)R= ((n—2)L(n71 ~ (55— S5 - nil)G,
whence L = ﬁ and
AlF tr T K
_ = ) 63
4F 2 (n—1)(n-2) (63)

It is worth noticing that under the above equalities (62) also holds. Applying (63) to (17), after standard

calculations, we get (1), a contradiction. Thus we have proven:

Theorem 5.1 Let M xp N be a non-Einstein warped product manifold with 1-dimensional base manifold

(M,3) and Einsteinian (n — 1) -dimensional fiber (N, §). If (4) is satisfied on M xp N, then on the set U we
have:
! F(z') = (az' +b)?, a,beR EaQ##.
n—2" T ’ (n—2)(n-1)

Remark 5.1. Let M x z N be the warped product manifold with 1-dimensional base (M, g), Einsteinian fiber
(N,g), dim N > 4, and the warping function F'.
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(i) We assume that F satisfies (63). As we stated above, now M xp N is an Einstein manifold. Furthermore,
it is easy to check that (63), in view of (18), takes the form

K

FF'—(F')?+2CF =0, Cf = —————. 64
(F')" +2eCy » C1 n—1)(n—2) (64)
This is exactly equation (29) of [36]. We can check that the following functions are solutions of (64) (cf. [30],
Lemma 3.1):
1 1, EC€y2
F(z7) = eCi(z+ =), eC1>0,
Ch
b 2eC b
F(z') = %(exp(i§x1) - ;cl exp($§x1))2, c>0, b#0,
2eC C
F(z') = it (14 sin(cz' + b)), s,
where b and c are constants and x! belongs to a suitable nonempty open interval of R.
(ii) As was mentioned in Section 3, Einstein generalized Robertson-Walker spacetimes were classified in [2]. As
was stated in [2], if M x ¥ N isa generalized Robertson—Walker spacetime, with € = —1, the warping function
f, and the Einsteinian fiber (ﬁ ,g) and ¢ = —1 is an Einstein manifold, then the differential equations given

in (3) of [2] must be satisfied. Those equations, adopted to our denotations, takes the form

"o K
ff - WJ(Qa

K

mf = +(f)7,

(n—2)(n-1)

respectively. If now we set f = +/F then the equations presented above lead to (64).

6. Examples
Corollary 4.2 and Theorem 5.1 give rise to examples of warped products satisfying (4) with Einstein fiber. The
problem of finding of a warped product satisfying (4) with non-Einstein fiber reduces, via Theorem 4.2, to the

problem of finding an example of a semi-Riemannian manifold (]V ,9) s dmN =n—13> 3, fulfilling (46). To
obtain a suitable example we will use results of [21, 24, 30]. First of all, we adopt results contained in Theorem

3.1 of [21] and in Theorem 3.2 of [24]. Those results we can present in the following;:

Theorem 6.1 Let (N,q) be a hypersurface isometrically immersed in a semi-Riemannian space of constant

curvature N(c), n = 4, with signature (s,n — s), where ¢ = ﬁ , T 1is the scalar curvature of the ambient
space and g is the metric tensor induced on N. Moreover, let the second fundamental tensor H of N satisfy
on some nonempty connected set UCN the equation

H?® = tr(H)H? + \H, (65)
where X\ is some function on (7, and let the constant € = +1 be defined by the Gauss equation of N in NZ(c),
i.e. by

= 7H H e .
R = SHA +(n_1)nG
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(i) (c¢f. [21], Theorem 3.1) On U we have

S, Repys = 1 (Rupys — n=1n Guprs) + n=1n (95+Sus — 986 Spy): (66)

where p = éZ:fg; —€e\.

(i) (cf. [2/], Theorem 3.2) If n > 5 then on U we have

~ ~ ~ = (n—2)7 K SRS
-3)(R-C—-C-R) = Q(S,R — = —eA - —— R 67
(n—3) ) = QBB+ (g~ A - 5)QG ). (67)
where K is the scalar curvature of N.
We note that (66) implies immediately that R- S = = Q(3,5). In addition, if we assume that on U
we have
A=0 and (n—2)r =nkK, (68)

then (46) holds on U. The last remark suggests a solution of our problem. Namely, the last 2 conditions are

realized on the hypersurface presented in Example 5.1 of [30]. Let (M,g) be the manifold defined in Example
5.1 of [30]. We denote it by (ﬁ, g). Clearly (N, g) is a manifold of dimension > 4. However, it is easy to verify

that if we repeat the construction of (]\7 ,g) for the 3-dimensional case then all curvature properties remain

true, excluding, of course, properties expressed by its Weyl conformal curvature tensor. Thus, without loss of
generality, we can assume that dim N=n-1>3.1In Example 5.1 of [30], among other things, it was shown
that (N ,g) is locally isometric to a hypersurface in a semi-Riemannian space of nonzero constant curvature.

Since our considerations are local, we can assume that (N, ) is a hypersurface isometrically immersed in that

space. Since (N, §) fulfils (68), Theorem 4.2 finishes our construction. We note that by making use of (67) and
(68), we obtain (51).

Remark 6.1. (i) The Roter-type warped products M xz N with 1-dimensional base manifold (M,g) and
non-Einstein (n — 1)-dimensional fiber (N,§), n > 4, were investigated in [36]. Among other results it was
proven that the curvature tensor R of the fiber (1\7 ,g) is expressed by the Kulkarni-Nomizu tensors SAS ,
§A§ , and G , 1.e. the fiber also is a Roter-type manifold, provided that n > 5. Therefore, if we assume that the

fiber manifold (Kf ,g) considered in Theorem 6.1 is a nonpseudosymmetric Ricci-pseudosymmetric hypersurface
(for instance, the Cartan hypersurfaces of dimension 6, 12, or 24 have this property (see, e.g., [41])), then

fibers of both constructions are nonisometric.
(ii) From (12), by a suitable contraction, we get

C.8 = LQy9). (69)
We refer to [17] and [50] for examples of warped products satisfying (69). The condition (69) holds on some
hypersurfaces in semi-Riemannian space forms, and, in particular, on the Cartan hypersurfaces ([21], Theorems

3.1 and 4.3). Hypersurfaces in semi-Euclidean space satisfying (69) were investigated in [52].
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(iii) We also can investigate semi-Riemannian manifolds (M, g), n > 4, satisfying on Ucs C M the following

condition of pseudosymmetric type (see, e.g., [11, 29]):
where L is some function on this set. Warped products satisfying (70) were investigated in [11]. Among other
results, in [11] it was shown that this condition is satisfied on every 4-dimensional warped product M x N with

1-dimensional base. Thus, in particular, every 4-dimensional generalized Robertson—Walker spacetime satisfies
(70). We mention that (70) holds on every hypersurface in a semi-Riemannian space of constant curvature (see,
e.g., [22], eq. (4.4)).

(iv) In [23] (Example 4.1) a warped product M xz N of an (n — 1)-dimensional base (M,g), n > 4, and
an 1-dimensional fiber (N,ﬁ) satisfying rankS = 1, k =0, R- R =0, and C - S = 0 was constructed.
In addition, we can easily check that (4) with L = —L and Q(S,C) = Q(S,R) hold on M xp N ([29)).

Therefore, on M xp N we also have (n—2) (R-C —C - R) = Q(S,C). Semi-Riemannian manifolds satisfying
R-C—-C-R=1LQ(S,0), for some function L, were investigated in [25]. An example of a quasi-Einstein
non-Ricci-simple manifold satisfying the last condition was given in Section 6 of [22].

(v) We recall that non-Riemannian semi-Riemannian manifolds (M,g), n > 4, with parallel Weyl tensor
(VC = 0), which are in addition nonlocally symmetric (VR # 0) and nonconformally flat (C' # 0), are called

essentially conformally symmetric manifolds, or e.c.s. manifolds, in short (see, e.g., [13, 14]). E.c.s. manifolds
are semisymmetric manifolds satisfying ([13], Theorems 7, 8 and 9): Q(S,C) = 0, C(SX,Y,Z, W) = 0,
S(SX,Y) = 0, k = 0. In addition, on every e.c.s. manifold (M,g) we have [14]: rankS < 2 and

FC = (1/2)S A S, where F is some function on M, called the fundamental function. The local structure
of e.c.s. manifolds is determined [15, 17]. Certain e.c.s. metrics are realized on compact manifolds [16, 18].
Let now (M,g), n > 4, be an e.c.s. manifold satisfying rankS < 1. Now it is easy to check that at all
points of M at which rank.S = 1 the conditions Q(S,C) = 0, C(SX,Y,Z, W) = 0 turn into Q(S,R) = 0,
R(SX,Y,Z,W) = 0, respectively. The last equality means that the tensor V', defined by (25), vanishes.
Therefore, (28) reduces to P = 0. Now we see that the identity (32) turns into R-C — C - R = 0, and, in
consequence, at all points of M at which rank S =1 we have R-C —C- R = Q(S, R) = 0. Thus, we can state
that the last condition holds on any Ricci-simple e.c.s. manifold. Finally, we also remark that the last result is

an immediate consequence of Theorem 2.2.

7. Conclusions

Let M x g N be the warped product of an 1-dimensional manifold (M,g), §,; = € = £1, the warping function

F:M — Rt and an (n — 1)-dimensional, n > 4, semi-Riemannian manifold (N,g).

It (]\7 ,g) is a semi-Riemannian space of constant curvature then M x g N isa quasi-Eintein conformally
flat pseudosymmetric manifold. Evidently, the Friedmann-Lemaitre-Robertson-Walker spacetimes belong to
this class of manifolds. Furthermore, if the fiber (N ,g), n =5, is an Einstein manifold, which is not of constant

curvature, then M x N is a quasi-Einstein nonconformally flat nonpseudosymmetric Ricci-pseudosymmetric
manifold. In this case the difference tensor R-C — C - R is expressed by a linear combination of the Tachibana

tensors Q(g, R) and Q(S, R) ([8]).
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If the fibre (]V ,g), n = 4, is a conformally flat Ricci simple manifold such that its scalar curvature K

vanishes then M x p Nisa non-conformally flat pseudosymmetric manifold, provided that F = F(2!) = exp !
([10], Proposition 4.2 and Example 4.1). In addition we have (n — 1) (R-C — C - R) = Q(S,C) [25].

If the fiber (N, g), n =4, is some Roter-type manifold and the warping function F satisfies (64), then

M xp N isa Roter-type manifold and in consequence a nonconformally flat pseudosymmetric manifold ([36],
Theorem 5.1). As was mentioned in Section 2, the tensor R-C — C - R is expressed by a linear combination of
some Tachibana tensors.

The above presented facts show that under some conditions imposed on the fiber or the fiber and the
warping function of a generalized Robertson—Walker spacetime, such spacetime is a pseudosymmetric or Ricci-
pseudosymmetric manifold and its difference tensor R-C — C - R is expressed by a linear combination of some
Tachibana tensors. In this paper we consider an inverse problem. Namely, if the tensors R-C'—C'" R and Q(S, R)
are linearly dependent on a generalized Robertson—Walker spacetime then we determine the warping function,
as well as curvature properties of the fiber of such spacetime. In the case where the considered generalized
Robertson—Walker spacetimes are 4-dimensional manifolds, it is possible to apply the algebraic classification of

spacetimes satisfying some conditions of the pseudosymmetry type given in [27]; see also [39, 42].
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