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Abstract: Let u and w be weight functions. We shall introduce the weighted Morrey spaces LP"(w) and investigate
the sufficient condition and necessary condition about the 2-weighted boundedness of the Hardy-Littlewood maximal
operator.
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1. Introduction
Suppose u(z) and w(zx) are weight functions on R™, and T is an operator taking suitable functions on R™.
In his survey article [10], Muckenhoupt raised the general question of characterization when the weighted norm

inequality

(/Rn ITf(z)IqW(x)d:c)é <C (/n |f(x)|1’u(:1z)d:c) ’ (1.1)

holds for any 1 < p,q < oo and all appropriate f. In the case of one weight u = w, the inequality (1.1)
can be characterized by remarkably simple conditions for many classical operators, e.g., the Hardy—Littlewood
maximal operator, singular integral, and fractional operator (see [1, 9, 11]).

The case of different weights has been far less studied. Only for the Hardy—Littlewood maximal operator
and other positive operators was this characterized in [13], while many classical operators are still open and
only find sufficient conditions on weights for an operator to be bounded from LP(u) to L(w). For the history
of these results, we refer the reader to [2, 3, 5].

Weighted Morrey spaces LP*(w) were first introduced recently by Komori and Shirai [7], where the
boundedness of many classical operators was established. Later, many authors found that the weighted Morrey
spaces were also used in harmonic analysis [14, 15]. However, this only gives sufficient conditions for the
boundedness of classical operators. The necessary condition associated with Hilbert transform in Morrey spaces
was discussed by Samko [12].

In this paper, we concentrate our attention on the 2-weighted norm inequality associated with the Hardy—
Littlewood maximal operator in weighted Morrey spaces. The same as the above cases, we only give a sufficient

condition and a necessary condition, respectively.
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Throughout the paper cubes are assumed to have their sides parallel to the coordinate axes. Given cube

Q = Q(z,r) centered at z with side length r, w(Q) denotes fQ x)dz and the measure w(x)dzr is often

abbreviated to wdz. The Lebesgue measure of @ is denoted by |Q| and the characteristic function of @ by
XQ -

2. Some notations and lemmas

In this section, we introduce some basic definitions and lemmas.

Definition 2.1 Let 1 <p < oo, 0 <k <1, and w be a weight function. For any local integrable function f
in R™, if it satisfies

1 ) B
I fllLr(w) = Slclgp <W /Q |f(2)] w(sc)dz) < 0.

Then f belongs to weighted Morrey spaces and || - ||pr.~(.) denotes the norm.

Note that if w =1, LP*(w) = LP*(R™) is the classical Morrey spaces; if k=0, LPO(w) = LP(w) is the

weighted Lebesque spaces.

Definition 2.2 The Hardy—Littlewood maximal operator M is defined by

Mf(x) = ;gg@/lf )ldy,

and we define the maximal operator with respect to the measure w(zx)dx by

M,
f(z) itelg /\f New(y

Before the next definition, we recall that a dyadic cube is the product of the intervals that are divided

by dyadic decomposition of the coordinate axis with side length 2%, k € Z.

Definition 2.3 Supposing that F is the collection of the dyadic cubes, we define M} f(x) with translation
operator T¢ as follows (see [/], p. 112, or [6], p. 431):

M f(x) = (1t o M* o) f(x) = M*(:.f)(z + ).

In the definition, M* f(x) is a dyadic mazimal operator (see [/], p. 111), which is defended by

N 1
M f) = swp o [ 1wy,
zcerlQ| Jo

The following definition was considered by Fefferman and Stein (see [4], p. 112):

Definition 2.4 Let £(Q) be the side length of a cube Q. For a positive real number N, we define the locally

mazimal operator by

z€EQ
Q)N

Myf(z) = sup ﬁ /Q 1F)ldy
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and the locally dyadic mazximal operator by

Definition 2.5 A weight function w satisfies the A, condition with 1 < p < oo, if there exists a constant
C > 1 such that for any cube @,

(i) G )<

1 1
where = + 5 =1.
>t

The definition of 2.5 can be found in [8] on page 21. In fact, the A, weights have the following important
lemma (see [3], p. 22):

Lemma 2.1 Given a weight function w € Ay, 1 <p < 00, it also satisfies the doubling condition Ay : for any

cube Q, there exists a constant C > 0 such that w(2Q) < Cw(Q).

The next 2 definitions have a relation with the 2-weighted inequality in weighted Morrey spaces.

Definition 2.6 A weight w is called a (p, k) -permission weight if for every cube Q, the inequality
IxQllzrs(w) < oo

holds. Furthermore, a weight w is called a (p, K)-specific permission weight if it is a (p, k) -permission weight

and for every cube Q

IXQo!lLrw(w) < o0,

/
where ¢ = w'P .

Definition 2.7 We say (u,w) € Sy, if u is a (p, k) -permission weight and w is a (p, k) -specific permission

weight, such that the following inequalities hold:

3
Ixellzert o g sup?BQ) o Ix@llirrey
@ IxsQllLrn(w) Q 14 IX3Q0 || Lr.~ (w)

< o0
The following lemmas play an important role in our proofs.

Lemma 2.2 Let 1 <p < oo and w € A, ; then there exists an index r: 1 <r < p, such that w € A,.

This lemma was first obtained by Muckenhoupt in [9], page 214. One can also find a clear statement in

[8], page 26.

Lemma 2.3 Let 1 <p < oo. o is a nonnegative locally integrable weight. Then M is bounded in LP(o).

Lemma 2.10 would be found in [6], page 426. In fact, M} is of weak type (1,1) and bounded in L*(0).

By using the Marcinkiewicz interpolation theorem we can get this result.
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Lemma 2.4 Suppose f is a locally integrable function in R™; then for every integer k and x € R™ we have

Mo f(x) < 21—’m/ M f(z)dt,
Q(0,2k+3)

where Q(0,2%+3) means the cube centered at 0 with side length 2543 .

As to the proof of Lemma 2.11, we refer to [6], page 431. Note that the notation @ (O7 2’“2) in [6] means

a cube centered at 0 with half side length 2¥*2, which differs from our argument.

3. A sufficient condition of 2-weighted norm inequalities in weighted Morrey spaces

In this section we give a sufficient condition of 2-weighted boundedness of the Hardy-Littlewood maximal

operator. The statement is the following theorem.

Theorem 3.1 Suppose 1 <p < oo, 0 <k <1, (u,w) is a couple of weights, o = WP and w e Ap. Then the
Hardy-Littlewood mazimal operator M is bounded from LP*(w) to LP*(u) if there exists a constant C > 0,
such that for any cubes Q and Q'

1

v O dr < oo
Q) QIM(XQIU)(.’E) deéw(Q)"“/, dx < oo.

To prove Theorem 3.1, we need an auxiliary proposition as follows:

Proposition 3.1 Let 1 < p < 00,0 < k < 1. If (u,w) is a couple of weights and o = WP s locally
integrable, then the following statements are equivalent:

(a) There exists a constant C > 0, such that for any cube Q

1

p c ) Pwdz:
o | Qi@ e < o [ (@)

(b) There exists a constant C' > 0, such that for any cube Q and Q'

1 C
— M(xgro)(z)) udx < / odr < oo.
w07 ., M@ e < o [
Proof The idea follows from [13] and [6]. Once having chosen f = o(x)xg(x), we can easily draw the

conclusion (a) = (b). To verify the opposite, we partition it into 3 steps. First, it suffices to prove the result for
the dyadic maximal operator M™*; second, by using the first step, we show the result for the translation dyadic

maximal operator M} ; and, third, by using Lemma 2.11, we complete the proof for the maximal operator M.
We first check the case of the dyadic maximal operator. Since (b) is satisfied by M*, let us consider the
locally dyadic maximal operator M} . Recall the definition of M f(x): it takes the supremum over all dyadic
cubes @ that contain z with side length of less than N; therefore, under the condition My f(x) > 2%, k € Z,

x € R™, we get a family of countable such dyadic cubes {Qf} , satisfying
ok

1
— dy. 3.1
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For any 2 dyadic cubes, either 1 is contained in the other or they are disjoint. Hence, we can choose the

maximum ones in the family {Q}},. The collection of these maximum dyadic cubes is denoted by {Q% }j . They

satisfy the same inequality as in (3.1). Moreover, for any dyadic cube Q 2 Q;? with side length 4(Q) < N, we

have

1 .
a /Qlf(y)ldy<2 .

Obviously
{z e R"|M} f(z) > 2} = JQF.
j

Let EJ]c = Qf\ {m € R*|M% f(z) > 2’““}. For ki # ko or j; # jo, it is easy to check that Efll and EJ]ZQ are

disjoint and
k k
Ue; =Ues-
J:k J:k

Hence, for any cube @, we have

1 Vid P,U/x:# —r NPude
T o P e /| O3S @) ud

o u(E¥ 1 odx ' L z w%/g' - ’
war UEJ)(IQ?I & d) <J<Q§>/Q;'f‘ ) d)
=< ¥ ! x)odx ’
B u(Q)n%;yJ (G(Qf) /Q;C g(w)od ) ) (3.2)

where ¢ = |f|lw" and

Next we define the measure + on the measure space M where M =Z x Z;. Let My = {(k,j) € M| k,jis
the index of Q%}, and

g(kaj) = {(U(éf) fo g(m)adx)p, (k’]) S MO

0, otherwise.

Then we have

c 1 :
u(Q)K;Z’Y_;C (U(Qf) /Q’? g(ﬁﬂ)Uda:)

7,k
c _

~u@r !

% 1(S»)

o w(@)r

(K, j)dy

=C

(3.3)
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where

Note that all the cubes in {Qk} " have side length of at most N. For the same reason, we can choose

maximum dyadic cubes in {Qk (k,j) €S A} These maximum dyadic cubes are relabeled by {Q?}. Thus:

U € (e e RI00(@)7 > A}

Joining (3.2) and (3.3) and by using condition (b) and Lemma 2.10, we have

@/"(MNJC ud:z:<C’/

p
dX
k
/ T aicos <|Q| Q" )
(k;)GMO

(M* (XQ?O')(Z‘))pUdJ?) dA

Q

> o(Q})dA

Q\

< —or / 7 ({a € R(Mzg(@)P > A}) dA
e ({2}
< i L @

Letting IV tend to oo, we get

* Pudz ¢ z)|Pwdx
o7 /”<M )P uds < — o / (@) Pude.

Now we prove the case of maximal operator M. Note that (riu,7ww) is also a couple of weights and
7u(Q) = u(Q — t). Then for 2 arbitrary cubes @ and @Q’, we have
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1
Tu(Q)"

/ (M* (o) xq)(@))Pryu(a)de
"

—a7 | O (oxa ) @) uta s

_ 1
- |
= a0y O a0 uy
<

(M(oxqr—t)(2))Pu(z)de

—t
o
< -
TtU Q) Q' —t

L p
ETCE /Q (M(rioxgr) (@) ru(z)de

< ¢ / dzx
_ Trodx.
T nw(Q)F Jor '

Hence:

1
u(@)~
1

- — 5 L T @) (s

S S
T nw(Q + 1)

C »
- S L 1@

Using Lemma 2.11, for each k € Z, we have
(s [t e
v f(z))Pudx

w(@Q)F Jon

21—kn p %
< = / / M f(x)dt | udz

u(Q) P R™ Q(0,2k+3)

1 »
321*’”’/ </ M} f(x pud:c) dt
Q(0,25+3) ’U/(Q)F” R"( t ( ))

< (=5 /. |f<x>|pwdx)’l’ .

Letting k tend to oo, we get

[ o0t r@)rute)ds

/ Iruf (@) Prowd
R?L

p L T pw T
[ ots@yue < oo [ e

w(@)”

This completes the proof.
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Next we shall prove Theorem 3.1.

Proof Suppose f = fx3q + fX(30)- £ f1 + fo. Since w € A, o is locally integrable, by Proposition 3.2:

(sar /Q(Mf 1 (x))p“dx); < (57 /3Q o)’
< Ol f e

On the other hand, from [7] we know that, for every z € Q,

Mae) < s (i [ @) (3.4

R:QC3R

Noting that w € Ap,, by Lemma 2.9, there exists an index r : 1 < r < p, such that w € A,, and then
M fo(z) < C(My|f2|" ()7 . By inequality (3.4), for every z € Q, we have

M fo(z) < C (M| fol" ()

1 ) v
: CR:;“EBR(M IR “’dx)

<C sup (1 / |f<y>%dy)pw<R>””?

R:QC3R \W(R)"~

< flprn@w(@) 7 .

Hence:

K

—1
2 || fll e (w)-

(u(;)n /Q(Mfz(x))pde>; < CU(Q)%W(Q)

Using Proposition 3.2 again, let f = x¢; then for every z € Q°, M(xq)(x) = 1. We have

Q' = (wg / (M(m)(x))pudx)’l) < Cw(Q)F,

and then

<u(é)n /Q(Mf2(l‘))?udx); < C||fll Lo (w)-

Therefore, we complete the proof of Theorem 3.1.

4. A necessary condition of 2-weighted norm inequalities in weighted Morrey spaces
In this section we give a necessary condition of 2-weighted boundedness of the Hardy—-Littlewood maximal

operator. The idea goes back to Samko [12].
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Theorem 4.1 If u, w, and 0 = w'™P are respectively (p, k) -permission weight, (p, k) -specific permission

weight, and a doubling weight, then (u,w) € Sy« is the necessary condition of || M f| rr.xw) < Cl|fllLr#(w) -

Proof Suppose @1,Q2,...,Q2n are any neighboring cubes that have the same edge length but no intersecting
interior whose union is a new big cube, which is denoted by Qo. Let x € Q;, i € {1,2,...,2"}. Then for j # i:

1 1 1
Vixa) @) = (1 [ va ) 2 g [ an=g

Hence:

! "Psu ! Py
wup (e [ oty ) <2 Qp(u@)ﬁ L, () 0) dy>

< 2"C7|Ixq, I

P ()

Note that Q; C 3Q;,

IxQ:llrn () < 2"Cllxq; llr=w) < Cllx3q: e (w)-

On the other hand, for every = € @);, we have

1 1
M(xg,0)(z) = sup— odx > — | odx = odx.
1Qol Ja.

1
2eQ|Ql Jona: 27|Qil Jo,

Then

1 P 1
— d _ d
<|Qi| /Q" x) "0 uQ) /QHQJ“ Y

[ 0w udy
QRNQ;

1
< 2™ gup
Q u(@)"
S C”XQ'L'O.”IZ,P«N(UJ)'

Since ¢ is a doubling weight and 3Q; C 5Q;, we have ¢(3Q;) < 0(5Q;) < Co(Q;) and

IXQ: |l rs (u) <C [3Qs] <C |Q ‘
1X3Q: 0 Lr= (w) o(Qy) a(3Qi)
This completes the proof. O
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