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Abstract: Let « be a countable partition of the unit interval [0,1]. In this paper, we will introduce the error-sum
function of «-Liiroth series and determine the Hausdorff dimension of its graph when the partition a is eventually

decreasing. Some other properties of the error-sum function are also investigated.
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1. Introduction

Recently, Kessebohmer et al. introduced the concept of a-Liiroth series (see [7]), which is a generalization of
the concept of the classical alternating Liiroth series (see [5, 6]). In [7], the authors studied some topological and
ergodic theoretic properties of the a-Liiroth series and gave a complete description of its Lyapunov spectra in
terms of the thermodynamical formalism. Meanwhile, in a related paper [3], Munday computed the Hausdorff
dimension of some a-Good type sets. Soon after, Chen and Wen made a further contribution on the same topic
in [1] by determining the Hausdorff dimension of sets of points whose digits are bounded below by a positive
function ¢ satisfying ¢(n) — oo as n — oo. In the present paper, we would like to give some other discoveries
on the properties of a-Liiroth series by investigating its error-sum function.

Before the presentation of our results, we need to introduce some definitions and notations of the «-
Liiroth series for reference. Let I be the unit interval [0,1] and o = {A,,n € N} a countable partition of
I consisting of left-open, right-closed intervals. We always assume that the elements {A,},>1 are ordered
from right to left, starting from A;. Denote by a, = L(A,) the Lebesgue measure of the element A, and
tn = Y .o, an the Lebesgue measure of the nth tail of a. Moreover, a partition « is said to be eventually
decreasing if a,+1 < a, for all n € N sufficiently large.

For a given partition «, define the a-Liroth map Lo: I — I by

(1.1)

Lo(x) (tn —x)/a, forxze A,, neN,
olT) =
0 ife=0.

Each z € I'\ {0} can then be developed uniquely by the map L, into an alternating series in the following
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form:

T =ty (@) + Z(—l)j_l< II ali<m)>tlj<z>7 (1.2)
j=2

1<i<j

where 1,,(z) =1, € N if L""1(z) € A;, . Note that the sum is always supposed to be finite if the sequence
{l,,(z)}n>1 is finite. More specifically, the sequence {l,(x)}n>1 is terminated in k if and only if LE"1(z) =1t,
for some n > 2. Moreover, one can even find the fact ;(x) > 2 in this situation. For simplicity, denote the
finite a-Liiroth series of x by [l1(x),...,lk(2)]o and call it an «-rational number. Write I*, the set of all the
a-rational numbers. One can easily see that the set I* is numerable and of Hausdorff dimension zero. On
the other hand, if the sequence {l,,(z)},>1 is infinite, then we denote it by [l1(x),l2(x),...]o and call it an

a-irrational number. Note that L, acts as a shift map on the «-Liiroth series since

Lol (), la(x), .. ]Ja = [l2(x),l5(), .. ]a
for each «-irrational number x. Given a number x in I, for n > 2, set
1
[licicn amw)) o)

Qn(z) = Qu(li(z), ..., 1n(2)) = (

P, (7) = Qu(x) (tll(an) + Z(—l)jl( H %(@)tzj(m)); (1.4)

1<i<j
for n =1, set Qn(x) = 1/t,(z), Pu(xz) = 1. Then it follows that

Po(z) | (=1)"Lg(x)
Qn(®)  Qni1 (x)tln+1 (x) .

xr =

(1.5)

Here, P, (x)/Qn(z) is called the nth convergent of = in its a-Liiroth series. Accordingly, the error-sum function
& of the a-Liiroth series is defined by

e n ()
el { S (e-gf8).  wel\{on (16)
0, z = 0.
Further, denote by
G(&) ={(z,y): y=Eu(x),z € I} (1.7)

the graph of the error-sum function &, . To become acquainted with the features of the graphs of the error-sum
functions, one can investigate the Figure in Section 3, which consists of 2 typical graphs of the functions &,
and &, -

The concept of the error-sum function and its graph were first introduced by Ridley and Petruska in [9]
in terms of the regular continued fraction expansion. Including some elementary properties of the error-sum
function, they studied the graph of that function by giving an upper bound of its Hausdorff dimension. Later,
in [10], Shen and Wu considered the same questions in the Liiroth series and determined the exact Hausdorff

dimension of the graph of the corresponding error-sum function. Recently, Dai and Tang in [2] also studied
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the error-sum functions described by the tent map base series. For some further and latest descriptions of the

characters of the error-sum function, one can refer to [3] by Elsner and Stein and the references therein.

Inspired by the above works, in the present paper we would like to give the following main result on the

consideration of the size of the graph of the error-sum function of «-Liiroth series.

Theorem 1.1 For any eventually decreasing partition o of the unit interval, we have
dimH G(ga) =1.

Here, dimy denotes the Hausdorff dimension.

In the following section, we will present some elementary properties of the error-sum function &, . Section

3 is then devoted to the proof of Theorem 1.1. The reader is assumed to be familiar with the definitions and basic

properties of Hausdorff dimension and Hausdorff measure. For this subject, Falconer’s book [4] is recommended.

2. Some properties of &,

In this section, we give some elementary properties of the a-Liiroth series on account of the interest in the study

of its characters and as preparation for the proof of Theorem 1.1. Without loss of generality, we would like to

mention here that the partition « is always assumed to be decreasing in the sequel for better comprehension

and expression. Thus,

m§i<{an} =a; € (0,1). (2.1)
This property will be used throughout this paper if there are no other special statements.
Proposition 2.1 The function &, is bounded. More precisely, we have the estimation
2
CL1 a1
1 <)<
1—a%_ (x)_l—a%
forany x € 1.
Proof Let x = [l;(x),l2(2),...]a. Upon combining (1.5) with (1.6), the following is yielded:
Z—) i(_l)nall(z) ---aln(r)LZ(x)-
C Qn1 (@), ()
Thus, we have
> a
n— 2 1 1
_Zall(a:)"'alanl(w)Li 1 Za ne - _a%
and
(oo} oo
< LQn _
r) < ;azl( - Oly,, (z) Z:: 1 — a1

Apparently, the estimation is also true for x =0 or = = [l1(z),...,k(x)]s for some k > 1. The proof is

finished now. O
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Proposition 2.2 For any x € I, we have

&1(33) = Z; (.23 - giiz;) + (—1)"all(x) ST aln(m)ga(LZ(x))-

Proof If i > n, then we have, by the definition of the convergent P,(z)/Qn(x),

. Lion(La(2))
0@ o (Tn(z))

= (=1)"ay, ()

It follows that

This ends the proof. O

Proposition 2.3 If the partition « is eventually decreasing, then

1

Proof By Proposition 2.2, we have

/0 Eo(z)dr = Z i Eolz)dr = Z/ i (x —t; — a;€a(Lo(x)))dx

i=1 Y tit+1 i=1 Y tit+1

Il
DN =
—

~
=00

|
<%
+

—
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|

~

N
—

~

N

~

S
+
—
N—

+

Y /t ' 260(La(@))d(La(2))

i=1 i=1 i=1

% - itiai - (i a?) 1 Ea(u)du.
i=1 i= 0

Since the estimations
n oo n oo
Ztiai§2a¢:1 and ZafSZaizl
i=1 i=1 i=1 i=1

o, a? are both convergent. The result thus

hold for all n > 1, the series of positive terms Zfil t;a; and Y.
follows by solving the above equation. O
Let us take 2 special cases as examples. Denote by ap the doubly decreasing partition and apy the

harmonic partition, which are given by

1

d n = 7 o\
and - a n(n+1)

an:27
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respectively. It is well known that the alternating Liiroth series can be developed by the harmonic partition
apg. Then

! 1 ! 72 -9

We omit the verifications here since they are elementary.

The following lemma describes the continuity of the function &,, which plays an important role in
Section 3.

Proposition 2.4 Let x¢ € I*. Then we have the following 2 distinguishable conclusions:

(1) If o = [l1(x0), - - - s lok+1(0)]a for some k, then &, is left continuous at xq, but not right continuous

at xo. More precisely, we have

lim Ealzr) = Ealzo), lim+ Ea(Tr) = Ea(T0) — Ay (2g) - - - Ay (20) Uaper 1 (20) 1
wLA)CEO wRHwO
(2) If xg = [li(x0), ..., lax(x0)]a for some k, then &, is not left continuous at xg, but right continuous

at xo. More precisely, we have

lim &, (7r) = Ea(T0) + a1y (2g) - - - Aoy (20) oy (z0) 15 lim+ Ealzr) = Ealxp).
TL—T TR

Proof We only give the proof of conclusion (1) since conclusion (2) can be treated in an analogous way. For

brevity’s sake, write zg = [l1, ..., log+1]a-
For the left continuity, write zr, = [l1,...,lak+1, K, .. .]o. It is then easy to check that
rp =2, <= K = 00 <= axg — 0. (2.2)

Thus, by Proposition 2.2,
ga (’I’L) — gcx (SC())

B ) (o 28

i=1

2k+1 Pi(wo)
tay, ... ay,, axEa (L2 (xr)) — (z - = 0)
: e T ( ( L)) ; ° Qi(wo)

=2k +1)(xL —x0) + ay, ..y, 0K (L§k+2(a:,;) + & (L2 (2y)) )

Note that the function &, is bounded by Proposition 2.1, as well as L, . This, together with (2.2), yields that
lim - Eolzr) = Ealmo).

QILHZDO

For the right continuity, write g = [l1,...,lok, log+1 — 1,1, K, .. .]. Similarly, it holds that

rp = af &= K - 00 ax -0+ [K,..]o = 0. (2.3)
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Then, by Proposition 2.2 again, we have

Eal(zr) = Eal20)

P. T
+ (xR — M) — Q- Ay —1010KE (Lik+3(xR))

Q2r+3(zR)
2% o (o
-3 (- gien) ~ (o)

=2k +1)(xr —®0) — a1, - Aoy gy —1 F Q1 oy, —101[K L

— Q... al%+1_1a1€LK (Lik+3(x3) + 5a (LikJr?’(JZR)) )
Once again, relation (2.3) and the boundedness of L, and &, lead to the result:

lim+ Ea(zRr) = Ea(T0) — a1y« - Ay Qg —1-
TR—T(

The proof is completed now. O

3. Proof of Theorem 1.1
This section is devoted to the proof of Theorem 1.1. To obtain a suitable cover of the graph of the error-
sum function &, , we need the following crucial Lemma 3.1. Before the presentation, first we introduce some

notations for ready use.

Denote by ¥ = J,—; Xy, where
So={(,...,ln)eN":[; >1,1<i<n}
is the set of all blocks of length n. For any o,, = (I1,...,l,) € X,, call
I, =L(l1,....ln)={zel: li(zx)=11,...,l,(z) =1}
a basic interval of order n. We also sometimes put
L(z) = L,(l1(x),..., 1 (x)).
In other words, I,,(z) is the set of numbers whose first n digits coincide with those of z. Moreover, write

S(rn =1, —apt, +- -+ (—1)"_1a11 coear, Lt (31)

Tan =1, —apt, +- -+ (71)”710,[1 coean, b 41 (32)

It can then be checked that
=18, 1, : 0n, € ¥p,n > 1}
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and
L, - (Ss,,15,], whenn %s even, (3.3)
’ (T,,,S5,], when n is odd.
It follows that
E(Ign) = |Son, - Tgn‘ =ap ...ay, (34)
for any o, = (l1,...,l,), n > 1.
Lemma 3.1 For any o, € ¥,, with n > 1, we have
sup  |Ea(z) = Ealy)| = nL(ly,).
z,y€ls,
Proof In the case of n =2k + 1, write o, = (I1,...,1,). By the discussion in Proposition 2.4, we have
ga(Tgn) —Qap ... aln_la(ln_H)_l S 5@4(1') S €a(Sgn)
for any x € I, . Thus,
su? |€a(x) — Ea(y)| = Ea(Sy,) — Ea(Ty,) +ar, ... ay,. (3.5)
z,y€ls,
In addition, by (3.4), we have that
S Pi(Ss,) Py (Ss,)
Ea(Se,) —EaTs,) = (SUn - ) + <San — w)
Oé( ) a( ) lz:; Qi(So'n) Qn(san)
n—1
P(T, P, (T,
— Z (Tan _ d Un)) _ <T0'n _ n zm))
i—1 Qi (Tdn) Qn (Ton,)
Pn(Ss,)  Pu(Ts )>
=n(S,, —1s,) — ns— “
( - (E6 - o
=(n-Day,...a,
— (n—1)L(L,,).
Substitute this result into (3.5), which finishes the proof of this case.
The case of n = 2k can be verified in an analogous way, and we omit the details. O

Corollary 3.2 &, is continuous on I\ (I*U{0}).
Proof Let zo = [l1(%0),...,n(20),...Ja € I\ (I* U{0}). By Lemma 3.1, for any z € I,(l1(z0), ..., n(x0)),

we then have that
1Ea(@) = Eaw0)] < L(In(l(20); - - In(0))) < mal = 0

as n — oo. It implies our result. O
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Proof [Proof of Theorem 1.1] On the one hand, we can easily see that {I,, X E4(Is,)}s,ex, is a cover of the
graph G(&,) for any n > 1, ie.
G C | In, x Ealls,).

Tn€Xn

Moreover, by Lemma 3.1, I, x &,(I,,) can be covered by n squares with the same side length £(I,,). Thus,

for any t > 1, we have

H(G(Ex)) < liminf " n(vV2)'(L(L,))"

on €Ty

< liminfn(v2)'(a)*"0" > L(I,,)

n—roo
On€Xn

< (V2)t liminf n(a; )¢~

n—roo

=0.

The second inequality is followed by the fact L£(I,,) < (a1)™. It follows that dimpy G(&,) <t for any ¢ > 1.
Hence, dimy G(&,) < 1.
On the other hand, since I is the orthogonal projection of G(&,) onto the real line and the projection is

a Lipschitz mapping, we have, by Corollary 2.4(a) in [1],
dimy G(&€,) > dimy (Proj(G(&,)) = dimpy I = 1.

Therefore, combining the above 2 conclusions, we conclude the proof. O

Denote by G(&,,,) and G(&,,,) the graphs of the error-sum functions &,, and &,,, , which are plotted

in the Figure, respectively.

0 0
-0.05 1 -0.05
-0.1 1 -0.1
-0.15 1 -0.15
-0.2 ] -0.2
-0.25 1 -0.25
-0.3 ] -0.3
-0.35 1 -0.35
-0.4 l -0.4
-0.45 {1 -0.45

0 01 02 03 04 05 06 0.7 08 09 1 0 01 02 03 04 05 06 0.7 0.8 0.9

Figure. The graphs of £, (left) and &, (right).
Then we have the following result, which can be regarded as 2 special cases of Theorem 1.1.
Corollary 3.3 For any partition « that is eventually decreasing, we have

dimpg G(Eap) = dimpg G(Eay) = 1.
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