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Abstract: Let [ € N and A = (A1,...,A;) and f: (f1,-.., f1) be 2 finite collections of functions, where every function
A; has derivatives of order m; and fi,...,fi € L(R™). Let = ¢ N'_,Suppfi. The generalized higher commutator

generated by the multilinear fractional integral is then given by

l
P . lRmi+1(Ai;x,yi)fi(yi)
1 = =
a,m(f)(x) /(VRn)m |(I—yl,...7$€—ym)|l"+<m1+m2+'”+ml>7°‘

dyr ...dy.

When DYA; € A[gi (0< B <1,|y| =my), i =1,--- ,m, the authors establish the boundedness of Iﬁm on the

product Lebesgue space, Triebel-Lizorkin space, and Lipschitz space.
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1. Introduction

In the 1970s, Coifman and Meyer [2] were the first to introduce the definition of the multilinear integral. The
study of the multilinear singular integral is motivated not only by a quest to generalize the theory of linear
operators but also by their natural appearance in analysis. In recent years, the research of the multilinear
integral has received much attention and great developments have been achieved. Authors such as Grafakos
and Kalton and Grafakos and Torres [5, 6, 7, 1] gave the systematic treatment of the multilinear Calderén—
Zygmund operator. The multilinear fractional integral operators were also investigated by Kenig and Stein [9].
Recently many people have been studying these operators from various points of view [8, 13, 15, 18].

On the other hand, the commutators generated by the multilinear singular integrals and bounded mean
oscillation functions or Lipschitz functions also attract much attention, since the commutator is more singular
than the singular integral operator itself.

Lian and Wu [10] and Xu [17] established the boundedness of commutators associated with the multilinear
Calder6n—Zygmund singular integral or multilinear fractional integral in product Lebesgue spaces. In [11] and
[12], the boundedness of commutators generated by Lipschitz functions and multilinear fractional integrals or
multilinear Calderén—Zygmund type singular integrals on product Lebesgue spaces, Triebel-Lizorkin spaces,

and Lipschitz spaces were obtained.
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Motivated by the works of Mo and Lu and Mo and Zhang [12, 1 1], we study the boundedness of generalized
higher commutators generated by multilinear fractional integrals and Lipschitz functions. These generalized
commutators can be regarded as some extensions of classical commutators and have important applications in
partial differential equations; see [16] for an example.

Now we give the definition of the generalized higher commutators generated by multilinear fractional

integrals.
Let R™ be the n-dimension Euclidean space. Let I € N\{0}, ; € R", i = 1,2,...,l. Then
|(z1,22,...,2;)| denotes the norm of (z1,xs,...,2;) in (R™)!.

Denote f by the I-tube (f1,---,f;) and I, by the Ith fractional integral operator, defined as follows:

= _ fl(y1)~~fl(yl)
Ia,l(f)(l') - \/(Rn)l |(J? — Y1y, T — yl)|ln_a

dyy ...dy;, 0<a<lIn,

whenever f;,i = 1,...,1 are smooth functions with compact support and z ¢ ﬂézlsuppfi. When [ = 1, we
denote it by I, (f).

It is easy to see that for |z — z| < 1/2maxi<k<; |z — Y&/,

1 1
|(x_y17”_’m_yl)|ln7a |(Z_y1""7z_yl)|lnia

Clz — 2|
N |(x _ylv"wx_yl”lnioﬁ?l.

Let us now assume that m € N and A is a function with derivatives of order m on R™. We denote

Rsa(Ai,) = A(x) = 3 DV A~y

[y|<m

Let A= (A1,...,A4;) be a finite collection of functions, where every A; has derivatives of order m; and
fi,--oy fi € LP(R"). Let = ¢ N'_,Suppf;, and then the [th generalized higher commutator generated by the

multilinear fractional integral is defined by

—

o 1Rmi+1(Ai§$7yi)fi(yi)
4 = : dy; . .. dy.
5 (Ha) /() [FESTRSps  Te reerre=ceery =R

Note that when every m; = 0, then

o T (A0) = A, ()3
e = [ et

is the commutator generated by the multilinear fractional integral. For 5 > 0, the homogeneous Lipschitz space

Ag(R™) is the space of function f such that

Bl+1
A )]
i\, = sup < 00,
1f11A, i AT
where AF denotes the kth difference operator (see [14]).

We now turn to the precise statements of our results.

852



MO et al./Turk J Math

!
Theorem 1 Let 0 < a < o0, 0 < B; < 1(1 < ¢ < 1) such that > 5 + o = B+ a < In. Suppose that
i=1

1< p,pi,,p <00 satisfy 1/p=1/p1+ -+ 1/pr— (B+a)/n>0. If DVA; € Ag,(0 < Bi < 1, |y = my),

1=1,...,1, then we have the following conclusions:
(1) ifp; >1, i=1,--- 1, then
l
118 e < CTTIillors
i=1
(2) if at least one p; equals 1, then

l
112 fllee < CTT N il

=1

To describe this simply, in the following text we will consider the bilinear case.

Theorem 2 Let DYA; € Ag, (0 < B; < 1,|y| = my) for i = 1,2. Suppose that 0 < oy < n, 0 < B < 1,
1< p,p; < 0o such that max{(a+ 1 —ma)/n— 1,01 + f1 — 1/2n} < 1/p1, max{(a+ B2 —m1)/n — 1,2 +
B2 —1/2n} < 1/pe and 1/p = 1/p1 + 1/pa, for i = 1,2, where a = a1 +ag, 8 =01+ 02 and a+ 3 < 2n.

Then 16(:121,142) is bounded from LP* x LP? to A(a+5),n/p for 0 < (a+p8)—n/p<1.

Theorem 3 Let D7A; € Aﬁi (0 < B: < 1/2,|v| = my) for ¢ = 1,2 and denote By + P2 = B. Suppose that
O<apay<n,agtay=aand 1 <p<oo, 1 <p; <nfa;,i=1,2, satisfy 1/p=1/p1 +1/p2s — a/n. Then
Ié:lzl’AZ) s bounded from LP* x LP2 to the Triebel-Lizorkin space Ff"x’; that is, there exists a constant C > 0
such that

1155 Pl < Cllfllzo 1 f2llzea.

Throughout this paper, the letter C' always denotes a positive constant that may vary at each occurrence

but is independent of the essential variable. We also denote

S 104, = A

[v[=m;
for simplicity, where i =1,...,1.

2. Some basic lemmas

Lemma 2.1 [7] Let A be a function with derivatives of order m in Ag(0 < B < 1), and then there exists a
constant C' > 0 such that

Rusr (A2 )l < C( D DAl e -y (2.1)
[yl=m
|Rimy1(A;2,y) — Rpg1 (A, 2)] < C( Z ||D7A||A,3) Z |z — 2|z — y[" (2.2)
Irl=m i=0
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(B (A52,9) = Runsa(Ai2,9)| < C( 30 1D Al ) (Xl = 2l = = o™ =47 + o —2"7). (2.3)

lv|=m i=1
Lemma 2.2 [9] Let 0 < o < mn, Iy, be an mth linear fractional integral operator. Suppose that 1 <
Py Pm <00 and 1/g=1/p1 + -+ 1/pm — a/n > 0.

(1) If p; > 1,i=1,---,m, then |Inmflra <C I |l fillLe::
=1

K2

(2) If at least one p; equals 1, then ||Ia7mﬂ|Lq,oo < CTI Willzei-

i=1

Lemma 2.3 [//] (a) For 0 < < 1,1 <q < oo, we have

i [ e L (L)
191, 500 oz |1 ol = s Q|ﬁ/n(|Q|/Q|f fal?)

for q = 00, and the formula should be modified appropriately.
(b) For 0 < 8 < 1,1 <p< o0, we have

1
1916 = sup sz [ 15 = fal
B Q> Q1AM Jq

e’
where fo = ﬁ fQ f(z)dx.

Lemma 2.4 [I] For 1 <~y <oo and >0, let

1 N 1/~
M5 (0@) = s (e [ 17600d)

Suppose that v <p <n/B and 1/q=1/p— /n, and then
My (e < C|lfllLe
3. Proofs of theorems

3.1. Proof of Theorem 1

Since |z — yp[™MHP o — | B < (@ — gy @ — )|t OB then by Lemma 2.2, we have the

following pointwise estimate:

!
I [Rov1(Ass 2, y) || fi(32)]

A (B i=1
BT I e e e = LR

l l Ix—y ‘m1+ﬂ1..,|x_yl|ml+ﬂl
=¢ A-*/ filyi 1 dyy - --dy;
I fo Il s

l
l 'H1 | fi(ya)]
<C Al = dyi---d
= 11;11 ” ” ()t |((£*y1,"‘ ,1,7yl)|ln7(a+5) Y1 Y
l
= C I 1Al arpa(lfil - LD ().

Theorem 1 is therefore established from Lemma 2.2, for 0 < o + 8 < In.
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3.2. Proof of Theorem 2

In fact, using Lemma 2.3, it suffices to show

SuP Q[+ a+ﬁ Y/n— l/p/ 11, (Al’AQ) (f1, f2)(2) — (I, (Al A2) (f1 f2)oldz < Cllfillee: || f2ll o2 -

For any =z € R", fix a cube Q(zq,r) 3 = with its center at x¢ and denote the half side length of @ by r.
For f; € LPi(R"), let f? = fxo«, [ = f— f2,i=1,2, where Q* = 4/nQ denotes the 4/n times extensions
of @@ with its center at zg. It is obvious that there is N € N, such that 2N < 4/n < QN+

Take the constant

a= IS5 (), 15 @) + 155 2 (7%, f9) () + 1582 (f5% £5%) ). (3.1)

Then
@H afm/n 75 IS0 26 - UL f)alds
|Q|1+(a+5 /n— l/p/ ‘I(Al A2) (f1, f2)(2) — ald=
< |Q|H<afﬁ>/n v / 5289, £8)(2)ldz
mww — / I (0, 159)(2) — 152 (10, 15°) () =
mww — / I (77, D)) — 152 (7, 19) ) =

ALA (A1,A2)
G / 142 (122, £59)(2) — 18849 (122, 15°) g Iz
=10+ I+ I3+ 1.

Take 1 < ¢ < 0o, such that 1/q = 1/p1 +1/ps — (a+ ) /n, and then by Holder’s inequality and Theorem

1, we have

C (A1,A3) Y 1-1
SIS |Q|1+(a+B)/n=1/p {/ | 5 ? fl,f2)(z)\qdz QI /a

= QA 17p+1/g AN 2o 112 | e
< Cllfillze |l follpre.
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Now we rewrite Iy as follows:

L \Q|1+ a+6)/n 1/p/ /R%

_ Bnyga(Ar; 2o, y1>Rm2+1(A2,xQ 92D )19 401522
\(:EQ Y1, TQ — y2)|2n+ (mi1+mz2)—a 1\W1 2
< 2 | Ry +1(A1; 2, y1) || Rmo+1 (A2 2,2) — Rmat1(A2; 20, 2)]
QM B /=1 [ Jgen ((z — y1, 2 — yo) |2t Omatme)—a
x| 2 ()11 £5° (y2) | dyr dyzdz
+ 2 ‘le-l-l(Al;Zyyl) —Rm1+1(A1§$Qal/1)||Rmz+1(A2§$Q7Z/2)|
|Q|1+(0¢+B)/n_1/1‘7 Q Jren |(Z — Y1,z — y2)|2n+(m1+mz)—a

X| 21 f5° (y2) | dyr dy2dz
2

my+1(A15 2, Y1) Ry 11(A2; 2, y2)
— Y1, 2 — ya) [Pt lmitma) e

)|dy1dy2dz

1
+ |Q|1+(a+ﬂ)/n—1/p o Jren |(z — 1,2 — y2)|2n+(m1+m2)7o¢

(zq — y1,mq — yo)[Prmtma)—a o | Bma+1 (A1 20, y1) [ Ring 1 (A2s 2, )|

x| 2 ()l £5° (yo) | dyr dyadz
= Iz + Izp + Io3.

Let us estimate every part for I.
Since for any ya2 € (Q*)°, |y2—xg| ~ |y2— 2|, then Lemma 2.1 (3), Holder’s inequality, and the conditions
(o + P2 —1—=mq)/n—1<1/ps for Theorem 2 yield the following:

C|| A1« ]| Az ]|« / / /
I, < |z _ yllml—i—,ﬁl
Q[+ B n=1/p * Qr+1\Qk

(31— malilye - A

i=1
[(z = y1, 2 — yo) |2t (mitma)—a Lf1 (vl f2(y2)|dyrdy2dz
mo ) .
C|| Ay I+ || Az % (;lrlllf““rlm”*’“ﬁ o+ [r|met 2 ) |Qul Y o o
< e Wil 3 ==

=N |2k |20t (matma)—a

< CllAwllsllAzllall fillzes || follpee > 2M(@HBa=lmmi—n=n/ps)
< Ol A« [ A2« [l frll oo [ fol| oz -

Similarly,

my

(X 12 = walil — wgl™ % + |z —aq v+ )
=1

, Ol A [ ]| Az >
22 = |Q|1+(a+,6)/n—1/p eJo = Jarnan |(z — Y1,z — y2)|2n+(m1+m2)—a
x|z — ya|™2 P2 f1 (y1) || f (y2) |dyr dy2dz

Cll A1« Az]|« I f1 | a2 B i (2K Ly )matB2| Q|11 /P2| fo | Lo
- |Q|(a+5)/"—1—1/172 Ll ‘2kr|2n+(m1+m2)—a

k=N
< CllAl N Azl fillzo [l follee 35 2M(tP2mmaznmn/pa)

< CllAl[ Azl [l filloa [l 2]l oz
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For Io3, by the kernel conditions, Lemma 2.1 (1), and (a4 82 — 1 —m1)/n—1 < 1/ps, we obtain

5. < ClAullAz]. |Z*$QI|$Q Y|P g — yo |2t
BRI fo Jou Jamge (@ — y1, 30 — yo)[Prlmatm) et

><\fl(y1)||f2(y2)\dy1dy2dz
C||A1||*||A2\|*|Q|2—1/P1 o 1+m1+B1|2k+1 |m2+ﬁ

>~ |Q‘1+ (a+B)/n—1/p = (2k )2n+(m1+m2) a+1 |Q7€
< Ol Av|«[[Az]]« Hf1||L1“1Hf2||L1’2

17422 fol o | fo o

Combining the above estimates, we have Iy < C|| A1« || Az« || f1lle1 || f2]|Lr2 - Similarly, we have the same
estimate for Is.

It is analogous to I, that part I, can be divided into 4 parts, as follows:

7 | Ry +1 (A1 2, 1) || Ry +1(A2; 2, y2) — Rinpt1(A2: g, 12)|
4 \QIH a+ﬂ)/n 1/p (R2n) [(z — y1, 2 — yo)| 2ot (matma)—a
x| [y f5° (y2 |dy1dy2dz
n 2 | Ry +1(A1; 2, y1) — Ry 41 (A1 20, Y1) || Rma+1(A2; 20, y2)|
|Q|+(e+B)/n—1/p (R2") |(z — y1, 2 — yo) 2ot Omatme)—a

x| f2° (y)|1 £5° (y2) |dy1 dy2d=
2

1
[(z = y1, 2 — yo) |2t (mitma)—a

+ ‘Q|1+(a+ﬂ)/nfl/p
1
(g — Y1, xq — yo) [P+ (mitma)=

x| 22 (y) |1 £5° (y2)|dyr dyadz
= Iy + Iyo + Iys.

(®2r)

By +1(A152Q, y1) [ Riny 11 (A2; 20, y2)|

From Lemma 2.1 (1) and the conditions a; + 8; — 1/2n < 1/p; for i = 1,2, we conclude that

Cll Al Azl 1+
I = Q[+ (e+B)/n— 1/p/ / / |z =™
Q Qi+1\Qj =N 7 Qr+1\Qk

(32 12— ol sl + s =zl
1/_
|Z_y1|n+7:ol+1/? a11|zl/_ Yol ;/2_(12 Lf1 (vl f2(y2)|dyrdy2dz
ClA Al = [PQE—Yr (i
= |Q|(e+P)/n=1/p zz:v (207)ntmatl/2—aq
J:

m2 .
( Z rz(2k+1r)m2—1+,32 4 ’I“m2+62) |Qk|1—1/p2
=1
X Z : (2"7 n+mo—1/2—as Hfl”LlefQ”LPZ
k=N 7")
< CllAwl< |l Azl fill o [ f2ll =

Similarly,
Lo < CllAx|l«l|All« I f1ll Lo || f2ll zr2 -
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Also,

< AL 5 / /
|Q|1+(a+B)/n=1/p Q; Qi+1\Q) p Qk+1\Qk

. 1z~ zallrg — Z/1|m1+ﬁ1|$Q ya|™?
‘Z — y1|’ﬂ+m1+1/2 a1 ‘Z — o |n+m2+1/2 as |f1(y1)||f2(y2)|dy1dy2dz

‘23Q|1 1/p1(2jr)m1+,@17a1/2 © |2kQ|1 1/p2(2k )m2+ﬂ r
(QJT)nerlJrl/Z aq (2k )n+m2+1/2 Qo

\|f1||Lm | f2ll Lr2

O Avl[| Azl <
S [Q[etB/m1/p E;V
j:

< CllAu[l[[ Azl fullos I f2ll e

k=N

Hence, we complete the proof of Theorem 2.

3.3. Proof of Theorem 3
Set Q,zq, [P, f°,i=1,2, and Q* as in the proof of Theorem 2. Take the constant a as in (3.1), and then

i

|Q|1+5/n/ |I(Al rA2) f17f2)(z)_(I(S,4217A2)(f17f2))Q|dz

/ Iy (Al Az)(fhfz)(z) —aldz

< o
< @%M 1219, £8)() =
MHM / I 1)) = I 8 157 o)
T f 158 20 1)) = 15 (7, 1) wo)ldz
T / IS 1)) — 187 157 o)z

::J1+J2+J3+J4

Choose 1 < ¢ < o0, 1 < s; < min {pi, ﬁ} for ¢ = 1,2, such that 1/q = i + é Then by Holder’s

inequality and the boundedness of I (i 12’A2 (see Theorem 1), we have
2 121/q| 1AL A2 [ 70 0
B < e QT (. Ao
< ClRIP| fullps | fill e

< ¢ igrsmrs / |f1<y>|”dy)l/51(w /Q pwIed)
< OMa 0 (1) () Mo 03 (f2)(2).

It is analogous to the estimate of I that we have Js := Jo1 + Joo + Jo3, where,

)

Tt = / / | Ry +1(A1; 2, Y1) || Rimo+1(A2; 2, ¥2) — Rimat1(A2; 20, y2)|
\Q|1+ﬂ/" R2") [(z = y1, 2 — o) |2t (matma)—a
x| fP( yl M52 (y2 |dy1dy2dz

Ty = / / Ry +1(A1s2,51) — Ry 41 (A1 20, Y1) || R +1 (A2; 20, y2)|
\Q|1+ﬁ/” (R27) [(z = y1, 2 — yo) |2t (matmz)—a

)

x| 2y f5° (y2)|dy1dy2dz
A ! _ 1
2RI Jo Jgan |1z = yr, 2 = yo) Prtmatma)=a ™ [(zg = y1,zq — y)PrHimtma)—a

| R, 1(A1; 20, Y1)l Rims 11 (A3 20, y2)[1£7 (1) [1£5° (y2) | dyr dyadz.
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Since for any y» € (Q*)¢, |y2 — z¢| ~ |y2 — 2|, then by Lemma 2.1(3) and the condition 0 < f; < 1/2,

we have

C||A A
m <9 1|1|+LL/W2|‘ // / St
Q| * k=N "7 Qr+1\Qk

(X 1=~ walflva = mq|™~#+5 4 |z — aq|+*
= | fr(y)l| f2(y2)dyr dyzdz

_ n+mi—a1|s n+ma—az
|z — 1 2 — v

1
< CllA1]|«]] A2]|« |Q|/ m 22 k(1=52) {W/QkH f2(yz|dy2}
< Cll Al Azll« M (L, (f21) (@) My, Oéz(fQ)( )

Similarly, for Joo and Jo3 we have

'77L1
Cll Al 4s].. 3, |2 = aalfln o™ =5 + |z — g™ )
J22 S ‘Q|1+ﬁ/n //*/"\Q* |Z_y1|n+m1_1_a1
|Z—y2|m2+ 2
|Z — |n+m2+1 s |f1(y1)||f2(y2)|dy1d92dz
1 | f1(y1)]
<C|A A —— _dy
|| 1” || 2” |Q| | _y1|n,0‘1 1
1
xkz 9—k(1— BQ){W/Q |f2(y2)dy2}
< O AL As |- M (T (| 1])) (@) Mg ( o) (@).
Jon < 2 // 1 _ 1
P QI Rm (2 = g1, 2 =) Prelmtma=e (ag — gy, aq — yy) Prtlmtma)=e

X| Ry +1(A152Q, 1) |\Rm2+1 Az zq, y2) |12 ()| 5° (y2) | dyr dyd
Cll A1 A2]l« // / clz — zgllrg — i |™ TP zg — yo
- ‘Q|l+ﬂ/n . Qri1\Os |Z _ y1|n+m17a1 |Z _ y2|n+mz+17az
|f1(y1)|\f2(y2)|dy1dy2d2
|f1 yl E(B1—1 1
< CJlAu )| s / )l e T AL
|Q‘ |n 0(1 Z |Qk+1|1 az/n Qr+1

< CJ|Ay]l«[[ Azl M ( al(lf I))( )M, a2<f2><15

|m2 +B2

Similarly,
I3 < O Ar]l«[[Az]l« M (Lo, (| f2]) (2) My o, (f1) ().

Moreover,

Jy / / [Riy+1(A1; 2, Y1) || Rima+1(A2; 2, ¥2) — Rimgt1(A2; 20, y2)|
|Q|1+6/" RZ") [(z = y1, 2 — yo) |2t (mitma)—a

x| f2( yl Hfz Y2 |dy1dy2dz
/ / Ry 11(Ass 2, yl) Rm1+1(A15*TQ’y1)||Rm2+1(A2§xQ7y2)‘
|Q‘1+5/n (R2n) |(Z7y1’ziy2)|2n+(m1+m2)fa
/ / 1 1
|Q\1+5/" ®m)|[(z = y1, 2 = yo) [Pt (mitmal—a (x5 —y;, 20 — yo) [Pt (mitme)—a
|Rm1+1(A1avayl)HngJrl(AZ;SUQ’?12)||ffo(y1)||f200(92)|dyldy2dz
= Jy1 + Jao + Jys.
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Also,

o <L [ [
Q| "\Q* ”\Q*

(X 12— wqlflva = mql™>~+5 4 |z — aq|+%+)
i=1
‘Z _ y1|n+m1+1/2 a1|Z — y2|n+m2 1/2—as |f1(y1>‘|f2(y2)|dy1dy2dz

1
<mmmw@zszzm{pﬂm/ ol
j=N |Q]+1| ! Qjt+1
1
X Z 9—k(1/2— ﬂz){la/n/ |f2(y2)|dy2}
k= |Qk+1‘ 2 Qrt1
<O||A1|| [ Al M1 o, (f1)(2) My, (f2)(2).

It is analogous to Jy; that
Jaz < Cf|Avl«]| Az ||« My o, (f1) (@) M1 a, (f2) (@)

Also,

g < ClAwlfl A clz — zqllwg — y|™ P v — yo[ 22
43 = \QIHW" Q@+ JRm\Q* |2 — yp|ntmatl/2=on |y gy ntmatl/2—c:
x| fi(yn)l] fa( y2 ) dy1dyad=

1
scmlmMnZ2M1W{/’|mM@@
J=N Qj 1=/ Jo, .,

e 1
k(r—1/2)) _____ ~ d
kaNZ {|Qk+l|1 oy /le | f2(y2] yz}
< Cl|Ar][« | A2l M1,0, (f1)(2) M1 0, (f2) (2).

In conclusion, it follows from the estimates for .Jq,.J>, and J3 that

1
sup |Q|1+ﬁ/n/| (ALAZ)( f2)(2)_(Igj‘zl’Aﬁ(fl,fz))Q\dz

S CHAlll [[A|+[Mi; 0, (f1)(2) My 0, (f2) ()
+M (Lo, (1/11) (@) My,a, (f2) () + M (Lo, (If2]) (2) M1, (f1)(2) + My, (f1)(2) M0, (f2) (@)]-

Choose ¢1,q2 > 1 such that 1/¢3 = 1/p1 — aq/n and 1/g2 = 1/ps — as/n. Tt is obvious that
1/p=1/q1 +1/g2. Then, by Holder’s inequality and Lemmas 2.3 and 2.4, we conclude that

||I£?21’A2>(f17 f2) g
(A17Az) (A17A2)
sup |Q|1+,B/n / | (fl»f2)(2) - (Ia,Q (flaf2))Q\dZHLp

<CHA1|| | Az]|. HlMsl,al(fl) My, (f2)|| Lo

HM (Lo, (111) M e, (f2)l Lo 4 1M (Tay (1 f2])) M1 ,a, (f1)]] e

H My 0, (f1) My, (f2) 2]

< Ol Ax ||l Az [« [ 1My, (f1) |1 [|Mosy 0 (f2)l Loz

HIM (Lo, ([ F1D) 22 [ M1, (f2) | 2oz + [[M Loy (| f2)) | Lon 1M 1,00 (F1) | 202
HI Mo, (f)ll Lo ([ M0, (f2) || La2]

< Ol Aullll Azl full Los [ 2] ez -

Acknowledgment

The authors would like to express their gratitude to the referees for their very valuable comments.

860



MO et al./Turk J Math

References

Chanillo S. A note on commutators. Indiana U Math J 1982; 31: 7-16.

Coifman R, Meyer Y. On commutators of singular integrals and bilinear singular integrals. T Am Math Soc 1975;
212: 315-331.

Ding Y, Lu S, Yabuta K. Multilinear singular and fractional integrals. Acta Math Sci 2006; 22: 347-356.
Grafakos L, Kalton N. Multilinear Calderén-Zygmund operators on Hardy spaces. Collect Math 2001; 52: 169-179.
Grafakos L, Torres R. Multilinear Calderén-Zygmud theory. Adv Math 2001; 65: 124-164.

Grafakos L, Torres R. On multilinear integral of Calderon-Zygmud type. Publ Mat 2002; 57: 57-91.

Grafakos L, Torres R. Maximal operator and weighted norm inequalities for multilinear singular integrals. Indiana
U Math J 2002; 51: 1261-1276.

Iida T, Komori-Furuya Y, Sato E. A note on multilinear fractional integrals (English summary). Anal Theory Appl
20105 26: 301-307.

Kenig C, Stein E. Multilinear estimates and fractional integration. Math Res Lett 1999; 6: 1-5.

Lian J, Wu H. A class of commutators for multilinear fractional integrals in nonhomogeneous spaces. J Inequal
Appl 2008; 2008: 1-17.

Mo H, Lu S. Commutators generated by multilinear Calderén-Zygmud type singular integral and Lipschitz functions.
Acta Math Appl Sin-E, in press.

Mo H, Zhang Z. Commutators generated by Multilinear Fractional Integrals integral and Lipschitz functions. Acta
Math Sci 2011; 5: 1447-1458.

Moen K. Weighted inequalities for multilinear fractional integral operators. Collect Math 2009; 60, 213-238.

Paluszynski M. Characterization of the Besov spaces via the commutator operator of Coifman Rochberg and Weiss.
Indiana U Math J 1995; 44: 1-18.

Tao X, Shi Y, Zhang S. Boundedness of multilinear Riesz potential on the product of Morrey and Herz-Morrey
spaces. Acta Math Sin 2009; 52: 535-548.

Wang C, Zhang Z. A new proof of Wu’s theorem on vortex sheets. Sci China Math 2012; 55: 1449-1462.

Xu J. Boundedness in Lebesgue spaces for commutators of multilinear singular integrals and RBMO functions with
non-doubling measures. Sci China Math 2007; 50: 361-376.

Yu X, Chen J. Endpoint estimates for commutators of multilinear fractional integral operators. Acta Math Sin
2010; 26: 433-444.

861


http://dx.doi.org/10.1512/iumj.1982.31.31002
http://dx.doi.org/10.1090/S0002-9947-1975-0380244-8
http://dx.doi.org/10.1090/S0002-9947-1975-0380244-8
http://dx.doi.org/10.1007/s10114-005-0662-x
http://dx.doi.org/10.1512/iumj.2002.51.2114
http://dx.doi.org/10.1512/iumj.2002.51.2114
http://dx.doi.org/10.1007/s10496-010-0301-y
http://dx.doi.org/10.1007/s10496-010-0301-y
http://dx.doi.org/10.4310/MRL.1999.v6.n1.a1
http://dx.doi.org/10.1155/2008/373050
http://dx.doi.org/10.1155/2008/373050
http://dx.doi.org/10.1512/iumj.1995.44.1976
http://dx.doi.org/10.1512/iumj.1995.44.1976
http://dx.doi.org/10.1007/s11425-012-4421-z
http://dx.doi.org/10.1007/s11425-007-2073-1
http://dx.doi.org/10.1007/s11425-007-2073-1
http://dx.doi.org/10.1007/s10114-010-8421-z
http://dx.doi.org/10.1007/s10114-010-8421-z

	Introduction
	Some basic lemmas 
	Proofs of theorems
	Proof of Theorem 1
	Proof of Theorem 2
	Proof of Theorem 3


