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Abstract: Let l ∈ N and A⃗ = (A1, . . . , Al) and f⃗ = (f1, . . . , fl) be 2 finite collections of functions, where every function

Ai has derivatives of order mi and f1, . . . , fl ∈ L∞
c (Rn). Let x /∈ ∩l

i=1Suppfi. The generalized higher commutator

generated by the multilinear fractional integral is then given by

IA⃗α,m(f⃗)(x) =

∫
(Rn)m

l∏
i=1

Rmi+1(Ai;x, yi)fi(yi)

|(x− y1, . . . , x− ym)|ln+(m1+m2+···+ml)−α
dy1 . . . dyl.

When DγAi ∈ Λ̇βi(0 < βi < 1, |γ| = mi), i = 1, · · · ,m , the authors establish the boundedness of IA⃗α,m on the

product Lebesgue space, Triebel–Lizorkin space, and Lipschitz space.

Key words: Multilinear fractional integral, commutator, Triebel–Lizorkin space, Lipschitz function space

1. Introduction

In the 1970s, Coifman and Meyer [2] were the first to introduce the definition of the multilinear integral. The

study of the multilinear singular integral is motivated not only by a quest to generalize the theory of linear

operators but also by their natural appearance in analysis. In recent years, the research of the multilinear

integral has received much attention and great developments have been achieved. Authors such as Grafakos

and Kalton and Grafakos and Torres [5, 6, 7, 4] gave the systematic treatment of the multilinear Calderón–

Zygmund operator. The multilinear fractional integral operators were also investigated by Kenig and Stein [9].

Recently many people have been studying these operators from various points of view [8, 13, 15, 18].

On the other hand, the commutators generated by the multilinear singular integrals and bounded mean

oscillation functions or Lipschitz functions also attract much attention, since the commutator is more singular

than the singular integral operator itself.

Lian and Wu [10] and Xu [17] established the boundedness of commutators associated with the multilinear

Calderón–Zygmund singular integral or multilinear fractional integral in product Lebesgue spaces. In [11] and

[12], the boundedness of commutators generated by Lipschitz functions and multilinear fractional integrals or

multilinear Calderón–Zygmund type singular integrals on product Lebesgue spaces, Triebel–Lizorkin spaces,

and Lipschitz spaces were obtained.

∗Correspondence: huixmo@bupt.edu.cn

2010 AMS Mathematics Subject Classification: 42B20, 42B25.

This research was supported by the NNSF of China (Grant No. 11161042).

851



MO et al./Turk J Math

Motivated by the works of Mo and Lu and Mo and Zhang [12, 11], we study the boundedness of generalized

higher commutators generated by multilinear fractional integrals and Lipschitz functions. These generalized

commutators can be regarded as some extensions of classical commutators and have important applications in

partial differential equations; see [16] for an example.

Now we give the definition of the generalized higher commutators generated by multilinear fractional

integrals.

Let Rn be the n -dimension Euclidean space. Let l ∈ N\{0} , xi ∈ Rn, i = 1, 2, . . . , l. Then

|(x1, x2, . . . , xl)| denotes the norm of (x1, x2, . . . , xl) in (Rn)l .

Denote f⃗ by the l -tube (f1, · · · , fl) and Iα,l by the l th fractional integral operator, defined as follows:

Iα,l(f⃗)(x) =

∫
(Rn)l

f1(y1) . . . fl(yl)

|(x− y1, . . . , x− yl)|ln−α
dy1 . . . dyl, 0 < α < ln,

whenever fi, i = 1, . . . , l are smooth functions with compact support and x /∈ ∩l
i=1suppfi. When l = 1, we

denote it by Iα(f).

It is easy to see that for |x− z| ≤ 1/2max1≤k≤l |x− yk|,∣∣∣∣ 1

|(x− y1, . . . , x− yl)|ln−α
− 1

|(z − y1, . . . , z − yl)|ln−α

∣∣∣∣ ≤ C|x− z|
|(x− y1, . . . , x− yl)|ln−α+1

.

Let us now assume that m ∈ N and A is a function with derivatives of order m on Rn. We denote

Rm+1(A;x, y) = A(x)−
∑

|γ|≤m

1

γ!
DγA(y)(x− y)γ .

Let A⃗ = (A1, . . . , Al) be a finite collection of functions, where every Ai has derivatives of order mi and

f1, . . . , fl ∈ L∞
c (Rn). Let x /∈ ∩l

i=1Suppfi, and then the l th generalized higher commutator generated by the

multilinear fractional integral is defined by

IA⃗α,l(f⃗)(x) =

∫
(Rn)l

l∏
i=1

Rmi+1(Ai;x, yi)fi(yi)

|(x− y1, . . . , x− yl)|ln+(m1+m2+···+ml)−α
dy1 . . . dyl.

Note that when every mi = 0, then

IA⃗α,l(f⃗)(x) =

∫
(Rn)l

l∏
i=1

(Aj(x)−Aj(yi))fi(yi)

|(x− y1 . . . , x− yl)|ln−α
dy1 . . . dyl,

is the commutator generated by the multilinear fractional integral. For β > 0, the homogeneous Lipschitz space

Λ̇β(Rn) is the space of function f such that

∥f∥Λ̇β
= sup

x,h∈Rn,h̸=0

|∆[β]+1
h f(x)|
|h|β

< ∞,

where ∆k
h denotes the k th difference operator (see [14]).

We now turn to the precise statements of our results.
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Theorem 1 Let 0 < α < ∞ , 0 < βi < 1(1 ≤ i ≤ l) such that
l∑

i=1

βi + α = β + α < ln. Suppose that

1 ≤ p, p1, · · · , pl ≤ ∞ satisfy 1/p = 1/p1 + · · · + 1/pl − (β + α)/n > 0. If DγAi ∈ Λ̇βi(0 < βi < 1, |γ| = mi),

i = 1, . . . , l, then we have the following conclusions:

(1) if pi > 1, i = 1, · · · , l, then

∥IA⃗α,lf⃗∥Lp ≤ C
l∏

i=1

∥fi∥Lpi ;

(2) if at least one pi equals 1, then

∥IA⃗α,lf⃗∥Lp,∞ ≤ C
l∏

i=1

∥fi∥Lpi .

To describe this simply, in the following text we will consider the bilinear case.

Theorem 2 Let DγAi ∈ Λ̇βi(0 < βi < 1, |γ| = mi) for i = 1, 2 . Suppose that 0 < αi < n , 0 < βi < 1,

1 < p, pi < ∞ such that max{(α + β1 −m2)/n − 1, α1 + β1 − 1/2n} < 1/p1 , max{(α + β2 −m1)/n − 1, α2 +

β2 − 1/2n} < 1/p2 and 1/p = 1/p1 + 1/p2, for i = 1, 2, where α = α1 + α2 , β = β1 + β2 and α + β < 2n .

Then I
(A1,A2)
α,2 is bounded from Lp1 × Lp2 to Λ̇(α+β)−n/p for 0 < (α+ β)− n/p < 1.

Theorem 3 Let DγAi ∈ Λ̇βi(0 < βi < 1/2, |γ| = mi) for i = 1, 2 and denote β1 + β2 = β. Suppose that

0 < α1, α2 < n , α1 + α2 = α and 1 < p < ∞, 1 < pi < n/αi, i = 1, 2, satisfy 1/p = 1/p1 + 1/p2 − α/n. Then

I
(A1,A2)
α,2 is bounded from Lp1 × Lp2 to the Triebel–Lizorkin space Ḟ β,∞

p ; that is, there exists a constant C > 0

such that

∥I(A1,A2)
α,2 f⃗∥Ḟβ,∞

p
≤ C∥f1∥Lp1 ∥f2∥Lp2 .

Throughout this paper, the letter C always denotes a positive constant that may vary at each occurrence

but is independent of the essential variable. We also denote∑
|γ|=mi

∥DγAi∥Λ̇βi
= ∥Ai∥∗,

for simplicity, where i = 1, . . . , l.

2. Some basic lemmas

Lemma 2.1 [3] Let A be a function with derivatives of order m in Λ̇β(0 < β < 1), and then there exists a

constant C > 0 such that

|Rm+1(A;x, y)| ≤ C
( ∑

|γ|=m

∥DγA∥Λ̇β

)
|x− y|m+β ; (2.1)

|Rm+1(A;x, y)−Rm+1(A;x, z)| ≤ C
( ∑

|γ|=m

∥DγA∥Λ̇β

) m∑
i=0

|x− z|i|z − y|m−i+β ; (2.2)
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|Rm+1(A;x, y)−Rm+1(A; z, y)| ≤ C
( ∑

|γ|=m

∥DγA∥Λ̇β

)( m∑
i=1

|x− z|i|z − y|m−i+β + |x− z|m+β
)
. (2.3)

Lemma 2.2 [9] Let 0 < α < mn, Iα,m be an mth linear fractional integral operator. Suppose that 1 ≤
p1, · · · , pm ≤ ∞ and 1/q = 1/p1 + · · ·+ 1/pm − α/n > 0.

(1) If pi > 1, i = 1, · · · ,m, then ∥Iα,mf⃗∥Lq ≤ C
m∏
i=1

∥fi∥Lpi ;

(2) If at least one pi equals 1, then ∥Iα,mf⃗∥Lq,∞ ≤ C
m∏
i=1

∥fi∥Lpi .

Lemma 2.3 [14] (a) For 0 < β < 1, 1 ≤ q < ∞ , we have

∥f∥Λ̇β
≈ sup

Q

1

|Q|1+β/n

∫
Q

|f − fQ| ≈ sup
Q

1

|Q|β/n

(
1

|Q|

∫
Q

|f − fQ|q
)1/q

for q = ∞ , and the formula should be modified appropriately.

(b) For 0 < β < 1, 1 < p < ∞ , we have

∥f∥Ḟβ,∞
p

≈
∥∥∥sup
Q∋·

1

|Q|1+β/n

∫
Q

|f − fQ|
∥∥∥
Lp

,

where fQ = 1
|Q|

∫
Q
f(x)dx.

Lemma 2.4 [1] For 1 ≤ γ < ∞ and β > 0, let

Mγ,β(f)(x) = sup
B∋x

(
1

|B|1−βγ/n

∫
B

|f(y)|γdy
)1/γ

.

Suppose that γ < p < n/β and 1/q = 1/p− β/n, and then

∥Mγ,β(f)∥Lq ≤ C∥f∥Lp .

3. Proofs of theorems

3.1. Proof of Theorem 1

Since |x − y1|m1+β1 · · · |x − yl|ml+βl ≤ |(x − y1, · · · , x − yl)|(m1+···+ml)+β , then by Lemma 2.2, we have the

following pointwise estimate:

|IA⃗α,l(f⃗)(x)| ≤
∫
(Rn)l

l∏
i=1

|Rmi+1(Ai;x, yi)||fi(yi)|

|(x− y1, . . . , x− yl)|ln+(m1+m2+···+ml)−α
dy1 . . . dyl,

≤ C
l∏

i=1

∥Ai∥∗
∫
(Rn)l

l∏
i=1

|fi(yi)|
|x− y1|m1+β1 · · · |x− yl|ml+βl

|(x− y1, . . . , x− yl)|ln+(m1+m2+···+ml)−α
dy1 · · · dyl

≤ C
l∏

i=1

∥Ai∥∗
∫
(Rn)l

l∏
i=1

|fi(yi)|

|(x− y1, · · · , x− yl)|ln−(α+β)
dy1 · · · dyl

= C
l∏

i=1

∥Ai∥∗Iα+β,l(|f1|, · · · , |fl|)(x).

Theorem 1 is therefore established from Lemma 2.2, for 0 < α+ β < ln.

854



MO et al./Turk J Math

3.2. Proof of Theorem 2

In fact, using Lemma 2.3, it suffices to show

sup
Q

1

|Q|1+(α+β)/n−1/p

∫
Q

|I(A1,A2)
α,2 (f1, f2)(z)− (I

(A1,A2)
α,2 (f1, f2))Q|dz ≤ C∥f1∥Lp1 ∥f2∥Lp2 .

For any x ∈ Rn , fix a cube Q(xQ, r) ∋ x with its center at xQ and denote the half side length of Q by r .

For fi ∈ Lpi(Rn), let f0
i = fχQ∗ , f∞

i = f − f0
i , i = 1, 2, where Q∗ = 4

√
nQ denotes the 4

√
n times extensions

of Q with its center at xQ . It is obvious that there is N ∈ N , such that 2N ≤ 4
√
n < 2N+1 .

Take the constant

a = I
(A1,A2)
α,2 (f0

1 , f
∞
2 )(xQ) + I

(A1,A2)
α,2 (f∞

1 , f0
2 )(xQ) + I

(A1,A2)
α,2 (f∞

1 , f∞
2 )(xQ). (3.1)

Then

1

|Q|1+(α+β)/n−1/p

∫
Q

|I(A1,A2)
α,2 (f1, f2)(z)− (I

(A1,A2)
α,2 (f1, f2))Q|dz

≤ 2

|Q|1+(α+β)/n−1/p

∫
Q

|I(A1,A2)
α,2 (f1, f2)(z)− a|dz

≤ 2

|Q|1+(α+β)/n−1/p

∫
Q

|I(A1,A2)
α,2 (f0

1 , f
0
2 )(z)|dz

+
2

|Q|1+(α+β)/n−1/p

∫
Q

|I(A1,A2)
α,2 (f0

1 , f
∞
2 )(z)− I

(A1,A2)
α,2 (f0

1 , f
∞
2 )(xQ)|dz

+
2

|Q|1+(α+β)/n−1/p

∫
Q

|I(A1,A2)
α,2 (f∞

1 , f0
2 )(z)− I

(A1,A2)
α,2 (f∞

1 , f0
2 )(xQ)|dz

+
2

|Q|1+(α+β)/n−1/p

∫
Q

|I(A1,A2)
α,2 (f∞

1 , f∞
2 )(z)− I

(A1,A2)
α,2 (f∞

1 , f∞
2 )(xQ)|dz

:= I1 + I2 + I3 + I4.

Take 1 < q < ∞ , such that 1/q = 1/p1+1/p2− (α+β)/n , and then by Hölder’s inequality and Theorem

1, we have

I1 ≤ C

|Q|1+(α+β)/n−1/p

[∫
Q

|I(A1,A2)
α,2 (f0

1 , f
0
2 )(z)|qdz

]1/q
|Q|1−1/q

≤ C

|Q|(α+β)/n−1/p+1/q
∥f0

1 ∥Lp1 ∥f0
2 ∥Lp2

≤ C∥f1∥Lp1 ∥f2∥Lp2 .
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Now we rewrite I2 as follows:

I2 ≤ 2

|Q|1+(α+β)/n−1/p

∫
Q

∫
R2n

∣∣∣∣Rm1+1(A1; z, y1)Rm2+1(A2; z, y2)

|(z − y1, z − y2)|2n+(m1+m2)−α

−Rm1+1(A1;xQ, y1)Rm2+1(A2;xQ, y2)

|(xQ − y1, xQ − y2)|2n+(m1+m2)−α

∣∣∣∣|f0
1 (y1)||f∞

2 (y2)|dy1dy2dz

≤ 2

|Q|1+(α+β)/n−1/p

∫
Q

∫
R2n

|Rm1+1(A1; z, y1)||Rm2+1(A2; z, y2)−Rm2+1(A2;xQ, y2)|
|(z − y1, z − y2)|2n+(m1+m2)−α

×|f0
1 (y1)||f∞

2 (y2)|dy1dy2dz

+
2

|Q|1+(α+β)/n−1/p

∫
Q

∫
R2n

|Rm1+1(A1; z, y1)−Rm1+1(A1;xQ, y1)||Rm2+1(A2;xQ, y2)|
|(z − y1, z − y2)|2n+(m1+m2)−α

×|f0
1 (y1)||f∞

2 (y2)|dy1dy2dz

+
2

|Q|1+(α+β)/n−1/p

∫
Q

∫
R2n

∣∣∣∣ 1

|(z − y1, z − y2)|2n+(m1+m2)−α

− 1

|(xQ − y1, xQ − y2)|2n+(m1+m2)−α

∣∣∣∣|Rm1+1(A1;xQ, y1)||Rm2+1(A2;xQ, y2)|

×|f0
1 (y1)||f∞

2 (y2)|dy1dy2dz
:= I21 + I22 + I23.

Let us estimate every part for I2.

Since for any y2 ∈ (Q∗)c, |y2−xQ| ∼ |y2−z|, then Lemma 2.1 (3), Hölder’s inequality, and the conditions

(α+ β2 − 1−m1)/n− 1 < 1/p2 for Theorem 2 yield the following:

I21 ≤ C∥A1∥∗∥A2∥∗
|Q|1+(α+β)/n−1/p

∫
Q

∫
Q∗

∞∑
k=N

∫
Qk+1\Qk

|z − y1|m1+β1

×

( m2∑
i=1

|z − xQ|i|y2 − xQ|m2−i+β2 + |z − xQ|m2+β2

)
|(z − y1, z − y2)|2n+(m1+m2)−α

|f1(y1)||f2(y2)|dy1dy2dz

≤ C∥A1∥∗∥A2∥∗
|Q|(α+β)/n−1−1/p2

∥f1∥Lp1 rm1+β1

∞∑
k=N

( m2∑
i=1

|r|i|2k+1r|m2−i+β2 + |r|m2+β2

)
|Qk|1−1/p2∥f2∥Lp2

|2kr|2n+(m1+m2)−α

≤ C∥A1∥∗∥A2∥∗∥f1∥Lp1∥f2∥Lp2

∞∑
k=N

2k(α+β2−1−m1−n−n/p2)

≤ C∥A1∥∗∥A2∥∗∥f1∥Lp1∥f2∥Lp2 .

Similarly,

I22 ≤ C∥A1∥∗∥A2∥∗
|Q|1+(α+β)/n−1/p

∫
Q

∫
Q∗

∞∑
k=N

∫
Qk+1\Qk

( m1∑
i=1

|z − xQ|i|y1 − xQ|m1−i+β1 + |z − xQ|m1+β1

)
|(z − y1, z − y2)|2n+(m1+m2)−α

×|z − y2|m2+β2 |f1(y1)||f2(y2)|dy1dy2dz

≤ C∥A1∥∗∥A2∥∗
|Q|(α+β)/n−1−1/p2

∥f1∥Lp1 rm1+β1

∞∑
k=N

(2k+1r)m2+β2 |Qk|1−1/p2∥f2∥Lp2

|2kr|2n+(m1+m2)−α

≤ C∥A1∥∗∥A2∥∗∥f1∥Lp1 ∥f2∥Lp2

∞∑
k=N

2k(α+β2−m1−n−n/p2)

≤ C∥A1∥∗∥A2∥∗∥f1∥Lp1 ∥f2∥Lp2 .
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For I23, by the kernel conditions, Lemma 2.1 (1), and (α+ β2 − 1−m1)/n− 1 < 1/p2 , we obtain

I23 ≤ C∥A1∥∗∥A2∥∗
|Q|1+(α+β)/n−1/p

∫
Q

∫
Q∗

∫
Rn\Q∗

|z − xQ||xQ − y1|m1+β1 |xQ − y2|m2+β2

|(xQ − y1, xQ − y2)|2n+(m1+m2)−α+1

×|f1(y1)||f2(y2)|dy1dy2dz

≤ C∥A1∥∗∥A2∥∗|Q|2−1/p1

|Q|1+(α+β)/n−1/p

∞∑
k=N

r1+m1+β1 |2k+1r|m2+β2

(2kr)2n+(m1+m2)−α+1
|Qk|1−1/p2∥f2∥Lp2∥f1∥Lp1

≤ C∥A1∥∗∥A2∥∗∥f1∥Lp1∥f2∥Lp2 .

Combining the above estimates, we have I2 ≤ C∥A1∥∗∥A2∥∗∥f1∥Lp1 ∥f2∥Lp2 . Similarly, we have the same

estimate for I3.

It is analogous to I2 that part I4 can be divided into 4 parts, as follows:

I4 ≤ 2

|Q|1+(α+β)/n−1/p

∫
Q

∫
(R2n)

|Rm1+1(A1; z, y1)||Rm2+1(A2; z, y2)−Rm2+1(A2;xQ, y2)|
|(z − y1, z − y2)|2n+(m1+m2)−α

×|f∞
1 (y1)||f∞

2 (y2)|dy1dy2dz

+
2

|Q|1+(α+β)/n−1/p

∫
Q

∫
(R2n)

|Rm1+1(A1; z, y1)−Rm1+1(A1;xQ, y1)||Rm2+1(A2;xQ, y2)|
|(z − y1, z − y2)|2n+(m1+m2)−α

×|f∞
1 (y1)||f∞

2 (y2)|dy1dy2dz

+
2

|Q|1+(α+β)/n−1/p

∫
Q

∫
(R2n)

∣∣∣∣ 1

|(z − y1, z − y2)|2n+(m1+m2)−α

− 1

|(xQ − y1, xQ − y2)|2n+(m1+m2)−α

∣∣∣∣|Rm1+1(A1;xQ, y1)||Rm2+1(A2;xQ, y2)|

×|f∞
1 (y1)||f∞

2 (y2)|dy1dy2dz
:= I41 + I42 + I43.

From Lemma 2.1 (1) and the conditions αi + βi − 1/2n < 1/pi for i = 1, 2, we conclude that

I41 ≤ C∥A1∥∗∥A2∥∗
|Q|1+(α+β)/n−1/p

∫
Q

∞∑
j=N

∫
Qj+1\Qj

∞∑
k=N

∫
Qk+1\Qk

|z − y1|m1+β1

×

( m2∑
i=1

|z − xQ|i|y2 − xQ|m2−i+β2 + |z − xQ|m2+β2

)
|z − y1|n+m1+1/2−α1 |z − y2|n+m2−1/2−α2

|f1(y1)||f2(y2)|dy1dy2dz

≤ C∥A1∥∗∥A2∥∗
|Q|(α+β)/n−1/p

∞∑
j=N

|2jQ|1−1/p1(2jr)m1+β1

(2jr)n+m1+1/2−α1

×
∞∑

k=N

( m2∑
i=1

ri(2k+1r)m2−i+β2 + rm2+β2

)
|Qk|1−1/p2

(2kr)n+m2−1/2−α2
∥f1∥Lp1∥f2∥Lp2

≤ C∥A1∥∗∥A2∥∗∥f1∥Lp1 ∥f2∥Lp2 .

Similarly,

I42 ≤ C∥A1∥∗∥A2∥∗∥f1∥Lp1∥f2∥Lp2 .
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Also,

I43 ≤ C∥A1∥∗∥A2∥∗
|Q|1+(α+β)/n−1/p

∫
Q

∞∑
j=N

∫
Qj+1\Qj

∞∑
k=N

∫
Qk+1\Qk

× |z − xQ||xQ − y1|m1+β1 |xQ − y2|m2+β2

|z − y1|n+m1+1/2−α1 |z − y2|n+m2+1/2−α2
|f1(y1)||f2(y2)|dy1dy2dz

≤ C∥A1∥∗∥A2∥∗
|Q|(α+β)/n−1/p

∞∑
j=N

|2jQ|1−1/p1(2jr)m1+β1r1/2

(2jr)n+m1+1/2−α1

∞∑
k=N

|2kQ|1−1/p2(2kr)m2+β2r1/2

(2kr)n+m2+1/2−α2
∥f1∥Lp1∥f2∥Lp2

≤ C∥A1∥∗∥A2∥∗∥f1∥Lp1∥f2∥Lp2 .

Hence, we complete the proof of Theorem 2.

3.3. Proof of Theorem 3

Set Q, xQ , f0
i , f

∞
i , i = 1, 2, and Q∗ as in the proof of Theorem 2. Take the constant a as in (3.1), and then

1

|Q|1+β/n

∫
Q

|I(A1,A2)
α,2 (f1, f2)(z)− (I

(A1,A2)
α,2 (f1, f2))Q| dz

≤ 2

|Q|1+β/n

∫
Q

|I(A1,A2)
α,2 (f1, f2)(z)− a| dz

≤ 2

|Q|1+β/n

∫
Q

|I(A1,A2)
α,2 (f0

1 , f
0
2 )(z)|dz

+
2

|Q|1+β/n

∫
Q

|I(A1,A2)
α,2 (f0

1 , f
∞
2 )(z)− I

(A1,A2)
α,2 (f0

1 , f
∞
2 )(xQ)|dz

+
2

|Q|1+β/n

∫
Q

|I(A1,A2)
α,2 (f∞

1 , f0
2 )(z)− I

(A1,A2)
α,2 (f∞

1 , f0
2 )(xQ)|dz

+
2

|Q|1+β/n

∫
Q

|I(A1,A2)
α,2 (f∞

1 , f∞
2 )(z)− I

(A1,A2)
α,2 (f∞

1 , f∞
2 )(xQ)|dz

:= J1 + J2 + J3 + J4.

Choose 1 < q < ∞ , 1 < si < min
{
pi,

n
αi+βi

}
for i = 1, 2, such that 1/q = 1

s1
+ 1

s2
. Then by Hölder’s

inequality and the boundedness of IA1,A2

α,2 (see Theorem 1), we have

J1 ≤ 2

|Q|1+β/n
|Q|1−1/q∥IA1,A2

α,2 (f0
1 , f

0
2 )∥Lq

≤ C|Q|−1/p∥f1∥Ls1 ∥f1∥Ls2

≤ C
( 1

|Q|1−α1s1/n

∫
Q∗

|f1(y)|s1dy
)1/s1( 1

|Q|1−α2s2/n

∫
Q∗

|f2(y)|s2dy
)1/s2

≤ CMs1,α1(f1)(x)Ms2,α2(f2)(x).

It is analogous to the estimate of I2 that we have J2 := J21 + J22 + J23, where,

J21 =
2

|Q|1+β/n

∫
Q

∫
(R2n)

|Rm1+1(A1; z, y1)||Rm2+1(A2; z, y2)−Rm2+1(A2;xQ, y2)|
|(z − y1, z − y2)|2n+(m1+m2)−α

,

×|f0
1 (y1)||f∞

2 (y2)|dy1dy2dz

J22 =
2

|Q|1+β/n

∫
Q

∫
(R2n)

|Rm1+1(A1; z, y1)−Rm1+1(A1;xQ, y1)||Rm2+1(A2;xQ, y2)|
|(z − y1, z − y2)|2n+(m1+m2)−α

,

×|f0
1 (y1)||f∞

2 (y2)|dy1dy2dz

J23 =
2

|Q|1+β/n

∫
Q

∫
(R2n)

∣∣∣∣ 1

|(z − y1, z − y2)|2n+(m1+m2)−α
− 1

|(xQ − y1, xQ − y2)|2n+(m1+m2)−α

∣∣∣∣
×|Rm1+1(A1;xQ, y1)||Rm2+1(A2;xQ, y2)||f0

1 (y1)||f∞
2 (y2)|dy1dy2dz.
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Since for any y2 ∈ (Q∗)c, |y2 − xQ| ∼ |y2 − z|, then by Lemma 2.1(3) and the condition 0 < β2 < 1/2,

we have

J21 ≤ C∥A1∥∗∥A2∥∗
|Q|1+β/n

∫
Q

∫
Q∗

∞∑
k=N

∫
Qk+1\Qk

|z − y1|m1+β1

×

( m2∑
i=1

|z − xQ|i|y2 − xQ|m2−i+β2 + |z − xQ|m2+β2

)
|z − y1|n+m1−α1 |z − y2|n+m2−α2

|f1(y1)||f2(y2)|dy1dy2dz

≤ C∥A1∥∗∥A2∥∗
1

|Q|

∫
Q∗

|f1(y1)|
|z − y1|n−α1

dy1

∞∑
k=N

2−k(1−β2)

{
1

|Qk+1|1−α2/n

∫
Qk+1

|f2(y2|dy2
}

≤ C∥A1∥∗∥A2∥∗M(Iα1
(|f1|))(x)M1,α2

(f2)(x).

Similarly, for J22 and J23 we have

J22 ≤ C∥A1∥∗∥A2∥∗
|Q|1+β/n

∫
Q

∫
Q∗

∫
Rn\Q∗

( m1∑
i=1

|z − xQ|i|y1 − xQ|m1−i+β1 + |z − xQ|m1+β1

)
|z − y1|n+m1−1−α1

× |z − y2|m2+β2

|z − y2|n+m2+1−α2
|f1(y1)||f2(y2)|dy1dy2dz

≤ C∥A1∥∗∥A2∥∗
1

|Q|

∫
Q∗

|f1(y1)|
|z − y1|n−α1

dy1

×
∞∑

k=N

2−k(1−β2)

{
1

|Qk+1|1−α2/n

∫
Qk+1

|f2(y2)dy2
}

≤ C∥A1∥∗∥A2∥∗M(Iα1(|f1|))(x)M1,α2(f2)(x).

J23 ≤ 2

|Q|1+β/n

∫
Q

∫
(R2n)

∣∣∣∣ 1

|(z − y1, z − y2)|2n+(m1+m2)−α
− 1

|(xQ − y1, xQ − y2)|2n+(m1+m2)−α

∣∣∣∣
×|Rm1+1(A1;xQ, y1)||Rm2+1(A2;xQ, y2)||f0

1 (y1)||f∞
2 (y2)|dy1dy2dz

≤ C∥A1∥∗∥A2∥∗
|Q|1+β/n

∫
Q

∫
Q∗

∞∑
k=N

∫
Qk+1\Qk

c|z − xQ||xQ − y1|m1+β1 |xQ − y2|m2+β2

|z − y1|n+m1−α1 |z − y2|n+m2+1−α2

×|f1(y1)||f2(y2)|dy1dy2dz

≤ C∥A1∥∗∥A2∥∗
1

|Q|

∫
Q∗

|f1(y1)|
|z − y1|n−α1

dy1

∞∑
k=N

2k(β1−1)

{
1

|Qk+1|1−α2/n

∫
Qk+1

|f2(y2)dy2
}

≤ C∥A1∥∗∥A2∥∗M(Iα1(|f1|))(x)M1,α2(f2)(x).

Similarly,

J3 ≤ C∥A1∥∗∥A2∥∗M(Iα2(|f2|))(x)M1,α1(f1)(x).

Moreover,

J4 ≤ 2

|Q|1+β/n

∫
Q

∫
(R2n)

|Rm1+1(A1; z, y1)||Rm2+1(A2; z, y2)−Rm2+1(A2;xQ, y2)|
|(z − y1, z − y2)|2n+(m1+m2)−α

×|f∞
1 (y1)||f∞

2 (y2)|dy1dy2dz

+
2

|Q|1+β/n

∫
Q

∫
(R2n)

|Rm1+1(A1; z, y1)−Rm1+1(A1;xQ, y1)||Rm2+1(A2;xQ, y2)|
|(z − y1, z − y2)|2n+(m1+m2)−α

+
2

|Q|1+β/n

∫
Q

∫
(R2n)

∣∣∣∣ 1

|(z − y1, z − y2)|2n+(m1+m2)−α
− 1

|(xQ − y1, xQ − y2)|2n+(m1+m2)−α

∣∣∣∣
×|Rm1+1(A1;xQ, y1)||Rm2+1(A2;xQ, y2)||f∞

1 (y1)||f∞
2 (y2)|dy1dy2dz

:= J41 + J42 + J43.
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Also,

J41 ≤ C∥A1∥∗∥A2∥∗
|Q|1+β/n

∫
Q

∫
Rn\Q∗

∫
Rn\Q∗

|z − y1|m1+β1

×

( m2∑
i=1

|z − xQ|i|y2 − xQ|m2−i+β2 + |z − xQ|m2+β2

)
|z − y1|n+m1+1/2−α1 |z − y2|n+m2−1/2−α2

|f1(y1)||f2(y2)|dy1dy2dz

≤ C∥A1∥∗∥A2∥∗
∞∑

j=N

2−j(1/2−β1)

{
1

|Qj+1|1−α1/n

∫
Qj+1

|f1(y1)|dy1
}

×
∞∑

k=N

2−k(1/2−β2)

{
1

|Qk+1|1−α2/n

∫
Qk+1

|f2(y2)|dy2
}

≤ C∥A1∥∗∥A2∥∗M1,α1(f1)(x)M1,α2(f2)(x).

It is analogous to J41 that

J42 ≤ C∥A1∥∗∥A2∥∗M1,α1(f1)(x)M1,α2(f2)(x).

Also,

J43 ≤ C∥A1∥∗∥A2∥∗
|Q|1+β/n

∫
Q

∫
Rn\Q∗

∫
Rn\Q∗

c|z − xQ||xQ − y1|m1+β1 |xQ − y2|m2+β2

|z − y1|n+m1+1/2−α1 |z − y2|n+m2+1/2−α2

×|f1(y1)||f2(y2)|dy1dy2dz

≤ C∥A1∥∗∥A2∥∗
∞∑

j=N

2j(β1−1/2)

{
1

|Qj+1|1−α1/n

∫
Qj+1

|f1(y1|dy1
}

×
∞∑

k=N

2k(β1−1/2)

{
1

|Qk+1|1−α2/n

∫
Qk+1

|f2(y2|dy2
}

≤ C∥A1∥∗∥A2∥∗M1,α1(f1)(x)M1,α2(f2)(x).

In conclusion, it follows from the estimates for J1, J2 , and J3 that

sup
Q∋·

1

|Q|1+β/n

∫
Q

|I(A1,A2)
α,2 (f1, f2)(z)− (I

(A1,A2)
α,2 (f1, f2))Q|dz

≤ C∥A1∥∗∥A2∥∗[Ms1,α1(f1)(x)Ms2,α2(f2)(x)
+M(Iα1(|f1|))(x)M1,α2(f2)(x) +M(Iα2(|f2|))(x)M1,α1(f1)(x) +M1,α1(f1)(x)M1,α2(f2)(x)].

Choose q1, q2 > 1 such that 1/q1 = 1/p1 − α1/n and 1/q2 = 1/p2 − α2/n . It is obvious that

1/p = 1/q1 + 1/q2. Then, by Hölder’s inequality and Lemmas 2.3 and 2.4, we conclude that

∥I(A1,A2)
α,2 (f1, f2)∥Ḟβ,∞

p

≈
∥∥∥sup
Q∋·

1

|Q|1+β/n

∫
Q

|I(A1,A2)
α,2 (f1, f2)(z)− (I

(A1,A2)
α,2 (f1, f2))Q|dz

∥∥∥
Lp

≤ C∥A1∥∗∥A2∥∗[∥Ms1,α1
(f1)Ms2,α2

(f2)∥Lp

+∥M(Iα1(|f1|))M1,α2(f2)∥Lp + ∥M(Iα2(|f2|))M1,α1(f1)∥Lp

+∥M1,α1(f1)M1,α2(f2)∥Lp ]
≤ C∥A1∥∗∥A2∥∗[∥Ms1,α1(f1)∥Lq1∥Ms2,α2(f2)∥Lq2

+∥M(Iα1(|f1|))∥Lq1∥M1,α2(f2)∥Lq2 + ∥M(Iα2(|f2|))∥Lq1 ∥M1,α1(f1)∥Lq2

+∥M1,α1(f1)∥Lq1 ∥M1,α2(f2)∥Lq2 ]
≤ C∥A1∥∗∥A2∥∗∥f1∥Lp1∥f2∥Lp2 .
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