Turkish Journal of Mathematics Turk J Math
(2014) 38: 1090 — 1101

© TUBITAK
TUBITAK Research Article doi:10.3906/mat-1310-28

http://journals.tubitak.gov.tr/math/

Functionals of Gasser—Muller estimators

Petre BABILUA"", Elizbar NADARAYA', Grigol SOKHADZE"?
!Department of Mathematics, Faculty of Exact and Natural Sciences, I. Javakhishvili Thilisi State University,
Thilisi, Georgia

21. Vekua Institute of Applied Mathematics of I. Javakhishvili Thbilisi State University, Tbilisi, Georgia

Received: 19.10.2013 . Accepted: 14.07.2014 . Published Online: 24.10.2014 ° Printed: 21.11.2014

Abstract: The asymptotic properties of a general functional of the Gasser—-Muller estimator are investigated in the

Sobolev space. The convergence rate, consistency, and central limit theorem are established.
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1. Introduction

Many researchers show interest in the study of functionals of probability distribution densities or functionals of
regression functions. They consider mostly functionals of the integral type. For instance, integral functionals
of a probability density function and its derivatives were studied in [9, 2, 8], whereas the same problems were
investigated for a regression function in [3, 6]. A special mention should be made of [5], a work by Goldstein and
Messer where the general type functional of a probability density function and the functional of the Nadaraya—
Watson regression function were considered. Additionally, in [5], the problem of optimality was studied for a
plug-in estimator in a functional space.

In the present paper we consider a general functional of the Gasser—Muller regression function. We are
concerned with the consistency issues and the conditions under which the central limit theorem is fulfilled. We
determine convergence orders and deal with some related problems. An analogous topic was studied in [1] for
integral functionals.

Let us consider a regression model of the form
Y(t) = a(t) + (1) (1)

where t € [0,1], ¢(+) is noise with Ee(t) = 0, Ec?(t) = 0% < oo, Y (t) is a random function, and a(t) is an

unknown function. Suppose we have n numbers

0<ti<ta<---<tp <1

)

where each t;,k =1,2,...,n, is dependent on n.

The estimator of an unknown regression function a(t) was introduced by Gasser and Muller and defined
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by the expression

du Y (), (2)

x

where 0 =590 <851 <852 <---<s,=1,¢,<s;<tiy1,2=1,2,...,n—1 and

1
max|sifsi_1|:0( );
A n

{hn,n =1,2,...} is the sequence of positive numbers that monotonically tend to zero, and W (u) is the function

with probability density properties.

Gasser and Muller also defined the estimator of the kth derivative of the regression function a*)(t) by

the formula

du Y (t;) (3)

ae h’fﬁl Z /

= 1
-1

for all k=0,1,...,m. It was assumed that @\ )( t) = an(t).

In the above-mentioned works, the consistency and asymptotic normality theorems for these estimators
were obtained by imposing certain conditions.

For some functional 2, here we investigate the asymptotic properties of the expression 2(a,) as n — oco.

2. Representation theorem

Let us introduce the notation and conditions that will be used in our argumentation.

Conditions on a:

(al) The function a = a(t) is well defined and continuous on [0, 1] and takes its values in the interval [—k;k];

(a2) The function a(t) has continuous derivatives up to order m inclusive;

(a3) For any i =0,1,...,m, a'?(t) takes its values in [~k;k] and a?(-) € L1([0,1]).

Conditions on ¢y, :

(el) Random values e = €(tx), k= 1,2,..., are independent and equally distributed;

(€2) Fer =0, Ee} = 0? < .

Conditions on W :

T W(t)dt =1;

(w2) Functions W®(t), i =0,1,...,m have the compact support [—,7],

WO (—7) =w@(r) =0,
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(w3) The function W (t) has continuous derivatives up to order m, m > 1;

(w4) There exists a constant Cy > 0, for which

sup (WO ()| < Cw < o0, i=0,1,...,m;
teR

(w5) For any i =0,1,...,m, W& € L([-7,7]).

Denote by a,(t) the mathematical expectation @y (t):

)qu :E

an(t) = Ean(t) = hlzn;/ (

Ly /W(tinu)du~a(ti).

’I’L

Then we obtain

al(t) = Ea\P(t hz-s-lz / W(k) du a(t;).

Let C™][0,1] denote the space of bounded real functions that are defined and continuous on [0, 1], having

continuous derivatives of at least mth order. In this space we introduce the norm

1
/ T dt) , feC™,1].
0

1l = (i

k=0

The closure of C™|[0,1] in this norm is denoted by W72 and called the Sobolev space. This is a complete
separable Hilbert space with the scalar product

m 1
:Z/Tng 7fvg€W31'
0

k=0

Conditions on 2 :

(2A1) The functional 2 : W2 — R is considered in the space W2 . Tt is assumed that this functional is smooth in
a strong sense. This means that there exists a bounded linear functional Ty such that for any 2 elements

from W2, f,g € W2, we have

Af) = Ag) = Talf = 9) +O(If ~gl)-
By the Riesz theorem there is an element ty of the space W2 such that

me = <tQ[, w>m

The formulation of our problem reads as follows: Consider the Gasser—Muller scheme, where the compo-
nents of (1), (2), and (3) satisfy conditions (al)—(a3), (¢1)—(e3), (wl)—(w5), and (21). Construct the estimator
of the variable 2(a) using observations {(¢1,Y (t1)), ..., (tn, Y (tn))}-
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As an estimator of the expression 2(a) we will use the so-called plug-in estimator 2(a, ). To prove the

asymptotic properties we use a simple fact: the smoothness representation of the considered functional.

Let us consider the expression 2(a,). We can write the following difference:
Ql(an) - Ql(an) = Tﬁ(an —an) + O<||an - an”?n) (4)

We call this expression the representation and will use it to obtain the desired results. To begin with, let
us estimate the remainder:
R, = O(H&n — an||il)
We have

1 m
6 — anl2 = / S @0 — ad (1)) dt.
0 1=0

Denote
Sk

Uy, = Ui(t) = hi/W(t;n“)du[yuk)—a(tk)], k=1,2,...,n,

Sk—1

where a(t;) = EY (tx). Then

ZUk _ hiz / W(t}:nu)du[Y(tk)—a(tk)] = @n(t) — an(t).

" k=1g7
Therefore,
n 2
a0 anllz, = | >SS Ui| - (5)
k=1 "
For each k=1,2,...,n estimate the norm || - ||, of one summand in U, (5). We have

Sk

||Uk||m=(i/1]hl+1 J o (5" duly ) - a(e)]

=0

Sk—1

2 \}
dt):
1

IV (1) — a(tk)]th) "<

moy ' 3
S2|€k|CW<ZhQi/‘ —hSk_l— _Sk‘ dt) =
ConalVIZWME g L, ~o(

herl e < nhﬁ“ = for sufficiently large L > 0. (6)

1

To estimate ||@, —a,||?, we use McDiarmid’s inequality, which is given here for convenience (for more information

see [4]).
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MecDiarmid’s inequality. Let H(tq,
the supremum in tq,

) be a real function such that for each i = 1,
tr,t, of the difference:

,k and some c¢;,
‘H(tla v 7ti—17ti7ti+1a . 7tk) - H(t17 tl—17t7ti+17 LY )tk})‘ S Ci.
If Xy,..., X} are independent random variables taking values in the domain of the function H(¢y,...,t), then
for every € > 0,
2¢2
{|H X1, 7X)—EH(Xl,...7Xk)|>5}§2exp =)
>
We use McDiarmid’s inequality for the functions
H(U.,...,Up) = H ZUkH .
k=1 "
As ¢, we take ¢ =2M,,, k=1

n. For any § > 0 we obtain

{!HZUkH 53w, |>5}<2exp{

62 h2m+2
212 }
We substitute here
5= 2L+/logn
- \/’FL h%n*Fl
and, by the Borel-Cantelli lemma, write

0], =l o], + ol L

hm+1 )
After applying Jensen’s inequality,

B[S u] <23 B =23
k=1 k=1

1 Sk
/E‘ / W“)(t*“
: it
k=1 1=0 0

2
- ) dulY (tx) — al(te)]| dt <
n m L Sk 2
< 20@22/ e / E[Y (ty) — alty)] dt =
k=1i=0 {) s,
1—h2mt2) & 1
= 205V0'2 ( ( _ h2)h2m3_2 Z (Sk - Sk—l)Q <K- W ’ (8)
n)in =1 n
from (6), (7), and (8) we conclude that

R,L:O< logn )

nh2mt2)”
Thus the following statement is true
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Theorem 1 Assume that the conditions (al)—(a3), (e1)-(e3), (wl)—(wb), and (A1) are fulfilled. Then a

representation formula holds with the remainder of order
logn
Ra—o(En )

nh2m+2

3. Consistency

In this section of the paper we use Theorem 1 to prove the strict consistency of the estimator 2((a,,).

Theorem 2 Let the conditions of Theorem 1 be fulfilled. If the positive sequence h,, n=1,2,...,0<h, <1,
is chosen so that
logn
S L, 9
ntherz ( )
then with probability 1 we have
A(a,) — Aa)
as n— 0o.
Proof By Theorem 1 and formula (4)
where R, = O(|[a, — a,|?) = o(1) a.e. and
Tﬁ(an - an) = <t2lvan - an>m~
According to conditions (al)—(a3),
{(t,an(t),a;(t),...,ag’”)) L telo, 1}} c [0,1] x [—k; k™.
Keeping this in mind and by condition (1), we can write
m 1 n Sk
T — an)| < T Ty [ (WO (5 e [t — aft) dt <
2 | hiFt i
1=0 7 = .
morg 1
< 20w || T Z/F Z ler| sk — sp—1]|dt ~ (by (w4)) ~ M el (for some M). (11)
i=0 n k=1
Let us apply McDiarmid’s inequality for
Y => X, (12)
k=1

where
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M —-t—]. Therefore,

n2pmt!

Analogously to (11), it can be shown that X}, takes its values in the interval [—M

1
n2hmtL)

Furthermore, we take

_ 2y/Mlogn

T op3/2 hZH'l :

Then we obtain

2y/M logn

P{|Tg[(fin - an)| > W’

} < Qexp{ - 210gn}
by means of which, using the Borelli-Cantelli lemma, we can conclude that

\/@)_

Talin = o) = O( e

Viegn

It is obvious that, for condition (9), a5 100, tends to zero. Thus we conclude that

Tu(ay, — a,) — 0 as n — oo.

By formula (6) from [10] we can write

EaP(t) = /W(u)a(k)(t — why) du + 0(%).
n n

-7
Hence, we make the following conclusions:

(i) for condition (9), #, too, tends to zero for any £k =0,1,...,m;

(i) Eal(t) = a®(t) as n — oo.
Summarizing the above discussion, we ascertain that
Ala,) — Aa)

as n— 0o.
Since A(a,) — A(an) = o(1), we conclude that

A(a,) — A(a) — 0 a.e.

The theorem is proved. O
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4. Central limit theorem

Using our representation theorem we can obtain the limit distribution property for a smooth functional 2l of

G, (t) in the space W2 .

Consider the difference
A(@n) — A(an) = Ta(@n — an) + O(|[@n — anll3,)

where, for any h,, > 0, Ty(a, — a,) is the sum of independent random variables

k=0

To(@n — an) = (ta, G — Qn)m = f: / &) (@® () — a® (1)) dt.
0

The remainder R,, has the form
R, = O(Hﬁn — an”i@)

It is clear that
ETy(a, —a,) =0 and ER, — 0 as n — oo.

Moreover,

m 1 2
E(Tu(a, — an))2 = 022 </t$)(t) dt> and VarR, — 0 as n — oo.
k=0 ()

Using appropriate conditions, we have to prove that the value

Vi (A(@n) — Alan))

is asymptotically normal and calculate the limiting variance. By the conditions of the theorem with formulas

(8), (12), and (13), for this we must show the asymptotic normality of the value \/n Ty (@, —a,). As seen from

(11), for this it suffices to study this property for the variables

n

1
1 Nt —u
deY(tk)th‘+1/ / W(’)(T)téf)(t) dt du.

0

It is easy to see that

Thus, we consider the sequence of independent random variables
fe(n) = a(n, k) (Y (tr) — a(ty)) = a(n, k)ek,

where

S

1=0

m 1 sk
1 Nft—u
a(n,k):zh,_H/ / W()(T>téf)(t) dt du.

Sk—1
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Let us consider the sum

Let Fy  be a probability distribution function of a random variable a(n, k)ex, and F; be a distribution function

of a random variable ;. Lindeberg’s condition has the form V4 > 0, lim L, (6) =0, where
n—oo

Ln(6) =

= (gQioﬂ(n,kz))il Z/x2J<x| > 60(%@2(71,16))
k=1

j=1 k=1

Nl

) AFin(2),

where J(A) is the indicator function of the set A.
We easily conclude that

1 ) .
L,(0) < o 1rélga§Xn/x J(|z| > dov(n,j)) dF,
where
) a(n,j
o(n, §) = |, 5)|

(£ o)

It remains to show that max v(n,j) = 0 as n — oo. We have
<j<n

n

. 1 1

s, lana )| < ol =511 3 ey = O
=

On the other hand,

1 t+uh,
a(n k) = e / / WO (@)t$ (2 + uhy) do du =
i=0 " 0 t—uhy

Therefore,

and

hm 1
n = -0 — 0.
n\/ﬁhnm L n3/2h,, as o

v(n, j) ~

Thus, Lindeberg’s condition is fulfilled and we can state that the following theorem is valid.
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Theorem 3 Let the conditions of Theorem 1 be fulfilled. Then, if h, — 0 and nh™ — oo as n — oo, we

have
Vi (A(@n) — Alan)) — N(0,7?),
where

2= aQi (O/Itéf)(t) dt)g.

k=0

5. Three examples

1
(a) Let the functional 2da = f[a’Q(t) + a®(t)] dt be considered in W£[0,1]. Then
0

1

(Taa)(9) = [ 20()g/(5)ds + [ 2a(s)g(s) ds.
0

0

If h, — 0 and 12% — 0 as m — 0, the consistency theorem is fulfilled. When nb? — co as n — 0, we

have

Vi [A(@,) — Aa)] - N(0,r2),

r? = 4a2{ Ula(t) dt} 2 + [a(1) - a(O)]Q}.

(b) Consider the integral functional

where

in W210,1].
Assume that the following conditions are fulfilled:

(pl) The function ¢ : R™*2 — R is continuous, bounded, and integrable and has bounded continuous
derivatives up to the second order, inclusive, in some open convex domain A, which contains the domain
R x [—k; k™.

(¢2) All first and second derivatives of the function ¢ are uniformly bounded in the domain A by a constant
C, > 0.

According to conditions (pl) and (2), for the function ¢ we have
sup {\go(ij)\(s,smsl, ceeySm): (8,50,81,--+,8m) € A} <C,
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for each 74,7 =0,1,...,m.

Then if h, — 0 and /nh2™T2 — 00 as n — oo, we have

Vi (A(@,) — A(a)) L N(0,72),

where

r? = o? io (/lcp(l-) (t.a(t),d (t),...,a"™ (1)) dt>2.

(¢) Consider the functional

AF = (£ (t))".

Assume that the conditions (al)—(a3), (1), (£2), (wl)—(wb), (¢1), and (¢2) are fulfilled. If h,, — 0

and n;f;%,fh — 0 as n — 0, the consistency theorem is fulfilled. When nh™*! — oo as n — 0, we have that

the central limit theorem is true.

6. Iterated logarithm law

Applying the well-known iterated logarithm law from Kuelbs’ paper [7], we ascertain that the following theorem

is valid.

Theorem 4 If the sequence h,, is chosen so that

R of E2),

then
1 + =
lgljolip V2loglogn ’
where

Indeed, as is easily seen,

VilI(@,) - I(a,)] Vi [a(n )Y () — a(n, k)a(t)]

li + =1 + =7
lffisolip v2loglogn lrrlnjo%p v2loglogn "
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