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Abstract: The behavior of solutions of a perturbed dynamic system with respect to an original unperturbed dynamic
system, which have initial time difference, are investigated on arbitrary time scales. Notions of stability, asymptotic
stability, and instability with initial time difference are introduced. Sufficient conditions of stability properties are given
with the help of Lyapunov-like functions.
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1. Introduction

In [1, 7], Hilger introduced the theory of time scales, closed subsets of R, to unify the theory of differential
and difference equations into a single set-up and to extend these theories to other kinds of so-called dynamic
equations. This extension gives us a chance to consider the continuous and discrete cases simultaneously.

Stability theory is one of the important branches of the theory of differential equations. Numerous studies
have been done about this theory [1, 8]. Some of these results were extended to dynamic equations on time
scales [9]. An important problem in stability theory is to determine which stability properties of a particular
differential system are preserved under sufficiently small perturbations. This problem was investigated in several
ways in [4, 5, 6, 8, 9]. However, the possibility of making errors in initial time as well as in initial position
needs to be considered. When such a change of initial time for each solution is considered, then the problem
of measuring the difference between any 2 solutions starting at different times arises. The solution of this
interesting problem was investigated in [10, 11, 12] in different ways.

In the present paper, the problem of determining the behavior of solutions of a perturbed dynamic
equation with respect to those of an original unperturbed dynamic system that have initial time difference
(ITD) is studied on arbitrary time scales. A more general result is obtained such that it can be applied in
discrete and continuous cases simultaneously.

The paper is organized as follows: in Section 2, basic concepts and definitions are given. In Section
3, comparison results and stability properties of the perturbed dynamic equation with respect to the original
unperturbed dynamic system that have ITD are proven. To illustrate the main results, an example is given in

Section 4. Finally, concluding remarks are given in Section 5.

*Correspondence: cyakar@gyte.edu.tr
2010 AMS Mathematics Subject Classification: 34A34, 34D20, 34N05.
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2. Preliminaries
In this section, we give a brief introduction of time scales. More details can be found in [3, 2, 9].
A time scale is an arbitrary nonvoid closed subset of real numbers and is denoted by the symbol T.
We assume throughout that a time scale T has the topology that it inherits from the real numbers with the
standard topology and, for our future purposes, unbounded from above with ¢y > 0 as a minimal element.
Since a time scale is not necessarily connected, the forward and backward jump operators are defined on

T as follows.
Definition 2.1 The mappings o,p: T — T defined by

o(t)=inf{s €T, s>t} and p(t)=sup{s€T, s <t}
are called the forward jump operator and backward jump operator, respectively.

A point ¢t € T is called right-dense if o(t) = ¢, right-scattered if o(t) > ¢, left-dense if p(t) = ¢, left-scattered
if p(t) <t, denseif t = o(t) = p(t), and isolated if o(t) >t > p(t).

The following function measures the gap between a point ¢ and its right neighbor.

Definition 2.2 The mapping p: T — Ry defined by

is called the graininess function.

If a time scale T has a maximal element that is also left-scattered, then it is called a degenerate point. T*
represents the set of all nondegenerate points of T. This set cuts off an eventually existing isolated maximum
of T.

Definition 2.3 Assume that u: T — R is a function and let t € T®. Then we define delta derivative u®(t)
at t to be the number (provided it exists) with the property that given any € > 0, there is a neighborhood U of
t such that

[u(o(t)) —u(s)] —u®(®)[o(t) —s]| < elo(t) —s|  VseU.

Alternatively, one can define

u(o(t) — uls)
t)—s

YAN .
t):= 1
uw=(0) s—>t,lsr;Iélo(t) o(t)

Definition 2.4 For each t € T, let N be a neighborhood of t. Then we define the upper right Dini derivative
DHu®(t) by the following condition: for a given e > 0, there exists a right neighborhood N. C N of t such that

a(t)

in case t € T is right-scattered and u(t) is continuous at t, we have

Drat - M) —ul)
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where u(t) = o(t) —t. Alternatively, one can define

oa (o) ()
D (t) . sLt,s#UIzt) U(t) - '

Definition 2.5 A function u : T — R is said to be rd-continuous if it is continuous at each right-dense point
and if there exists a finite left-sided limit at all left-dense points. The set of all rd-continuous functions is

denoted by C,q = C,4[T,R].

Definition 2.6 The mapping f: T xR — R is said to be rd-continuous and denoted by f € C,q[T x R, R] if:
i) it is continuous at each (t,x) with right-dense or mazimal ¢t € T;

i) the limits f(t~,x) = lim(s ) ) f(5,y) and lim, . f(t,y) ewist at each (t,x) with left-dense t.

Definition 2.7 Let f: T — R be a function, and a,b € T. If there exists a function F : T — R such that
FA2(t) = f(t) for all t € T%, F is said to be an antiderivative of f. In this case, the integral is given by the

formula

b
/ f(r)At = F(b) — F(a) for a,b e T.

Remark 2.1 All right-dense continuous functions are integrable.

Definition 2.8 If a € T, supT = oo, and f is rd-continuous on [a,00), then we define the improper integral

by

9] b
/ f(r)Ar = lim f(r)Ar,
a b—oo J,
provided that this limit exists, and we say that the improper integral converges in this case.

Definition 2.9 A function p: T — R is said to be regressive, provided that
1+ p(®)p(t) #0
forallt € T*. The set of all regressive and right-dense continuous functions is denoted by R = R(T) = R(T,R).
Definition 2.10 The set RT of all positively regressive elements of R is defined by
R =RT(T,R)={peR:1+u(t)p(t) >0 forall t € T}.

Definition 2.11 If p: T — R is regressive and right-dense continuous, then the exponential function is defined

by

ep(t,s) = exp(/ Log(1 Z(/j_()T)p(T))AT)

fort,seT.
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Remark 2.2 Consider the dynamic initial value problem

2 = p(t)zx, x(ty) = xo,

where tog € T and p € R. Then x(t,to, x0) = xoep(t, to) is the unique solution to this initial value problem.

The following induction principle [3, 2] is sometimes useful for analyzing equations on a time scale T.

Theorem 2.1 (Induction principle) Let to € T and assume that
[A(t) : t € [to,50)}
18 a family of statements satisfying the following:
i) The statement A(tg) is true.
it) If t € [tg,00) is right-scattered and A(t) is true, then A(o(t)) is also true.

iii) If t € [to,00) is right-dense and A(t) is true, then there is a neighborhood U of t such that A(s) is true
for all se UN(t 00).

i) If t € (tg,00) is left-dense and A(s) is true for all s € [to,t), then A(t) is true.

Then A(t) is true for all t € [tp, 00).

Proof See [3, 2]. O

Theorem 2.2 (Gronwall’s inequality). Let y, f € C.q and p e R*, p>0. Then

y(t) < f(¢) Jr/t y(T)p(T)AT for all t € T
implies
y(t) < f(t) —|—/t ep(t, o (7)) f(T)p(T)AT for all t € T.

Proof See [3, 2]. O

Corollary 2.1 Let y€ C,q, pERT, p>0 and a €R. Then

¢
y(t) <« +/ y(r)p(T)At for all t €T

to

implies

y(t) < aep(t,to) forall t € T.



YAKAR and OGUR/Turk J Math

Proof See [3, 2]. O

We will consider the dynamic system

2 = f(t,x) x(to) = xo, (1)

where f € Cq[T x S(p),R"], S(p) = {x € R" : ||z|| < p} where p > 0. Here ||z| denotes any n-dimensional
norm of the vector x. Generally, the bound p will be considered finite. Once we consider the instability of
solution of the dynamic equation, we let p be infinite. In that case, the solutions are unbounded and therefore
the region under consideration must hold them.

In addition to dynamical system (1), we also consider the associated perturbed dynamical system with

different initial conditions
y® = f(ty) + R(ty)  y(r0) = o, (2)
where R € C,4[T x S(p),R"] is called the perturbation term.
We assume that f, R € C.4[T x S(p),R"] are smooth enough to guarantee the existence, uniqueness,
and rd-continuous dependence of solutions of (1) and (2).

In the course of the investigation, we need the following class of functions.

Definition 2.12 A function ¢(r) is said to be class K if ¢ € Crq[T,Ry], ©(0) =0, ¢(r) = 0o as r — oo,

and @(r) 1is strictly monotone increasing in .

Definition 2.13 A function V(t,x) € Crq[T x S(p),R4] is said to be positive definite if there exists a function
p € K such that
V(t,z) = e(llzll)  for (t,x) € T x S(p).

Definition 2.14 For a real valued function V (t,z) € Cq[Tx S(p), Ry ] we define the Dini derivative as follows:
for a given € > 0 there exists a neighborhood N, of t € T such that

V(e@®),z(a(t)) =V (s,z(a(t)) =(a(t) =s) f(t,z(¢)))

o(t)—s

<DTVA(t,z)+e, sEN, s>t

for (t,xz) € T x S(p).

In case t € T is right-scattered and V (t,x(t)) is continuous at t, we have

V(a(t),z(a(t)) = V(t,z(t))
w(t)

DTVA(t,z(t)) =

where p(t) = o(t) —t. Alternatively, one can define

DV tn) e e V00 4 05 2(0) = Vs, 2(0)
’ ‘ s—t,s#£o(t) O'(t) — 8

b

u(t) =o(t) —t.

Considering the dynamical systems (1) and (2), for V (¢, 2) € C4[TxS(p), R], we define the Dini-like derivative
with respect to systems (1) and (2).
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Definition 2.15 Let V € C4[T x S(p),R], V(t,u) is locally Lipschitzian in u.

DA ) i Timsp VOO0 O u(t)im) — Vs, )
Y s—t,55%0(t) o(t)—s

for (t,u,m) € T x S(p) x R, where u(t) = o(t) —t, u(t,70,u0) = y(t,70,y0) — x(t — N, to,x0) for t > 19, and
[t ult)in) = ftult) + 2t —n)) + R, u(t) + 2t —n)) — f(t —n,z(t —n)).

We now give the definitions of stability. These definitions identify the possible behavior for solution of
perturbed dynamic system (2).

Definition 2.16 The solutions of the perturbed dynamic system (2) are said to be stable with respect to

unperturbed dynamic system (1) with initial time difference if, given any € > 0 and 79 € T, there exist

0(e,79) >0 and 5(6,7'0) > 0 such that ||yo — xol| <d and n< B implies

||y(ta7—07 yO) - .T(t - 777t07 mO)” <e

for t > 19, for every solution y(t,7o,yo) of the perturbed dynamic system (2), where n =19 —tg > 0.

Definition 2.17 The solutions of perturbed dynamic system (2) are said to be asymptotically stable with respect

to unperturbed dynamic system (1) with initial time difference if they are stable with respect to equation (1)
with initial time difference and if, given any € > 0 and 79 € T, there exist do(19) > 0, do(70) > 0 and

T =T(e,m0) > 0 such that ||yo — xol| < do and 1 < dg implies

||y(ta7—0a ZUO) - .Z'(t - n’t07 xo)” <e€

for t > 19+ T, for every solution y(t,70,y0) of perturbed dynamic system (2).

Definition 2.18 The solutions of perturbed dynamic system (2) are said to be unstable with respect to unper-
turbed dynamic system (1) with initial time difference if they are not stable with respect to unperturbed dynamic

system (1) with initial time difference.

Definition 2.16 and Definition 2.17 are equivalent to the statement that all solutions of perturbed dynamic
system (2) that start sufficiently close to the initial conditions of the unperturbed solution respectively remain
close to it or eventually approach it. Definition 2.18 requires that for each solution of the unperturbed equation
(1), a solution of the perturbed equation (2) can be found that starts arbitrarily close to the unperturbed solution
and eventually diverges from it.

We stress that all of the above definitions are independent of the behavior of the solutions of the unper-
turbed dynamic system. Indeed, we particularly show that the equilibria of the original dynamic equations may
be stable, asymptotically stable, or even unstable. We illustrate these situations as follows on different time
scales.

Example 2.1 Let T = Z. Consider the dynamic equation

2 =NAr=c x(tg) = g



YAKAR and OGUR/Turk J Math

where ¢ is any constant, whose solution is given by x(t,tg,xo) = xo + c(t — to), which is unstable.

In addition, consider the associated perturbed equation
Ay=c+g(t+1)  y(m0) = o,

where {g(t)} is any sequence for which Y. g(t) = 0. The corresponding solution is then given by y(t, 7o, yo) =
yo + c(t — 70) + Z};:TO g(k). Then the difference is
t
y(ta’rOvyO) - IE(t - nathxO) =%Yo — To + Z g(k)a

k}:‘[‘[)

which can be made arbitrarily small. Therefore, the solution of the perturbed equation is stable with respect to

the unperturbed equation with initial time difference.

Example 2.2 Let T =R. Consider the dynamic equation

2 =2 = —azx x(to) = wo,

where a > 0, whose asymptotically stable solution is given by

x(t,to, o) = zpet—to)

Further, consider the associated perturbed equation

Yy =—(a+b)y y(70) = ¥o,

a+b)(t—To

whose solution is y(t, 70, y0) = yoe*( ). As a consequence,

y(t7 70, yo) - J}(t -1, t07 xO) = eia(tiTO)[yoeib(tiTO) - .130].

o If b > —a, this difference approaches 0 as t — oo and thus the perturbed solutions are asymptotically
stable with respect to the unperturbed equation with ITD.

o If b < —a, then the perturbed solutions are unstable with respect to the unperturbed equation with ITD.
e If b= —a, then the perturbed solutions are stable with respect to the unperturbed equation with ITD.
3. Main results

In this section, we prove some theorems about stability properties of solutions of a perturbed dynamic system.
First of all, we prove the comparison result in terms of Lyapunov-like functions.

Theorem 3.1 Assume that:

i) V € Cry[T x S(p),Ry], V(¢t,u) is locally Lipschitzian in u and
DIV (tum) < g(t,V(t,u),n),  for (t,u,m) € T x S(p) xR,

where u = u(t) = y(t, 70,y0) — x(t —n,t0,70), N =70 —tog >0, g € Cpq[T x R, R, ];
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ii) the mazimal solution r(t, 7o, wo,n) of w™ = g(t,w,n) w(rg) = wo > 0 exists for t > 19 > 0;
iii) g(t,w,n)u(t) is nondecreasing in w € R for each n € R* and t € T.
Then V(10,90 — o) < wo implies

V(t>y(t77—0ay0) - l'(t - natO;mo)) S T(t7T0,U)()7'I’}), t 2 T0, tyTO eT.

Proof
Set u(t) = y(t, 70,y0) — x(t — n,to, zo) for t > 19 so that u(r) = yo — xo and

u®(t) = f(t,y(t, 70,90)) + R(t,y(t, 70, 90)) — f(t — n,x(t — n,to, o))
f(t’u(t) + x(t - 77at0a330)) + R(tvu(t) + x(t - W7t07330)) - f(t - J)(t - 7777507370))

}/(t7 u(t)a 77)7 for ¢ Z T0-

We apply the induction principle to the statement
A(t) : V(tvu(thOa UO)) < r(tv’rvaOvn)v t> 70, thO eT.
(I) Let t = 79. Since V(79,y0 — o) < wp, it follows that A(rp) is true.

(IT) Let t be right-scattered and A(t) is true. We shall show that A(c(t)) is true. Set m(t) = V(¢,u(t)).

Then, using the definition of the derivative for a right-scattered point, we have the inequality

m(o(t)) —r(a(t)) = (Drm®(t) —r2())p(t) + (m(t) - r(t))
< (g(t,m(t)) — g(t, () u(t) + (m(t) —r(t)).

Then, since A(t) is true, by assumption (iii) it follows that
mla(t)) - r(o() <.

In view of the fact that

we see that A(co(t)) is true.

(IT1) Let ¢ be right-dense and U be a neighborhood of ¢. Assume that A(t) is true. We need to show that
A(s) is true for s > t, s € U. Since the right neighborhood of ¢ is an interval, we consider it as in

continuous case. Therefore, let h be a positive number.

m(s+h)—m(s) = V(s+hyu(s+h)) —V(s+h,u(s)+ h}(s, u(s);n))
TV (s + hyu(s) + hf(s,u(s);m) — V(s u(s))
= V(s+ hyu(s) + hf(s,u(s);n) + he(h)) — V(s + hyu(s) + hf(s, u(s);n))

V(s + hyu(s) + Bf (s, u(s)im) — V(s, u(s))
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Since V' is locally Lipschitzian in v and L > 0 is the Lipschitz constant and e is the error term, we have

V(s + hyu(s) + hf(s,u(s);n) — Vs, u(s))

Dtm®(s) < lim Llle(h)||+ limsup
( ) h—0t H ( )” h—0%,s+heT h
= DTV2(s,u(s)).
< g(s,m(s))

Since A(t) is true, by Theorem 3.1.1 in [9] we obtain that
m(s) = V(S,U(S,T07UO)) < T(S7T07w07"7)) for s >t sc U.
(IV) Let t be left-dense and A(s) is true for s < t. We need to show that A(t) is true. This follows by
rd-continuity of V(t,u) and r(¢).
Thus, by induction principle, we conclude that

V(t,u(t,TO,’U,O)) S T(t77-07w0777)? te Tv t Z T0-

Remark 3.1 If the inequality (i) is reversed and V (7o, y0 —xo) > wo, then we have to replace the conclusion by
V(t,u(t, 0, u0)) > re(t, 70, wo,m), t €T, t > 10, where ry(t, 10, wo,n) is the minimal solution of the comparison

equation.

The following theorem ensures both that the function V(¢,y(t) — x(t — 1)) remains well defined and that the
difference y(t, 70,y0) — x(t — 1, to, zo) of the solution of the perturbed dynamic system (2) with shifted solution

of the original unperturbed dynamic system (1) remains on S(p).

Theorem 3.2 Assume that

i) f € Cpg[T x R™,R"] s Lipschitzian in time and space such that
I[f (&, u(t, 70, uo) + 2(t — n,t0, o)) — f(t — n, x(t — 1,0, x0))[| < L(t)||lu(®)[| + N(t)n
where u(t, 70, u0) = y(t,70,y0) — x(t — 1, to,xg) for t > 70, ug =yo — o and N =19 —tog > 0;
i) L(t) € RY, L(t) >0 and N(t) >0 for t € T;

11) The perturbation term R(t satisfies ||R(t < allh(t or sufficiently small positive constant a and
) p Y Y Y p

for some function h(t) that is absolutely integrable on [19,00)N'T, where ||| is the n-dimensional vector
norm;

iv) There exist constants My, My, and Ms such that

¢ ¢ ¢
/ L(s)As < My, / N(s)As < My, / [h(s)]|As < Ms, for t > 9.

0
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Then
ly(t, 70, 90) — x(t — 0, to, zo)|| < p for all t > 7o
provided that yo and 1y are chosen sufficiently close to xo and tq, respectively.

Proof We have

y(t,70,90) = o + / F(s,9(s) s + / R(s,y(s))As

0

and
t

x(t—n,to,xo)=x0+/ fls—n,z2(s —n))As.

7o

As a consequence,
t
ly(t, 70, y0) — 2(t = n,t0, z0)[| < [lyo — 0| +/ [1R(s,y(s))l|As
70
t
+/ ||f(53y(577_03y0)) - f(S - 77793(5 - 777t07:170))HAS
70

t t
< llyo — o]l +a / Ih(s) | A5 + 7 / N(s)As
To

70

+ / L(s)ly(s) — (s — )| s

0

t
< llyo — @oll + aMsz + 1Mz + / L(s)lly(s) = z(s = n)[|Ds,

70

where || - || is the n-dimensional vector norm.

Set m(t) = |ly(t) — xz(t —n)|| and A = |lyo — 2ol + aM3 +nM;. Then

t

m(t) < A+/ L(s)m(s)As.

To

Then, by Corollary 2.1, we obtain the following inequality:

ly(#) = (t — )| < Aexp( / Log(1+ p(s)L(s)) 1

7o p(s)

< Aexp(/ L(s)As)

0

< Aexp(My),

which can be made smaller than any given p by choosing the constant a sufficiently small and by choosing yo

and 7y sufficiently close to x¢ and ¢, respectively. O

10
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Theorem 3.3 Assume that:

i) Ve Cuq[T x S(p),Ry], V(t,u) is locally Lipschitzian in u and
DTVA(tu,n) < g(t,V(t,u),n), for (t,u,n) €T x S(p) x R
where u = u(t) = y(t, 70,y0) — x(t —n,to,w0), n =70 —to >0, g € C.y[T x R R,];
ii) g(t,w,n)u(t) is nondecreasing in w € R for each n € RT and t € T;
iii) There exists a function b € K such that

V(t,u) 2 b(llull)  for (t,u) € T x S(p);

i) The mazimal solution 7(t, 7o, wo,n) of w™ = g(t,w,n) w(ro) = wo >0 exists for t > 79 > 0;
v) The scalar equation w™ = g(t,w,n) w(m) =wo >0 t >y, t,70 €T is stable.

The solutions of the perturbed dynamic system are then stable with respect to the unperturbed dynamic system
with ITD, provided that

ly(t: 70, 90) — x(t = n,t0,z0)|| < p for allt = 10,
where x(t,tg, xz0) and y(t,70,y0) are solutions of (1) and (2), respectively.

Proof Let 0 < e < p and 79 € T be given. Since the scalar dynamic equation is equistable, we have for a
given b(e) > 0 that there exists a d; = d1(¢,79) > 0 and 5 = g(e,To) > 0 such that
wy < 6 and ) < 5 implies w(¢, 70, wo,n) < b(e) for t > 7. (3)

Choose wg = V (70,Y0 — x0). Since V(t,u) is rd-continuous and V'(¢,0) = 0, it is possible to find a positive

function 6 = 6(e,79) that is rd-continuous in 7y for each e > 0, satisfying the inequalities
lyo — zoll <9, V(70,y0 — o) < &1

simultaneously. We claim that
llyo — zo|| < 8 and n < § implies ||y(¢, 70,y0) — z(t — 1, to, x0)|| < € for t > 79.

Suppose that this is not true. Then there would exist a solution y(t,79,y0) of (2) with |lyo — xo|| <, n < §
and t; > 79 such that

ly(t1,70,90) — z(t1 — n,to, zo)ll = €, [[y(t,70,90) — x(t — n,to, w0)|| <€, fort € [ro,t1]. (4)
The choice wg = V(19,90 — xp) and condition (i) give, as a consequence of Theorem 3.1, the estimate
V(ta y(t,To,yo) - :L’(t - nvtOer)) < T(t»TmU/o»n), te [TO»tl]v (5)

where r(t, 19, wo,n) is the maximal solution of the comparison equation. Then condition (iii) and the relations
(3), (4), and (5) lead to the contradiction

be) < V(t1,y(t1,m0,y0) — z(tr — 1,0, z0)) < r(t1, 70, wo,7m) < b(e).

11
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This proves that the solutions of the perturbed system are stable with respect to the unperturbed system with
1TD. O

Theorem 3.4 Let assumptions (i)-(iv) of Theorem 3.3 be satisfied. If
v* ) The scalar equation w” = g(t,w,n) w(rg) =wo >0 t > 19, t,79 €T is asymptotically stable,

then the solutions of the perturbed dynamic system are asymptotically stable with respect to the unperturbed

dynamic system with ITD, provided that
||y(ta7—07 ZUO) - 'T(t - th xO)” S 14 fOT allt 2 70,

where x(t,tg, xo) and y(t,70,y0) are solutions of (1) and (2), respectively.

Proof Since the scalar system is asymptotically stable, it is also stable. Hence, by Theorem 3.3, the solution
of the perturbed system is stable with respect to the unperturbed system with ITD. Therefore, we can choose

that e = p > 0, do = do(p,70) > 0 and (% = (SNo(p,TO) > 0 such that

[vo — @oll < do and n < &y implies ||y(t,70,y0) — z(t — n,t0, z0)|| < p fort > 0. (6)

To prove quasiasymptotic stability, let 0 < € < p and 79 € T be given. Then it follows from the quasiasymptotic

stability of the scalar equation that, given b(¢) > 0, 79 € T, there exist positive numbers §; = d;1(7),

5~1 = 6~1(TO), and T = T'(e, 19) such that

wy < 6 and 7 < 5~1 implies w(t, 79, wo, n) < b(e) for t > 79+ T. (7)

Since V(t,u) is rd-continuous and V(¢,0) = 0, we can find a positive number do = (€, 1) satisfying the
inequalities

lyo — ol < d2, V(70,90 — x0) < 1

simultaneously. The choice wy = V(79,40 — o), assumption (I), and relation (6) give, as a consequence of

Theorem 3.1, the estimate

V(t7y(t77—07y0) - .’L'(t - 777t0; 1’0)) S T(t77—03w07n) for ¢ 2 T0- (8)

Set § = min{dy, d2} and g = min{(%, 5:} Suppose that there exists a sequence {tx} € T, t;, > 10+ T, tp = 0
as k — oo and a solution y(t, 7, yo) of perturbed system with ||yo — xo|| < ¢ and |n| < & such that
y(tks 70, 90) — 2(te — m,to, z0)|| = €.
This leads to the contradiction
b(e) < V(tg, y(tr, T0,Y0) — z(tx — 0,0, 20)) < r(tk, 70, wo,n) < b(e)

because of (6), (7), (8), and (iii). Thus, the solutions of the perturbed system are asymptotically stable with
respect to the unperturbed system with ITD. O
Finally, we conclude this section with a criterion for the solution of the perturbed dynamic system (2) to

be unstable with respect to the original unperturbed dynamic system (1) with I'TD.

12
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Theorem 3.5 Assume that there exist functions V (t,u) and g(t,w,n) satisfying the following properties:

i) V € Ca[G,Ry], V(t,u) is locally Lipschitzian in uw on G, V(t,u) =0 for all (t,u) € G — G and V(t,u)
is positive and bounded on G, where G C T x S(p) is some open set such that G has at least 1 boundary
point (T,0), T > 0;

“) D+VA(t7ua77) > g(t,V(t,U),n) > 07 fO?" (taua 77) €G XRa where u = U(t) = y(taT07y0) _x(t_n7t07x0)7
n=10—1t >0, g€ Cy[T xR2 R,]|;

i) g(t,w,n)u(t) is nondecreasing in w € R for each n € R and t € T;

iv) For 19 > T, the solutions w(t, o, wo,n) of the comparison equation, for arbitrarily small wy > 0, are

either unbounded or indeterminate, for t > 1.

Then the solutions of the perturbed dynamic system are unstable with respect to the unperturbed dynamic system
with ITD.
Proof Let z(t,t9,z9) be any solution of the unperturbed dynamic system. Choose a point (79, y0 — o) in
the vicinity of (7,0). Consider the solution y(t, 79, yo) of the perturbed system. Then the Lipschitzian nature
of V(t,u) and condition (ii) yield

V(t,y(t,70,90) — x(t —n,t0,20)) = V(70,90 — o) = wo >0 9)
for all ¢ > 0, for which (t,y(t,70,y0) — z(t — 1, t0,70)) € G. Since V(t,u) =0 for all (t,u) € G — G, it follows
from (9) that (¢, y(t,70,%0) — z(t — n,to, o)) € G for t > 19. Moreover, we also have

DFYVA(t,y(t) — x(t —n)) > g(t, V(t,y(t) — x(t —n)),n),

which, in view of Remark 3.1, implies that

V(t,y(t) —z(t —n)) = p(t, 70, w0,m) t =70 (10)

where p(t, 79, wp,n) is the minimal solution of the comparison equation. Since V' (¢,u) is bounded by assump-
tion, estimate (10) leads to an absurdity, if we assume that the solutions of the perturbed dynamic system are

stable with respect to the unperturbed system with I'TD. This proves the theorem. O

4. Application

In this section we give an example that illustrates the main results.

Example 4.1 Consider the following dynamic equation:

8=z x(to) = zo.

Further, consider the related perturbed equation with different initial conditions:

y® =—y+exp(—t)  y(70) = o

We claim that this example satisfies the conditions of Theorem 3.3 and Theorem 3.4.

13
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Proof Choose V(z) =2? and b(r) = é Then

Ftul);m) = f(tult) + @t — ) + Rt u(t) +x(t —n)) — f(t —n,2(t —n))
= —u(t) = a(t — ) + exp(~t) — (—(t — 1))
= —u(t) + exp(—t)
and

~

Vitum) = 2uf(tu(®)in) + p) £t u(t)in)’
2u(—u + exp(—t)) + p(t)(—u + exp(—t))?

—2u? 4 2uexp(—t) + p(t)(u? — 2uexp(—t) + exp(—2t))
= (p(t) = 2)u* + 2u(exp(—t) — p(t) exp(—t)) + u(t) exp(—2t)
< (p(t) = 1)u? + (exp(—t) — u(t) exp(—1))* + p(t) exp(—21),
where we have made use of Young’s inequality. Thus, we obtain the comparison equation as follows:

wA = g(t,wﬂ?)» ’U.)(To) = Wo,

where g(t,w,n) = (u(t) — 1w + (exp(—t) — () exp(—t))? + p(t) exp(~2t).
Case 1: Let T =R. Then the comparison equation reduces to

w = —w+exp(—2t), w(7g) = wo,

which has solution w(t, 79, wg) = wo exp(7p — t) + exp(—79 — t) — exp(—2t). Thus, by Theorem 3.4, solu-
tions of perturbed dynamic equations are asymptotically stable with respect to the original unperturbed
dynamic equation.

Case 2: Let T = N. Then the comparison equation reduces to

Aw = exp(—2n), w(7g) = wo

wn+1) = w(n)+ exp(—2n), w(T9) = wo,

which has solution w(n, 19, wo) = wo + Zz;io exp(—2n). Thus, by Theorem 3.3, solutions of perturbed

dynamic equations are stable with respect to the original unperturbed dynamic equation.

5. Concluding remarks

In this paper, we develop a new approach to determine behavior of solutions of a perturbed dynamic system
relative to an original unperturbed dynamic system, which have different initial times on arbitrary time scales.
We give some stability properties.

It is obvious that the notions introduced here can be extended to also include all of the various refinements
of the stability properties, such as uniform stability with ITD, uniform asymptotic stability with ITD, and so

forth.
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