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Abstract: In this paper, we present some lower bounds and upper bounds on the arithmetical rank of the edge ideals
of some n-cyclic graphs with a common edge. For some special n-cyclic graphs with a common edge, we prove that the

arithmetical rank equals the projective dimension of the corresponding quotient ring.
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1. Introduction

Let R be a Noetherian commutative ring with identity and I a proper ideal of R. The arithmetical rank (ara)
of T is defined as the minimal number s of elements ay,...,as of R such that the ideal (ay,...,as) has the
same radical as I. In this case we will say that ai,...,as generate I up to radical. In general ht (I) < ara(I).
If equality holds, I is called a set-theoretic complete intersection.

We consider the case where R is a polynomial ring over any field K and I is the edge ideal of a graph
whose vertices are the indeterminates. The set of its generators is formed by the products of the pairs of
indeterminates that form the edges of the graph. Thus, [ is generated by square-free quadratic monomials and
is therefore a radical ideal. The problem of the arithmetical rank of edge ideals or monomial ideals has been
intensively studied by many authors over the past 3 decades (see [1, 2, 3, 5, 8, 10]).

According to a well-known result by Lyubeznik [9], if I is a square-free monomial ideal, the projective
dimension of the quotient ring R/I, denoted pdr (R/I), provides a lower bound on the arithmetical rank of
I. We define the big height of I, denoted bight (I), as the maximum height of the minimal prime ideals of I.

In general, we have that

ht (I) < bight (1) < pd g (R/T) < ara(I) < (1),

where the second inequality on the left is due to Morey and Villarreal [11] and p(I) is the minimum number
of generators of the ideal I. If I is not unmixed, then I is not a set-theoretic complete intersection, but it
could still be true that bight (I) = pdr (R/I) = ara(I). This equality has been respectively established for the
edge ideals of forests by Barile [I] and Kimura and Terai [8]. A weaker condition is the equality between the
arithmetical rank and the projective dimension. This is the case for all cyclic and bicyclic graphs (see [3]) and
for the graphs consisting of paths and cycles with a common vertex (see [7]). In all these cases, the arithmetical
rank is independent of the field K .

*Correspondence: zhuguangjun@suda.edu.cn
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The computation of the arithmetical rank of the edge ideal of a graph is still an open problem. In this
paper, we consider the class of some n-cyclic graphs with a common edge and give some lower bounds and
upper bounds on the arithmetical rank of the edge ideals of these graphs. For some special n-cyclic graphs with
a common edge, we also prove that the arithmetical rank equals the projective dimension of the corresponding
quotient ring.

2. Preliminaries
We first recall some definitions and basic facts about graphs and their edge ideals in order to make this paper

self-contained. However, for more details on the notions, we refer the reader to [4, 6, 13].

Definition 2.1 A finite graph G is an ordered pair G = (V(G), E(G)) where V(G) = {z1,...,z,} is the set
of vertices of G, and E(QG) is a collection of 2-element subsets of V(G), usually called the edges of G.

Definition 2.2 Let G; = (V(G;), E(G;)) be some graphs with vertex set V(G;) and edge set E(G;), for
i=1,...,k. The union of the graphs G1,Ga,...,Gy, written Gy UGy U ---U Gy, is the graph with vertex set
k k

U V(G;) and edge set |J E(G;).

i=1 i=1

Definition 2.3 Let G = (V(G), E(G)) be a graph. A walk of length m in G is an alternating sequence of
vertices and edges w = {x1,Y1,%2,y .-, Tm, Ym, Tm+1}, where y; = {x;, 2,11} is the edge joining x; and x;y1.
If 1 = @y, we call this walk closed. A walk may also be denoted {x1,...,Zmy1}, the edges being evident
from the context.

A cycle of length m (m > 3) is a closed walk in which the vertices x1,...,x,, are distinct. We denote

by Cp, the graph consisting of a cycle with m vertices.

Definition 2.4 A graph G is called an n-cyclic graph with a common edge if G is a graph consisting of

n cycles 037«1,...,037~k1 , Casyti,-- .7C3Sk2+1 , Csty42, .. .7C3tk3+2 connected through a common edge, where

k1—|—k2—|—k3:n.

Definition 2.5 Let G be a graph with vertex set V(G) = {x1,...,2,}, with n € N, n > 1, and whose edge set
is E(G). Suppose that x1,...,x, are indeterminates over the field K. The edge ideal of G in the polynomial

ring R = Klx1,...,x,] is the squarefree monomial ideal
I(G) = ({miz; [{zi, 2} € B(G)}).
For the sake of simplicity, we will use the same notation x;x; for the monomial and for the corresponding edge.

Throughout the paper, we let G be an n-cyclic graph with a common edge consisting of the union of

n cycles Csp,..., C’gml , Casyt1y- -y 035k2+1 , Cst49,. -0, C3tk3 +2 connected through a common edge x;x2,
where ki + ko + k3 = n. We consider the following labeling for the edges of G':

E(Csy, i) ={z122, 22234, ..., T3p, 521} forall 1 <i<ky and rq >ro > - > 1y,

E(Css,41,i) = {1272, 22Y3,4, - - ., Y3s;+1,ix1} for all 1 <i < ks and s1 > s9 > -+ > g, ,

E(Cst,42,) = {122, 22234, ..., 23t,42,%1) for all 1 <i<kg and ¢4 >tg > -+ > ty,.

Let K be any field and R = K[z1,%2,231,. .. s T3 s Tk s T3 ks Y3 YBsi A1 s YB ks
YBsi, +1,ky > 28,1+ o 231, 42,15+ - o5 By s+ o5 23y, +2,k3] be the polynomial ring.
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Example 2.6 The following graph G is a 4-cyclic graph consisting of the union of 4 cycles Cy, C5, Cgs, and
C7 with a common edge x5 .

Yoo Yro Le.q

Ysa
Figure

The edge ideal of G is I(G) = (331562,9623?3,1,!103,13?4,1,!E4,1$5,1,$5,1$6,1,£E6,1$U1,562y3,17y3,1y4,1,y4,1$1,$2y3,27

Y3,2Y4,2,Y4,2Y5.2, Y5,2Y6,2, Y6,2Y7,2, Y7,2T1, L2231, £3,124,1, 24,1251, 25,1361) .

Definition 2.7 Let G = (V(G), E(G)) be a graph. A vertex cover for G is a subset S of V(G) that intersects
every edge of G. If S is a minimal element (under inclusion) of the set of vertex covers of G, it is called a

minimal vertex cover.

Remark 2.8 [t is well known that the minimal primes of I(G) in R are the ideals generated by the minimal

vertex covers of G. Hence, for any minimal vertex cover S of G, we have
S| < bight (I(G)).

We can easily find the minimal vertex covers for the cycle graph C,, on the vertex set {z1,...,Zm}.
Note that a subset S of V(C,,) is a minimal vertex cover for C,, if and only if at least 1 and at most 2 of z;,
Zit1, and xz;4o belong to S for every ¢ € {1,...,m — 2}.

If m = 3r, then a minimal vertex cover of C,, is

S ={xq,x3,25, %6, ..., T3r—4,T3r—3,T3r—1, T3}, where |S| = 2r.

If m = 3s+ 1, then a minimal vertex cover of C,, is

S = {2, 23,25, %6, ..., 354, T35-3,L35—1, L3541}, Where |S| = 2s.

If m = 3t + 2, then a minimal vertex cover of C,, is
S = {3, 23,5, %¢,..., 2311, T3¢, L3112}, where S| =2t+1.

By [3, Theorem 2], we obtain that the cardinalities of these minimal vertex covers are all maximum.

3. Main results
In this section, we present some lower bounds on bight (I(G)) and some upper bounds on ara (I(G)) of the
edge ideals I(G) of some n-cyclic graphs G with a common edge.

The following useful technique that provides an upper bound for the arithmetical rank of some ideals is

a result due to Schmitt and Vogel [12].
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Lemma 3.1 [12, p. 249] Let P be a finite subset of elements of R. Let Py, ..., P. be subsets of P such that
(Z) U P =P;
i=0

(i) Py has exactly one element;

(i1i) if p and p’' are different elements of P;(0 < i < r), then there is an integer i with 0 <4’ < i and
an element in Py that divides pp’ .

We set ¢; = . p°P), where e(p) > 1 are arbitrary integers. We will write (P) for the ideal of R generated
pPEP;

by the elements of P. Then we get

(P): \/(qu-wQ'r)'

In particular, ara (P)) <r+1.

In the construction given in the above lemma, if we take all exponents e(p) = 1, then g, ..., ¢, are sums

of generators.

The following lemma can be used for computing the arithmetical rank of some monomial ideals.

Lemma 3.2 Let qo,q11, 12, G21,q22 € R be such that qo|qi1q22, g21|q11¢12, and qi2|g21g22. Set 1 = qu1 + qu2
and qa = qo1 + qo2. Then

V(20,q1,2) = (90, q11, Q12+ 421, G22)-

Proof It suffices to show that qi1,q12, 421,922 € v/(q0,q1,92). Let a,b € R be such that q11g22 = ago and
q11q12 = bga1, and then

¢ = aiqn +a2) — G2 = @ (@1 + q12) — qu1bga
= qgl(fhl + q12) — bg11(g21 + g22) + bqr1G22

= ¢} (qi1 + q12) — bar1(ge1 + go2) + bago

= ¢} q1 — bgr1g2 + bago € \/(qo, q1,q2)-

This shows that q11 € \/(qo,q1,q2), from which q12 = ¢1 — q11 € \/(q0,41,92). The claim for go1,q22 €
v/ (9o, q1,q2) follows by symmetry. This completes the proof. O
In order to present some lower bounds on bight (1(G)) and some upper bounds on ara (I(G)) of the edge

ideals I(G) of some graphs G, which are the union of some cycles with a common edge, we consider 3 cases,
depending on the residue modulo 3 of the lengths of the cycles. The cases m = 0,1 mod 3 can be settled by
a direct application of Lemma 3.1. The case m = 2 mod 3 is more interesting, since it needs some additional
nontrivial computations on the generators. The idea of this paper is derived from Barile et al. [3]; we consider
3 cases that are treated separately in the following 3 theorems.

First, we consider the case where graph G is the union of some cycles whose lengths are all multiples of
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Theorem 3.3 Let G be a ki -cyclic graph consisting of the union of ki cycles Csy ..., Cgrk with a common
1

edge x1x9. Set qo = w1z, and, forany 1 <j<r;—1, 1 <i<ky, set

Qi = T1T3pr,5 T T2X34,
4250 = X35j41,il3j4+2,i>
Q2j+1,i = X35:iT35+1,i + T3j+42,iT35+3,i-
Then
I(G) = \/(QO7Q1,1, 2 =115 Qe G2y 1k, )-
k}l k'l
In particular, ara(1(G)) = ara (] 1(Cs; ) <1+ > (2r; —1).
i=1 i=1

k1
Proof We show that the assumptions of Lemma 3.1 are fulfilled by the 1+ " (2r; — 1) sets Py, Pi1,...,
i=1

Por —115-- o Prg s ,Pgrkl —1,k, » where, forall 1 < j <2r;—1,1 <7 < ky, P;; is the set of monomials appear-
ing in g; ;. It is straightforward to verify that conditions (i) and (i¢) are satisfied. Forany 1 <j <pr;—1,1<
i < k1, we have that $1$2|(x1$3ri,i)(x2$3,i)7 T3j4+1,iT35+2,i|(T35,i%35+1,i)(T3j42,iT35+3,4) , where T1T3r, i, T2T3,i

are the monomials in Py ;, *3j4+1,:73;j42, is the only monomial in Py;;, and x3;;%35+1,4, ¥3j42,iT3j+3,s are the

k1
monomials in P;11,;. Note that I(G) = > I(Cs, ); hence, the claim is true. O
i=1
Theorem 3.4 Let G be a ki -cyclic graph consisting of the union of ki cycles Cs, ..., Cgrk with a common
1

k
edge x1x2. Then bight(I(G)) > 1+ > (2r; —1).

1

i=1
Proof It is easy to prove that S = {z2, 231,251, %61, - 2 L3r, 4,15, L3r, 3,15, L3r, —1,1, L3r, 1, - - s L3,k1 5 T5.ky 5
L6,y - - s T3r, —4k1> T3r, —3,kys T3r, —1,k1s T3r, _ky + 1s a minimal vertex cover for G. By Remark 2.8, we obtain
1 1 °1 1

that

k] kl

bight (I(G)) > |S| = E 2r;— (ki —1) =1+ E (2r; — 1).
i=1 i=1

As a consequence of the above 2 theorems, we have:

Corollary 3.5 Let G be a graph as in Theorem 3.4. Then
bight (1(G)) = pdg (R/1(G)) = ara (I1(G)).

Now we consider the case where graph G is the union of some cycles whose lengths are all congruent to
1 modulo 3.

The following 2 theorems can be shown by arguments similar to those used for Theorem 3.3, and so we
omit their proofs.
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Theorem 3.6 Let G be a ko-cyclic graph consisting of the union of ke cycles Csg, 41,...

,Cgsk_2+1 with a

common edge x1x2, where s; = 1 for any i € {1,..., ko — 1}. Set qo = x122, @1 = T1Ya1 + T2ys1; for

2<1< ko, set q; = T1Ya,i + T2Y3,i +Y3,i—1Ya,i—1; and, for any 1 < j < s, — 1, set

/
25 =  Y3j+1,k2Y3j+2,k2>

/
G2j41 = Y35,k2Y3j+1,ks T Y3j+2,kaY3j+3,kas

and, finally, q§5k2 = Y3y, kaY3s, +1,ks - Lhen

I(G) = \/(q07q17"'aquaQévqéa"'aqést)'

In particular, ara(I(G)) <1+ ko +2(sk, — 1)+ 1 = ko + 28, .

Theorem 3.7 Let G be a ko-cyclic graph consisting of the union of ko cycles Csgyy1,...

common edge T1To. Set qo = x1x2, and, forany 1 < j<s; —1, 1<i<ky, set

Qi = T1Yssi+1,6 + T2y,
ql2j,z’ = Y3j+1,iY35+2,i»
QQ]'H,Z- = Y3;5,iY3j+1,i T Y35+2,iY35+3,is

9/23,-,' = Y3s;,iY3s;+1,i-

Then
I(G) = \/(qoaqll,l’ c s 1 Ty Bas, k)
ko ko

In particular, ara(I(G)) = ara (Z; I(Css,41)) <1+ 2;:1 Si .

Theorem 3.8 Let G be a ko-cyclic graph consisting of the union of ko cycles Csgyq1, ...

k
common edge x1xo. Then bight(I(G)) =2 — ko + 2 22: Si-
i=1

,Cgsk2+1 with a

,CgstH with a

Proof It is obvious that S = {@2,¥3,1,Y5,1, 6,1, - - - » Y3s1—4,15 Y3s1—3,1, Y3s1—1,15 Y3s1,15 L1, Y4, 25 Y5,2, Y7,2, Y8, 25 - - - »

Y352-2,25 Y350 — 1,25 YBsa 41,25 -+ Yd ko Us ks YT ks Y8 koo -+ Uss, —~2ka» U3s, —1.k2>Y3s, +1k} 1S & minimal vertex

cover for G. By Remark 2.8, we can obtain that

kz k2
bight (I(G)) > [S] =251 + 250+ Y [2(si = 1) +1] =2—ka +2) _s;.

=3 i=1

ko
Now we prove that bight (I(G)) < 2—ka+2 > s;. This is equivalent to showing that the cardinality of

=1
ko

any minimal vertex cover S of G is at most 2—ko+2 > s,. Foreach i € {1,...,ka2}, set S; = SNV (Css,41).

i=1
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As z1x5 is the edge of Css, 41, by Definition 2.7, we obtain that at least one of z; and z3 belong to 5;, and

that S; is either a minimal vertex cover S; of Cs,+1 or becomes a minimal cover S; after removing x; or

2. The vertex to be removed certainly belongs to Sj for some j, or otherwise S would not be minimal. This

shows that S is the union of the sets S;. By the characterization of minimal vertex covers given below Remark

2.8, we obtain that S; at most contain 2s; elements, one of which is x; or 5. We distinguish the following
cases: (1) If 1 € S; and a2 ¢ S; for all 1 < i < ko, or 22 € S; and x1 ¢ S; for all 1 < i < ky. These two

cases can be shown by similar arguments, so we only consider the case x; € S; and 23 ¢ S; for all 1 <i < k.

In this case, we have that
k2
S| <2614 (252 = 1)+ -+ (250, — 1) = > 25 — ko + 1.
i=1

(2) If 1 € S; and x5 € S; for some 4,j € {1,...,k2}, then we get that

|S| S (28171)++(2817171)+281+(281+171)+
“!‘(28]',1 — ].) + 2Sj + (28j+1 - 1) s (25k2 — l)

k2
= ) 28 —ky+2.
i=1

ko
In conclusion, we have that bight (I(G)) < > 2s; — ko + 2.
i=1

As a consequence of Theorems 3.6 and 3.8, we have:

Corollary 3.9 Let G be a ka-cyclic graph consisting of the union of ko cycles Csg 11, ..

common edge x1x2, where s; =1 for any i € {1,...,ka —1}. Then
bight (I1(G)) = pdg (R/1(G)) = ara (I(G)).
As a consequence of Theorems 3.7 and 3.8, we have:
Corollary 3.10 Let G be a graph as in Theorem 3.8. Then
ara (I(G)) — bight (I(G)) < ko — 1.

Then the following open question occurs.

-7035k2 +1 with a

Problem 3.11 Is the upper bound in Corollary 3.10 sharp? In other words, can the upper bound in Corollary

3.10 be improved?

Finally, we consider the case where graph G is the union of some cycles whose lengths are all congruent

to 2 modulo 3.
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Theorem 3.12 Let G be a ksz-cyclic graph consisting of the union of ks cycles Csy,y2,...,Csyy, 42 with a

common edge x1To. Set qo = x1x2, and, forany 1 <j<t; —1, 1<i<ks, set

1
Gi; = ®2235 1 24,i%5,i,
1 _
Qo5 = #3§i%35+1,i T 23j+2,i23j+3,i
1 o
Q2j41,5 = 73j+2,i%3j+3,i T Z3j+4,i%3j+5,i
1
Qot,0 = T123t;+42,0 T 23t;,i%3t+1,i-
Then
— 1 1! 1 1!
1(G) = \/(QO7Q1,1) L TN EEEEE L SRR q2tk3’k3).
ks k3
In particular, ara(I(G)) = ara ()Y I(Cst,42)) <1+2> 1.
i=1 i=1

Proof It suffices to show that I(Cs,+2) can be generated, up to radical, by 2¢; +1 polynomials, one of which
is qo = x172. We consider 2 cases:
(i) If there exists some i € {1,...,k3} such that t; = 1, set qo = @172, qf; = 223 + 24254,

Q5 ; = 23,074, +T125,i; then we get that qol(z223,:)(v125,i), 23,24l (T223:)(24,i25,4) and 2425 |(125:)(23,i24,1) -

Thus, by Lemma 3.2, we have that I(C5) = /(q0.97;,95;) -

(ii) If there exists some 1 < i < k3 with ¢; > 2, then set Ji, i = (g0, 47,5, :)- 1t suffices to show
that I(Cst,42) C \/Tw For all f,g € R, by abuse of notation, we will write f =% g whenever f —g or f+g
belongs to Jy, ;, and f = whenever f — g or f+ g is divisible by q;',i. In this way, f =t g or f =g, 9
assures that f € Jy, ; if and only if g € Jy, ;.

Set
t;—1 t;
o 2 k3 2 k3
Ut = X7 23,42,
SEEPO
Vi =  23,i%4,i%5,i H 2354
j=2
Sti—1
Wt; i = (ZSt,i,iz3ti+1,iz3ti+2,i)
First we prove that
p— —t',
uti,i :qél ) wti,i and vti,i =" wti,i' (1)
t,i
For all t; > 2, we have that
2ti—1 2ti 2t,i—1 t;—1 oti—1 _t;—1 .
Ui = ] 23,40, = (T123t,42,i) Do S (23t;.i%3t:41.0) 234,424 = Wi, i- This proves the first
it

relation in (1).
We prove the second relation by induction on t; > 2. If ¢; = 2, then we have ¢y ; = 2324,i+ 25,1266, 45 ; =

25,i%6,i + 27.4%8,:, S0 that vy; = 2377;2472'2571'22)2» =y, zglzglzgl =y, zglzglzgl = ws,;, which shows that
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V2 =2 wsa ;, i.e. our claim is correct for ¢; = 2. Now suppose that ¢; > 2 and that the claim is true for ¢; — 1.
We have that

t;—2 t;—2
3.2 2 _tlfl 3.2 1
v — (% . ) = w P )
ti,i t;—1,073¢; .4 t;—1,073¢t;,i
t;—2 t;—2 t;—2 _t;—2 t;—2
2" 32" 2" 2" 32"
(Zsr 3,i%3t; -2, %31, 1') 23t i :(ZSt' 3,i%3t; 2') Z -Z ;
§—3,473t;—2,i 73, —1,4 3t;,i i—3,4 73t 2,4 3t;—1,4" 3t;,i
t;—2 _t;—2 t;—2 t;—1 t;—2
— 2" 2" 3.2" 2" 22"
q 3ty —1,473¢t;,1 3t;—1,5" 3t; i 3ty —1,i73¢t;,1 3t;,i
2t;—2,i
t;—1  _t;—1 t;—1
= (z z 222 =(z, .z z 2 =w
_qé/t- » 3t;+1,i73t;+2,i 3t;,i 3t;,173t;4+1,i73t; 42,4 T Myt
— 1

It follows that v, ; =" wy, ;. Note that the symbols g3, ..., qé’(ti_l)_l,i have the same meaning in J;,_;, and
Ji; i - This completes the proof of (1).
Secondly, we show that

t ti+1

o Z%t;+2,i € Ji i (2)

Noting that 1234,42,i24,i25,i | T1231,42,iV¢,,i and T1234,42,i24,i25,0 =,, T123t,+2,i (V2230 + 24,i25,1) € i,

t;  ti+1
we deduce that x123,420¢,,i € Jy, - Thus, (1) will imply that x? Z%ti+2,i = $%Z§ti+2,iuti,i € Ji, . Hence, we

have shown that

T123t,42 € \/Jt;0- (3)
Thus, we get that
288,123t 41,0 = Qag, — T123t+2,0 € /Tt 0. (4)

In general, whenever, for some j € {2,...,t},
234,i%3j+1,i € \/ Jts i (5)
from the fact that Z3j,,‘Z3j+1,i|(Zgj_17i23j,i)(23j+171‘23j+27i), by Lemma 3.1, one deduces that
235-1,i%35,0 € \/Jt,i- (6)
Since z3;-323j-2.i = 5;_o; — #3j—1,i?3j,i, this in turn implies that
23j-3,i23j—2,i € \/Jt; i (7)
Finally, since z3j_3 ;23;-24|(23j—-4,i23j—3,:)(23j—-2.i%3j—1,:) , by Lemma 3.1, we again conclude that
23j-2,i23j—1,i € \/Jt;,i- (8)

Therefore, for all j € {2,...,t}, by (4) and descending induction on h, one can derive that 2y ;2n4+1, € /Jt; .
forall h=3,...,3t;.

In particular, we have that z4 ;25 ; € \/J, 4, which, together with qi; € \/J, i and xazg; = q'l’i7247iz57i,

: /! _ 1
vields 923 € /Ji,,i- Moreover, zs,—1,i23t,0 € \/Jt;is Qor,—15 € V/Jtii and 2341023420 = Qop, 1 —
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Z3t,—1,i%3t,,; imply that zs¢,11,23¢,425 € \/Jr,i - This, together with (3) and 122 = qo € \/ﬂ , shows that
I(Cs¢,42) € \/J,.i, as claimed. -

Theorem 3.13 Let G be a ks-cyclic graph consisting of the union of ks cycles Csi qa,. .., Csyy 42 with a
common edge x1xo. Then bight(I(G)) > 1+ 2 f:lti.

i=
Proof It is obvious that S = {@2, 231, 25,1, 26,15 - + - » 23t, ~1,15 231, ,1, 238, 42,15+ + + » 23,k » 25,k » 6,k5 « + + » Z3tp, —1 ks
23ty ks » Z3thy +2, ks ; 1S a minimal vertex cover for G. By Remark 2.8, we obtain that

k3

k3
bight (I(G)) > S| =Y (2t +1) = (ks —1) =1+2> t;.

=1

As a consequence of the above 2 theorems, we have:

Corollary 3.14 Let G be a graph as in Theorem 3.12. Then
bight (1(G)) = pdy, (R/I(G)) = ara (I(G)).

From Theorems 3.3, 3.7, and 3.12, we can derive an upper bound on ara (I(G)) when G is an n-cyclic
graphs with a common edge. We adopt the following convention: whenever, in a sum, the index runs from 1

to 0, the sum has to be taken equal to zero.

Theorem 3.15 Let G be an n-cyclic graph consisting of the union of n cycles Cspy, ..., Car,, Csig1,..,
035k2+1 , Cst49, ..., Cstk3+2 with a common edge x1x2, where k1 + ko + ks =n.

k1 ko k
Then ara(I(G)) < S0 (2r —1) 425 si 25 t; + 1.

i=1 =1 i=1

Now we present a lower bound on bight (I(G)) of n-cyclic graphs with a common edge.

Theorem 3.16 Let G be an n-cyclic graph consisting of the union of n cycles Cspy...,Csr, s Casi41,-- s

033k2+1 , Cst40,. .., Cgtk3+2 with a common edge x1xs, where ki + ko + ks =n. Then

1+ %1: (273 — 1)
bight (1(G)) > { i
2+ Z (27@ — 1)

7

k}z k'3
+2(@2si—1)+23 ¢ if ko€ {01}

7,k:21 7,k:31

=1 i=1

Proof We distinguish the following cases:
(1) If k2 =0, then it is easy to check that

S = {z2}U{xs1,251,%6.1,--- y X3r —4,1, T3r —3,1, L3r —1,1, 3337«1,1} U---
U{®3, k15 5, k15 T6, ks - - s T3r, —4, k1> T3r, =3, ki L3r, —1, k1> T3r, ko }
U{23,1, 25,1, 26,1, 28,15 - - - » 2361 — 1,1 Z3t1,15 236, 42,1 § U -+
U{23, kg5 25,ks s 26,35 28,k -« - » 23ty —1 ks> Z3t, ks> 23t +2,ks }
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is a minimal vertex cover for G. Thus, by Remark 2.8, we get that

k‘l kg
bight (1(G)) > [S|=1+) (2ri—1)+2> t.
=1 i=1

(2) If k2 =1, then by similar argumentation we obtain that

S = {z2}U{z31,251,%6,1,---, T3r, —4,15 T3r, 73,1,553“71,1,51335,1} U---

U{@3, k1 s T5, ks 6, k1 - - - » T3r 4k T3y =3,k T3r, —1 ks T3, .

k
U{?JB,l»yS,la Y6,15-+-5Y3s1—4,1,Y3s; 3,15 yasl—l,l»y351+1,1}
U{Z3,1, 25,15 26,1y 28,15+ -+ 23t —1,15 Z3ty1,1, Z3t1+2,1} U---
U{23 ks » 25,k » 26,k5> 28,k5» - - - » 23ty —1 ks> 23ty ks» 28, 2,k )}

is a minimal vertex cover for G. Thus, by Remark 2.8, we get that

kl kS

S| =14+> @ri—1)+25 -1+ > 24

=1 i=1

k1 1 ks
LY @2ri—1)+ ) (2si—1)+2> ti.
=1 1 =1

i=

bight (I(G))

Y

(3) Now suppose that ke > 2. It is then obvious that

S = {xo}U{xs1,251,%6,1,-- -, T3r, —4,1,T3r —3,1, L3r —1,1, 11337«1,1} U---

kl}

U{@3, k1 s T5, k1 6, k1 s - - - s T3r, 4, k1> T3r, =3,k T3r, —1, k1> T3r,

U{Z/S,l» Ys5,1,Y6,15- -+ Y3s1—4,1, Y35, —3,1,Y3s1—1,1; y381,1}

U{@1, 4,2, Y5,2, U7,2, 8,25 - - -+ Y3s52—2,2, Y352 —1,25 Y3sp+1,21 U -+

U{y4,k27y5, kos Y7, kas Y8, kay -+ - 7y38k2 -2, k27y38k2 -1, k27y3sk2 +1, kz}
U{23,1, 25,1, 26,1, 28,15 - - - 238, —1,1, 23t1,1, 23¢, 42,1 f U - - -
U{Z?), ks3> 25, ks3> 2:6, ks3> 28, k3o 7ZStk3 —1, ks3> thks L ks Z?’tka +2, k3}

is a minimal vertex cover for G. Thus, by Remark 2.8, we get that

k‘l k2 k3
bight (1(G)) > [S|=1+Y (@ri—1)+> 2si—ka+1+ 2t
i=1 =1 i=1

k1 ko k3
= 24 @ri—1)+> 2si—1)+2> t.
=1 =1 =1

As a consequence of the above 2 theorems, we have:
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Corollary 3.17 Let G be an n-cyclic graph consisting of the union of n cycles Cs;, ..., Csr, and Cyy 19, . .,

C?)tk3+2 with a common edge Tixs, where ki + k3 =n. Then

bight (1(G)) = pdn (R/I(G)) = ara(I(G)).
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