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Abstract: An extension of Nevanlinna value distribution theory for algebroid functions on annuli is proposed. The main

characteristics are one-parameter and possess the same properties as in the classical case. Analogs of the Cartan theorem,

the first fundamental theorem, the second fundamental theorem, deficient values, and the uniqueness of algebroid

functions on annuli are proved.
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1. Introduction

Several problems lead us to study meromorphic functions in multiply connected domains. In particular,

considering the composition f ◦ R , f is transcendental meromorphic in C and a rational function R with

n − 1 distinct poles in C . We obtain a meromorphic function in an n -connected domain. Many authors

have studied meromorphic functions in multiply connected domains and generalized the Nevanlinna theory. In

particular, they have generalized the first fundamental theorem, the second fundamental theorem, and other

important theorems in doubly connected domains [2,3] similar to these theories on plane [4–6,8,9,12,14].

As the extension of meromorphic functions, we have many wonderful achievements on algebroid functions

[7,10,11,13,15–18,20]. Naturally, we have this question: whether these wonderful achievements of algebroid

functions on plane can be generalized to multiply connected domains. We want to answer this question. In this

paper, we mainly study doubly connected domains. By the doubly connected mapping theorem [1] each doubly

connected domain is conformally equivalent to the annulus A(R1, R2) = {z : R1 < |z| < R2}, 0 ≤ R1 < R2 ≤
+∞ . We only consider two cases:

(1) R1 = 0, R2 = +∞

(2) 0 < R1 < R2 < +∞

In the latter case the homothety z 7−→ z√
R1R2

reduces the given domain to the annulus {z : 1
R0

< |z| < R0} ,

where R0 =
√

R2

R1
. Thus, in two cases every annulus is invariant with respect to the inversion z 7−→ 1

z .
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In this paper, we mainly introduce the Nevanlinna characteristics of algebroid functions, study their prop-

erties, and prove the first fundamental theorem, the second fundamental theorem, and the uniqueness theorem

of value distribution theory on annuli.

Let Av(z), Av−1(z), · · · , A0(z) be a group of holomorphic functions that have no common zeros and

define on the annulus A( 1
R0
, R0)(1 < R0 ≤ +∞),

ψ(z,W ) = Av(z)W
v +Av−1(z)W

v−1 + · · ·+A1(z)W +A0(z) = 0. (1.1)

Then the irreducible equation (1.1) defines a v -valued algebroid function on the annulus A( 1
R0
, R0)(1 < R0 ≤

+∞).

The following example illustrates the existence of an algebroid function on the annulus A(R1, R2) = {z :
R1 < |z| < R2}, 0 ≤ R1 < R2 ≤ +∞ .

Example 1 Algebroid function defines on the annulus A(R1, R2) = {z : R1 < |z| < R2}, 0 ≤ R1 < R2 ≤ +∞,

e
1

z−R1
+ 1

z−R2W 2 + z = 0.

Let W (z) be a v -valued algebroid function on the annulus A( 1
R0
, R0)(1 < R0 ≤ +∞) ; we use the

notations:

m(r,W ) =
1

v

v∑
j=1

m(r, wj) =
1

v

v∑
j=1

1

2π

∫ 2π

0

log+ |wj(reiθ)|dθ.

N1(r,W ) =
1

v

∫ 1

1
r

n1(t,W )

t
dt, N2(r,W ) =

1

v

∫ r

1

n2(t,W )

t
dt.

Nx1(r,W ) =
1

v

∫ 1

1
r

nx1(t,W )

t
dt, Nx2(r,W ) =

1

v

∫ r

1

nx2(t,W )

t
dt.

m0(r,W ) = m(r,W ) +m(
1

r
,W )− 2m(1,W ), N0(r,W ) = N1(r,W ) +N2(r,W ),

Nx(r,W ) = Nx1(r,W ) +Nx2(r,W ).

where wj(z)(j = 1, 2 · · · v) is a one-valued branch of W (z) , n1(t,W ) is the counting function of poles of the

function W (z) in {z : t < |z| ≤ 1} and n2(t,W ) is its counting function of poles in {z : 1 < |z| ≤ t} (both

counting multiplicity), and nx1(t,W ) and nx2(t,W ) are the counting function of branch points of the function

W (z) in {z : t < |z| ≤ 1} and {z : 1 < |z| ≤ t} respectively. Nx(r,W ) is the density index of branch point of

W (z) on the annulus A( 1
R0
, R0)(1 < R0 ≤ +∞) .

Let W (z) be an algebroid function on the annulus A( 1
R0
, R0)(1 < R0 ≤ +∞); if there are λ branches of

W (z) that take a( ̸= ∞) as the value in z0 point, then we have the fractional power series,

W (z) = a+ bτ (z − z0)
τ
λ + bτ+1(z − z0)

τ+1
λ + · · · . (1.2)
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n0(r, a) = n0(r,
1

W−a ) =
∑
W=a

τ , where n0(r, a) is the counting function of zeros of W (z) − a on the annulus

A( 1
R0
, R0)(1 < R0 ≤ +∞) (counting multiplicity). If there are λ branches of W (z) that take ∞ as the value

in z0 point, then we have the fractional power series

W (z) = b−τ (z − z0)
− τ

λ + b−τ+1(z − z0)
−τ+1

λ + · · · . (1.3)

n0(r,∞) = n0(r,W ) =
∑
W=∞

τ , where n0(r,∞) is the counting function of poles of W (z) on the annulus

A( 1
R0
, R0)(1 < R0 ≤ +∞) (counting multiplicity). z = z0 is a branch point of λ − 1 degree of W (z) on its

Riemann surface M̃ . nx(r,W ) = Σ(λ− 1) denotes the branch points of W (z) on its Riemann surface on the

annulus A( 1
R0
, R0)(1 < R0 ≤ +∞).

Let W (z) be a v -valued algebroid function determined by (1.1) on the annulus A( 1
R0
, R0)(1 < R0 ≤

+∞), when a ∈ C , n0(r,
1

W−a ) = n0(r,
1

ψ(z,a) ), N0(r,
1

W−a ) = 1
vN0(r,

1
ψ(z,a) ). In particular, when a = 0,

N0(r,
1
W ) = 1

vN0(r,
1
A0

). When a = ∞ , N0(r,W ) = 1
vN0(r,

1
Av

), where n0(r,
1

W−a ) and n0(r,
1

ψ(z,a) ) are the

counting function of zeros of W (z)− a and ψ(z, a) on the annulus A( 1
R0
, R0)(1 < R0 ≤ +∞).

Definition 1 Let W (z) be an algebroid function on the annulus A( 1
R0
, R0)(1 < R0 ≤ +∞) , the function

T0(r,W ) = m0(r,W ) +N0(r,W ), 1 ≤ r < R0

is called the Nevanlinna characteristic of W (z) .

2. Some lemmas

Lemma 1 (2) Let f be a nonconstant meromorphic function on the annulus A( 1
R0
, R0)(1 < R0 ≤ +∞) , then

T0(r, f) = T0(r,
1

f
), T0(r, f(z)) = T0(r, f(

1

z
)),

where 1 ≤ r < R0 .

Lemma 2 (3) (Jensen theorem for meromorphic function on annuli) Let f be a nonconstant meromorphic

function on the annulus A( 1
R0
, R0)(1 < R0 ≤ +∞) , then

N0(r,
1

f
)−N0(r, f) =

1

2π

∫ 2π

0

log |f(reiθ)|dθ + 1

2π

∫ 2π

0

log |f(1
r
eiθ)|dθ − 1

π

∫ 2π

0

log |f(eiθ)|dθ,

where 1 ≤ r < R0 .

Lemma 3 Let W (z) be a v -valued algebroid function determined by (1.1) on the annulus A( 1
R0
, R0)(1 < R0 ≤

+∞) , then

Nx(r,W ) ≤ 2(v − 1)T0(r,W ) +O(1).
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Proof Firstly, we have

nx(r,W ) ≤ n0(r,
1

J(z)
). (2.1)

J(z) = |Av(z)|2(v−1)
∏

1≤j<k≤v

[wj(z) − wk(z)]
2 , J(z) is the discriminant of W (z). According to the higher

algebra, we know it can be written in another form, that is Av(z)J(z) = (−1)
v(v−1)

2 R(ψ,ψW ), R(ψ,ψW ) is the

resultant of ψ(z,W ) and ψW (z,W ). n0(r,
1

J(z) ) denotes the counting function of zeros of J(z) on the annulus,

J(z) can be expressed as the determinant of Av(z), · · ·A0(z), that is

J(z) = (−1)
v(v−1)

2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 Av−1(z) Av−2(z) · · · A0(z) 0 · · · 0
0 Av(z) Av−1(z) · · · A1(z) A0(z) · · · 0
...

...
...

0 0 0 · · · Av(z) Av−1(z) · · · A0(z)
v (v − 1)Av−1(z) (v − 2)Av−2(z) · · · 0 0 · · · 0
0 vAv(z) (v − 1)Av−1(z) · · · A1(z) 0 · · · 0
...

...
...

0 0 0 · · · 0 vAv(z) · · · A1(z)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
Thus, from above determinant we know that J(z) is holomorphic function on the annulus. In fact, by (1.2), if

there are λ branches of W (z) that take a ∈ C as the value in z0 point, then there are λ(λ−1)
2 items including

the factor (z − z0)
2τ
λ in J(z) (τ is the multiplicity of zero), that is: z0 is a zero of J(z), the multiplicity of z0

is λ(λ−1)
2 · 2τ

λ = τ(λ− 1) ≥ (λ− 1) at least. That is to say, the branch points of λ− 1 degree of W (z) are zeros

of λ − 1 degree of J(z) at least. So (2.1) is true. By substituting z = reiθ, z = 1
r e
iθ, z = eiθ into J(z), using

Jensen theorem for meromorphic function on annuli, we have

N0(r,
1

J(z)
) =

1

2π

∫ 2π

0

log |J(reiθ)|dθ + 1

2π

∫ 2π

0

log |J(1
r
eiθ)|dθ − 2× 1

2π

∫ 2π

0

log |J(eiθ)|dθ

=
2(v − 1)

2π

∫ 2π

0

log |Av(reiθ)|dθ +
2(v − 1)

2π

∫ 2π

0

log |Av(
1

r
eiθ)|dθ

− 2× 2(v − 1)

2π

∫ 2π

0

log |Av(eiθ)|dθ +
1

2π

∫ 2π

0

log |
∏

1≤j<k≤v

[wj(re
iθ)− wk(re

iθ)]2|dθ

+
1

2π

∫ 2π

0

log |
∏

1≤j<k≤v

[wj(
1

r
eiθ)− wk(

1

r
eiθ)]2|dθ

− 2× 1

2π

∫ 2π

0

log |
∏

1≤j<k≤v

[wj(e
iθ)− wk(e

iθ)]2|dθ
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≤2(v − 1)N0(r,
1

Av
) + 2(v − 1)

v∑
j=1

1

2π

∫ 2π

0

log+ |wj(reiθ)|dθ

+ 2(v − 1)
v∑
j=1

1

2π

∫ 2π

0

log+ |wj(
1

r
eiθ)|dθ

− 2× 2(v − 1)

v∑
j=1

1

2π

∫ 2π

0

log+ |wj(eiθ)|dθ +O(1)

=2v(v − 1)N0(r,W ) + 2v(v − 1)m0(r,W ) +O(1)

=2v(v − 1)T0(r,W ) +O(1).

So we have

Nx(r,W ) ≤ 1

v
N0(r,

1

J(z)
) ≤ 2(v − 1)T0(r,W ) +O(1).

2

Lemma 4 (19) Let a be a finite complex number; then

log+ |a| = 1

2π

∫ 2π

0

log |eiφ − a|dφ.

3. Main results

Theorem 1 (the first fundamental theorem on annuli) Let W (z) be a v -valued algebroid function determined

by (1.1) on the annulus A( 1
R0
, R0)(1 < R0 ≤ +∞) , a ∈ C

m0(r, a) +N0(r, a) = T0(r,W ) +O(1).

Theorem 2 (the second fundamental theorem on annuli) Let W (z) be a v -valued algebroid function determined

by (1.1) on the annulus A( 1
R0
, R0)(1 < R0 ≤ +∞) , ak(k = 1, 2 · · · p) are p distinct complex numbers (finite or

infinite), then we have

(p− 2v)T0(r,W ) ≤
p∑
k=1

N0(r,
1

W − ak
)−N1(r,W ) + S0(r,W ). (3.1)

N1(r,W ) is the density index of all multiple values including finite or infinite, every τ multiple value counts

τ − 1 , and

S0(r,W ) = m0(r,
W ′

W
) +

p∑
k=1

m0(r,
W ′

W − ak
) +O(1).
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Theorem 3 (Cartan theorem on annuli) Let W (z) be a v -valued algebroid function determined by (1.1) on

the annulus A( 1
R0
, R0)(1 < R0 ≤ +∞) ; then we have

T0(r,W ) =
1

2πv

∫ 2π

0

N0(r,
1

ψ(z, eiα)
)dα. (3.2)

Remark 1 Let A(z) = max
0≤j≤v

{|Aj(z)|},

µ(r,A) =
1

2πv

∫ 2π

0

logA(reiθ)dθ +
1

2πv

∫ 2π

0

logA(
1

r
eiθ)dθ − 2× 1

2πv

∫ 2π

0

logA(eiθ)dθ .

Theorem 4 Let W (z) be a v -valued algebroid function determined by (1.1) on the annulus A( 1
R0
, R0)(1 <

R0 ≤ +∞) ; then

|T0(r,W )− µ(r,A)| ≤ O(1).

Theorem 5 Let W (z) be a v -valued algebroid function determined by (1.1) on the annulus A( 1
R0
, R0)(1 <

R0 ≤ +∞) . If the following conditions are satisfied

lim
r→∞

T0(r,W )

log r
<∞, R0 = +∞,

lim
r→R−

0

T0(r,W )

log 1
(R0−r)

<∞, R0 < +∞,

then W (z) is an algebraic function.

Remark 2 Now let W (z) be a v -valued algebroid function determined by (1.1) on the annulus A( 1
R0
, R0)(1 <

R0 ≤ +∞) and Ŵ (z) be a µ-valued algebroid function determined by the following equation on the annulus

A( 1
R0
, R0)(1 < R0 ≤ +∞) :

φ(z, Ŵ ) = Bµ(z)Ŵ
µ +Bµ−1(z)Ŵ

µ−1 + · · ·+B1(z)Ŵ +B0(z) = 0. (3.3)

Without loss of generality, let µ ≤ v , n△(r, a) denotes the counting function of the common values of W (z) = a

and Ŵ (z) = a on the annulus A( 1
R0
, R0)(1 < R0 ≤ +∞) , ignoring multiplicity. And let

N△(r, a) =
µ+ v

2µv

∫ 1

1
r

n△1(t, a)

t
dt+

µ+ v

2µv

∫ r

1

n△2(t, a)

t
dt.

N12(r, a) = N0(r,
1

W − a
) +N0(r,

1

Ŵ − a
)− 2N△(r, a).

Theorem 6 Let W (z) and Ŵ (z) be v -valued and µ-valued algebroid functions on the annulus A( 1
R0
, R0)(1 <

R0 ≤ +∞) , respectively, and µ ≤ v . There are 4v + 1 distinct complex numbers aj(j = 1, 2, · · · 4v + 1) , if

W (z) and Ŵ (z) take the same aj value, ignoring multiplicity, then we must have W (z) ≡ Ŵ (z) .
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Theorem 7 Let W (z) be a v -valued algebroid function determined by (1.1) on the annulus A( 1
R0
, R0)(1 <

R0 ≤ +∞) , and let

Θ(a) = 1− lim
r→R0

N0(r,
1

W−a )

T0(r,W )
,

then (1) we have 0 ≤ Θ(a) ≤ 1 for all complex a ,

(2) we have Θ(a) = 0 except for countable a , and

∑
Θ(a) ≤ 2v,

in particular, the number of a that satisfies the equation Θ(a) = 1 is at most 2v .

4. Proofs of theorems

Proof of Theorem 1

By Viete theorem we have

W (z)− a = (w1(z)− a)(w2(z)− a) · · · (wv(z)− a) = (−1)v
ψ(z, a)

Av(z)
. (4.1)

Using Jensen theorem for meromorphic function on annuli, we have

T0(r, (−1)v
ψ(z, a)

Av(z)
) = T0(r, (−1)v

Av(z)

ψ(z, a)
),

m0(r, (−1)v
ψ(z, a)

Av(z)
)−m0(r, (−1)v

Av(z)

ψ(z, a)
) = N0(r, (−1)v

Av(z)

ψ(z, a)
)−N0(r, (−1)v

ψ(z, a)

Av(z)
),

m0(r,W − a)−m0(r,
1

W − a
) =

1

v
N0(r, (−1)v

Av(z)

ψ(z, a)
)− 1

v
N0(r, (−1)v

ψ(z, a)

Av(z)
),

m0(r,W − a)−m0(r,
1

W − a
) =

1

v
N0(r,

1

ψ(z, a)
)− 1

v
N0(r,

1

Av(z)
),

m0(r,W − a)−m0(r,
1

W − a
) = N0(r,

1

W − a
)−N0(r,W ),

m0(r,W − a) +N0(r,W ) = m0(r,
1

W − a
) +N0(r,

1

W − a
),

m0(r, a) +N0(r, a) = T0(r,W ) + ε(a, r).

Among them

ε(a, r) = m0(r,W − a)−m0(r,W ).

because

log+ |wj(z)− a| ≤ log+ |wj(z)|+ log+ |a|+ log 2.

log+ |wj(z)| ≤ log+ |wj(z)− a|+ log+ |a|+ log 2.
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So

|ε(a, r)| = O(1).

2

Proof of Theorem 2

Let ak ∈ C(k = 1, 2 · · · p), wj = wj(z)(j = 1, 2 · · · v) are v branches of W (z), by the following identity:

v∏
j=1

p∏
k=1

1

wj − ak
=

v∏
j=1

{
p∑
k=1

Ck
w′
j

wj − ak
}/

v∏
j=1

w′
j . (4.2)

Ck = [(a1 − ak)(a2 − ak) · · · (ak−1 − ak)(ak+1 − ak) · · · (ap− ak)]
−1 , w′(z) is the derivative of w(z) and satisfies

the following equation:

ϕ(z, w′) = Bv(z)(w
′)v +Bv−1(z)(w

′)v−1 + · · ·+B0(z) = 0. (4.3)

Let z = reiθ, z = 1
r e
iθ, z = eiθ , using Jensen theorem for meromorphic function on annuli and by (4.1), we

have

I =
1

2π

∫ 2π

0

log |
p∏
k=1

v∏
j=1

1

wj(reiθ)− ak
|dθ + 1

2π

∫ 2π

0

log |
p∏
k=1

v∏
j=1

1

wj(
1
r e
iθ)− ak

|dθ

− 2× 1

2π

∫ 2π

0

log |
p∏
k=1

v∏
j=1

1

wj(eiθ)− ak
|dθ

=
1

2π

∫ 2π

0

log |
p∏
k=1

Av(re
iθ)

ψ(reiθ, ak)
|dθ + 1

2π

∫ 2π

0

log |
p∏
k=1

Av(
1
r e
iθ)

ψ( 1r e
iθ, ak)

|dθ

− 2× 1

2π

∫ 2π

0

log |
p∏
k=1

Av(e
iθ)

ψ(eiθ, ak)
|dθ

=

p∑
k=1

1

2π

∫ 2π

0

log | Av(re
iθ)

ψ(reiθ, ak)
|dθ +

p∑
k=1

1

2π

∫ 2π

0

log |
Av(

1
r e
iθ)

ψ( 1r e
iθ, ak)

|dθ

− 2×
p∑
k=1

1

2π

∫ 2π

0

log | Av(e
iθ)

ψ(eiθ, ak)
|dθ

={
p∑
k=1

1

2π

∫ 2π

0

log |Av(reiθ)|dθ +
p∑
k=1

1

2π

∫ 2π

0

log |Av(
1

r
eiθ)|dθ − 2×

p∑
k=1

1

2π

∫ 2π

0

log |Av(eiθ)|dθ}

− {
p∑
k=1

1

2π

∫ 2π

0

log |ψ(reiθ, ak)|dθ +
p∑
k=1

1

2π

∫ 2π

0

log |ψ(1
r
eiθ, ak)|dθ

− 2×
p∑
k=1

1

2π

∫ 2π

0

log |ψ(eiθ, ak)|dθ}
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=[pm0(r,Av)− pm0(r,
1

Av
)]− [

p∑
k=1

m0(r, ψ(z, ak))−
p∑
k=1

m0(r,
1

ψ(z, ak)
)]

=pN0(r,
1

Av
)−

p∑
k=1

N0(r,
1

ψ(z, ak)
). (4.4)

By (4.2) we have

I =
v∑
j=1

1

2π

∫ 2π

0

log |
p∏
k=1

1

(wj(reiθ)− ak)
|dθ +

v∑
j=1

1

2π

∫ 2π

0

log |
p∏
k=1

1

(wj(
1
r e
iθ)− ak)

|dθ

− 2×
v∑
j=1

1

2π

∫ 2π

0

log |
p∏
k=1

1

(wj(eiθ)− ak)
|dθ

=
v∑
j=1

{ 1

2π

∫ 2π

0

log+ |
p∏
k=1

1

(wj(reiθ)− ak)
|dθ − 1

2π

∫ 2π

0

log+ |
p∏
k=1

(wj(re
iθ)− ak)|dθ}

+
v∑
j=1

{ 1

2π

∫ 2π

0

log+ |
p∏
k=1

1

(wj(
1
r e
iθ)− ak)

|dθ − 1

2π

∫ 2π

0

log+ |
p∏
k=1

(wj(
1

r
eiθ)− ak)|dθ}

− 2×
v∑
j=1

1

2π

∫ 2π

0

log |
p∏
k=1

w′
j(e

iθ)

(wj(eiθ)− ak)
· 1

w′
j(e

iθ)
|dθ

=

v∑
j=1

{ 1

2π

∫ 2π

0

log+ |
p∑
k=1

Ck
w′
j(re

iθ)

(wj(reiθ)− ak)
· 1

w′
j(re

iθ)
|dθ − 1

2π

∫ 2π

0

log+ |
p∏
k=1

(wj(re
iθ)− ak)|dθ}

+

v∑
j=1

{ 1

2π

∫ 2π

0

log+ |
p∑
k=1

Ck
w′
j(

1
r e
iθ)

(wj(
1
r e
iθ)− ak)

· 1

w′
j(

1
r e
iθ)

|dθ − 1

2π

∫ 2π

0

log+ |
p∏
k=1

(wj(
1

r
eiθ)− ak)|dθ}

− 2×
v∑
j=1

1

2π

∫ 2π

0

log |
p∏
k=1

w′
j(e

iθ)

(wj(eiθ)− ak)
|dθ − 2×

v∑
j=1

1

2π

∫ 2π

0

log | 1

w′
j(e

iθ)
|dθ

≤{
v∑
j=1

1

2π

∫ 2π

0

log+ | 1

w′
j(re

iθ)
|dθ +

v∑
j=1

1

2π

∫ 2π

0

log+ | 1

w′
j(

1
r e
iθ)

|dθ

− 2×
v∑
j=1

1

2π

∫ 2π

0

log+ | 1

w′
j(e

iθ)
|dθ}

+ {
v∑
j=1

p∑
k=1

1

2π

∫ 2π

0

log+ |
w′
j(re

iθ)

wj(reiθ)− ak
|dθ +

v∑
j=1

p∑
k=1

1

2π

∫ 2π

0

log+ |
w′
j(

1
r e
iθ)

wj(
1
r e
iθ)− ak

|dθ

− 2×
v∑
j=1

1

2π

∫ 2π

0

log+ |
p∏
k=1

w′
j(e

iθ)

(wj(eiθ)− ak)
|dθ}
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+ {−
v∑
j=1

1

2π

∫ 2π

0

log+ |
p∏
k=1

(wj(re
iθ)− ak)|dθ −

v∑
j=1

1

2π

∫ 2π

0

log+ |
p∏
k=1

(wj(
1

r
eiθ)− ak)|dθ

+ 2×
v∑
j=1

1

2π

∫ 2π

0

log+ |
p∏
k=1

wj(e
iθ)− ak

w′
j(e

iθ)
|dθ + 2×

v∑
j=1

1

2π

∫ 2π

0

log+ |w′
j(e

iθ)|dθ}

+O(1). (4.5)

Among them,

W ′(z) = w′
1(z)w

′
2(z) · · ·w′

v(z) = (−1)v
ϕ(z, 0)

Bv(z)
= (−1)v

B0(z)

Bv(z)
.

So we have

v∑
j=1

1

2π

∫ 2π

0

log+ | 1

w′
j(re

iθ)
|dθ +

v∑
j=1

1

2π

∫ 2π

0

log+ | 1

w′
j(

1
r e
iθ)

|dθ − 2×
v∑
j=1

1

2π

∫ 2π

0

log+ | 1

w′
j(e

iθ)
|dθ

=[
1

2π

∫ 2π

0

log |
v∏
j=1

1

w′
j(re

iθ)
|dθ +

v∑
j=1

1

2π

∫ 2π

0

log+ |w′
j(re

iθ)|dθ]

+ [
1

2π

∫ 2π

0

log |
v∏
j=1

1

w′
j(

1
r e
iθ)

|dθ +
v∑
j=1

1

2π

∫ 2π

0

log+ |w′
j(
1

r
eiθ)|dθ]

− [2× 1

2π

∫ 2π

0

log |
v∏
j=1

1

w′
j(e

iθ)
|dθ + 2×

v∑
j=1

1

2π

∫ 2π

0

log+ |w′
j(e

iθ)|dθ]

=[
1

2π

∫ 2π

0

log |
v∏
j=1

1

w′
j(re

iθ)
|dθ + 1

2π

∫ 2π

0

log |
v∏
j=1

1

w′
j(

1
r e
iθ)

|dθ − 2× 1

2π

∫ 2π

0

log |
v∏
j=1

1

w′
j(e

iθ)
|dθ]

+ [

v∑
j=1

1

2π

∫ 2π

0

log+ |w′
j(re

iθ)|dθ +
v∑
j=1

1

2π

∫ 2π

0

log+ |w′
j(
1

r
eiθ)|dθ

− 2×
v∑
j=1

1

2π

∫ 2π

0

log+ |w′
j(e

iθ)|dθ]

=N0(r,
1

Bv
)−N0(r,

1

B0
) + vm0(r,W

′)

=vN0(r,W
′)− vN0(r,

1

W ′ ) + vm0(r,W
′). (4.6)

Let a = max
1≤k≤p

{|ak|} , Fj(z) = (wj(z)− a1) · · · (wj(z)− ap),

|wj(z)|p ≤

{
2p|Fj(z)| z ∈ A( 1

R0
, R0) and |wj(z)| > 2a,

(2a)p others.
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So we have

1

2π

∫ 2π

0

log+ |Fj(reiθ)|dθ ≥ p · 1

2π

∫ 2π

0

log+ |wj(reiθ)|dθ − p log+ a− 2p log 2. (4.7)

1

2π

∫ 2π

0

log+ |Fj(
1

r
eiθ)|dθ ≥ p · 1

2π

∫ 2π

0

log+ |wj(
1

r
eiθ)|dθ − p log+ a− 2p log 2. (4.8)

2×
v∑
j=1

1

2π

∫ 2π

0

log+ |
p∏
k=1

wj(e
iθ)− ak

w′
j(e

iθ)
|dθ + 2×

v∑
j=1

1

2π

∫ 2π

0

log+ |w′
j(e

iθ)|dθ

≤ 2×
v∑
j=1

p∑
k=1

1

2π

∫ 2π

0

log+ |wj(eiθ)|dθ +O(1). (4.9)

By (4.7), (4.8), (4.9) we have

{−
v∑
j=1

1

2π

∫ 2π

0

log+ |
p∏
k=1

(wj(re
iθ)− ak)|dθ −

v∑
j=1

1

2π

∫ 2π

0

log+ |
p∏
k=1

(wj(
1

r
eiθ)− ak)|dθ

+ 2×
v∑
j=1

1

2π

∫ 2π

0

log+ |
p∏
k=1

wj(e
iθ)− ak

w′
j(e

iθ)
|dθ + 2×

v∑
j=1

1

2π

∫ 2π

0

log+ |w′
j(e

iθ)|dθ}

≤ −pvm0(r,W ) +O(1). (4.10)

Combining (4.4), (4.5), (4.6), (4.10) and using the First Fundamental Theorem for algebroid function on annuli

we have

pT0(r,W ) ≤ T0(r,W
′) +

p∑
k=1

N0(r,
1

W − ak
)−N0(r,

1

W ′ ) +Q0(r,W ). (4.11)

Q0(r,W ) =

p∑
k=1

m0(r,
W ′

W − ak
) +O(1).

And because

m0(r,W
′) = m0(r,

W ′

W
·W ) ≤ m0(r,

W ′

W
) +m0(r,W ) +O(1).

Then

T0(r,W
′) = m0(r,W

′) +N0(r,W
′) ≤ m0(r,

W ′

W
) +m0(r,W ) +N0(r,W

′) +O(1)

≤ T0(r,W )−N0(r,W ) +N0(r,W
′) +m0(r,

W ′

W
) +O(1).
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By (4.11) we have

(p− 1)T0(r,W ) ≤ N0(r,W ) +

p∑
k=1

N0(r,
1

W − ak
)−N1(r) +Q1(r,W ). (4.12)

N1(r) = 2N0(r,W )−N0(r,W
′) +N0(r,

1

W ′ ).

Q1(r,W ) =

p∑
k=0

m0(r,
W ′

W − ak
) +O(1), a0 = 0.

because N0(r,W ) ≤ T0(r,W ) +O(1), and so (4.12) can be rewritten as the following:

(p− 2)T0(r,W ) ≤
p∑
k=1

N0(r,
1

W − ak
)−N1(r) +Q1(r,W ). (4.13)

We further estimate N1(r) of (4.12). Firstly, we have

N1(r) = N1(r,W )−Nx(r,W ). (4.14)

N1(r,W ) denotes the density index of all multiple values including finite or infinite, every τ multiple value

counts τ−1, Nx(r,W ) denotes the density index of branch point. In fact, by (1.2), if there are λ branches that

take a ∈ C as the value and multiplicity is τ , we expand W (z)− a in a fractional power series, by expansion

W (z)− a = (z − z0)
τ
λ Ŵ0(z), we have W ′(z) = (z − z0)

τ−λ
λ Ŵ1(z). By the expansion of W ′(z) we know: z0 is

τ − λ multiple zero of W ′(z) when τ − λ > 0; z0 is λ− τ multiple pole of W ′(z) when τ − λ < 0.

By (1.2), (1.3) and N1(r) = 2N0(r,W )−N0(r,W
′) +N0(r,

1
W ′ ), we have

n1(r) =2n0(r,W )− n0(r,W
′) + n0(r,

1

W ′ )

=2
∑
W=∞

τ − {
∑
W=∞

(τ + λ) +
∑
W ̸=∞

(λ− τ)+}+
∑
W ̸=∞

(τ − λ)+

=
∑
W=∞

[(τ + 1) + (τ − 1)]− {
∑
W=∞

[(τ + 1) + (λ− 1)]

+
∑

W ̸= ∞
λ − τ > 0

[(λ− 1)− (τ − 1)]}+
∑

W ̸= ∞
τ − λ ≥ 0

[(τ − 1)− (λ− 1)]

=
∑

(τ − 1)−
∑

(λ− 1)

=n1(r,W )− nx(r,W ).

So we have (4.14). By substituting (4.14) into (4.13) we have

(p− 2)T0(r,W ) ≤
p∑
k=1

N0(r,
1

W − ak
)−N1(r,W ) +Nx(r,W ) +Q1(r,W ). (4.15)

By (4.15) and Lemma 3, we have (3.1).
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The remainder of the second fundamental theorem is the following formula:

S0(r,W ) = O(log T0(r,W )) +O(log r),

outside a set of finite linear measure, if r −→ R0 = +∞ , while

S0(r,W ) = O(log+ T0(r,W )) +O(log
1

R0 − r
),

outside a set E of r such that

∫
E

dr

R0 − r
< +∞ , when r −→ R0 < +∞ .

We notice that the following formula is true:

p∑
k=1

N0(r,
1

W − ak
)−N1(r,W ) ≤

p∑
k=1

N0(r,
1

W − ak
).

N0(r,
1

W−ak ) is reduced counting function of zeros (ignoring multiplicity). Then the second fundamental theorem

can be rewritten as the following:

(p− 2v)T0(r,W ) ≤
p∑
k=1

N0(r,
1

W − ak
) + S0(r,W ).

2

Proof of Theorem 3

By (1.1) we have

ψ(z, eiα) = Av(z)(e
iα − w1(z))(e

iα − w2(z)) · · · (eiα − wv(z)). (4.16)

We integrate (4.16) on α from 0 to 2π and by Lemma 4, then we have

log+ |a| = 1

2π

∫ 2π

0

log |eiφ − a|dφ.

1

2π

∫ 2π

0

log |ψ(z, eiα)|dα =
1

2π

∫ 2π

0

log |Av(z)(eiα − w1(z))(e
iα − w2(z)) · · · (eiα − wv(z))|dα

=
1

2π

∫ 2π

0

log |Av(z)|dα+
1

2π

v∑
j=1

∫ 2π

0

log |(eiα − wj(z))|dα

= log|Av(z)|+
v∑
j=1

log+ |wj(z)|. (4.17)
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By substituting z = reiθ, z = 1
r e
iθ, z = eiθ into (4.17) respectively, integrating on θ and exchanging integral

order, using Jensen theorem for meromorphic function on annuli, we have

1

2π

∫ 2π

0

[
1

2π

∫ 2π

0

log |ψ(reiθ, eiα)|dθ]dα

=
1

2π

∫ 2π

0

log |Av(reiθ)|dθ +
1

2π

∫ 2π

0

(

v∑
j=1

log+ |wj(reiθ)|)dθ. (4.18)

1

2π

∫ 2π

0

[
1

2π

∫ 2π

0

log |ψ(1
r
eiθ, eiα)|dθ]dα

=
1

2π

∫ 2π

0

log |Av(
1

r
eiθ)|dθ + 1

2π

∫ 2π

0

(
v∑
j=1

log+ |wj(
1

r
eiθ)|)dθ. (4.19)

1

2π

∫ 2π

0

[
1

2π

∫ 2π

0

log |ψ(eiθ, eiα)|dθ]dα

=
1

2π

∫ 2π

0

log |Av(eiθ)|dθ +
1

2π

∫ 2π

0

(

v∑
j=1

log+ |wj(eiθ)|)dθ. (4.20)

By (4.18) + (4.19)− 2× (4.20), we have

1

2π

∫ 2π

0

[
1

2π

∫ 2π

0

log |ψ(reiθ, eiα)|dθ]dα+
1

2π

∫ 2π

0

[
1

2π

∫ 2π

0

log |ψ(1
r
eiθ, eiα)|dθ]dα

− 2× 1

2π

∫ 2π

0

[
1

2π

∫ 2π

0

log |ψ(eiθ, eiα)|dθ]dα

=
1

2π

∫ 2π

0

[m0(r, ψ(z, e
iα))−m0(r,

1

ψ(z, eiα)
)]dα

=
1

2π

∫ 2π

0

N0(r,
1

ψ(z, eiα)
)dα. (4.21)

1

2π

∫ 2π

0

log |Av(reiθ)|dθ +
1

2π

∫ 2π

0

log |Av(
1

r
eiθ)|dθ − 2× 1

2π

∫ 2π

0

log |Av(eiθ)|dθ

+
1

2π

∫ 2π

0

(
v∑
j=1

log+ |wj(reiθ)|)dθ +
1

2π

∫ 2π

0

(
v∑
j=1

log+ |wj(
1

r
eiθ)|)dθ

− 2× 1

2π

∫ 2π

0

(
v∑
j=1

log+ |wj(eiθ)|)dθ

=m0(r,Av)−m0(r,
1

Av
) +

v∑
j=1

m0(r, wj(z))

=N0(r,
1

Av
) +

v∑
j=1

m0(r, wj(z))
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=vN0(r,W ) + vm0(r,W )

=vT0(r,W ). (4.22)

By (4.21) and (4.22), (3.2) is true. 2

Proof of Theorem 4

On the one hand, by (1.1) and Remark 1 we have

1

2π

∫ 2π

0

log |ψ(z, eiα)|dα

=
1

2π

∫ 2π

0

log |Av(z)eiαv +Av−1(z)e
iα(v−1) + · · ·+A0(z)|dα

≤ log(
v∑
j=0

|Aj(z)|) ≤ logA(z) + log(v + 1). (4.23)

By substituting z = reiθ, z = 1
r e
iθ, z = eiθ into (4.23). Integrating on θ and exchanging integral order, we have

1

2π

∫ 2π

0

[
1

2π

∫ 2π

0

log |ψ(reiθ, eiα)|dθ]dα ≤ 1

2π

∫ 2π

0

logA(reiθ)dθ + log(v + 1). (4.24)

1

2π

∫ 2π

0

[
1

2π

∫ 2π

0

log |ψ(1
r
eiθ, eiα)|dθ]dα ≤ 1

2π

∫ 2π

0

logA(
1

r
eiθ)dθ + log(v + 1). (4.25)

1

2π

∫ 2π

0

[
1

2π

∫ 2π

0

log |ψ(eiθ, eiα)|dθ]dα ≤ 1

2π

∫ 2π

0

logA(eiθ)dθ + log(v + 1) = O(1). (4.26)

By (4.24) + (4.25)− 2× (4.26), using Theorem 3 and Jensen theorem for meromorphic function on annuli, we

have

1

2π

∫ 2π

0

[
1

2π

∫ 2π

0

log |ψ(reiθ, eiα)|dθ]dα+
1

2π

∫ 2π

0

[
1

2π

∫ 2π

0

log |ψ(1
r
eiθ, eiα)|dθ]dα

− 2× 1

2π

∫ 2π

0

[
1

2π

∫ 2π

0

log |ψ(eiθ, eiα)|dθ]dα

≤ 1

2π

∫ 2π

0

logA(reiθ)dθ +
1

2π

∫ 2π

0

logA(
1

r
eiθ)dθ − 2× 1

2π

∫ 2π

0

logA(eiθ)dθ +O(1).

So we have

1

2πv

∫ 2π

0

[N0(r,
1

ψ(z, eiα)
)−N0(r, ψ(z, e

iα))]dα ≤ µ(r,A) +O(1).

Because N0(r, ψ(z, e
iα)) = 0,

therefore

1

2πv

∫ 2π

0

N0(r,
1

ψ(z, eiα)
)dα ≤ µ(r,A) +O(1).
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So we have

T0(r,W ) ≤ µ(r,A) +O(1).

On the other hand, there is the following formula by Viete theorem of algebraic equation:

Aj(z)

Av(z)
=

∑
(−1)αwα1(z)wα2(z) · · ·wαv−j (z). (4.27)

where (α1, α2, · · · , αv−j) is the combination of taking v− j numbers from (1, 2, · · · , v), (−1)α is 1 or -1, which

depends on

(
α1 α2 · · ·αv−j
1 2 · · · v − j

)
being even permutation or odd permutation. Now every z ∈ A( 1

R0
, R0)(1 <

R0 ≤ +∞), let |wβ1(z)wβ2(z) · · ·wβv−j (z)| = max
α1,···αv−j

|wα1(z)wα2(z) · · ·wαv−j (z)| , by (4.27), we have

log |Aj(z)| ≤ log |Av(z)|+ log |wβ1(z)wβ2(z) · · ·wβv−j (z)|+ logCjv

≤ log |Av(z)|+
v∑
j=1

log+ |wj(z)|+O(1). (4.28)

The right-hand side of (4.28) has nothing to do with number j , so any z ∈ A( 1
R0
, R0)(1 < R0 ≤ +∞)

logA(z) ≤ log |Av(z)|+
v∑
j=1

log+ |wj(z)|+O(1). (4.29)

By substituting z = reiθ, z = 1
r e
iθ, z = eiθ into (4.29) respectively, integrating on θ and using Jensen theorem

for meromorphic function on annuli, we have

1

2π

∫ 2π

0

logA(reiθ)dθ +
1

2π

∫ 2π

0

logA(
1

r
eiθ)dθ − 2× 1

2π

∫ 2π

0

logA(eiθ)dθ

≤[
1

2π

∫ 2π

0

logAv(re
iθ)dθ +

1

2π

∫ 2π

0

logAv(
1

r
eiθ)dθ − 2× 1

2π

∫ 2π

0

logAv(e
iθ)dθ]

+ [
v∑
j=1

1

2π

∫ 2π

0

log+ |wj(reiθ)|dθ +
v∑
j=1

1

2π

∫ 2π

0

log+ |wj(
1

r
eiθ)|dθ

+

v∑
j=1

1

2π

∫ 2π

0

log+ |wj(eiθ)|dθ] +O(1).

µ(r,A) ≤ 1

v
N0(r,

1

Av
) +m0(r,W ) +O(1).

Then we have

µ(r,A) ≤ T0(r,W ) +O(1).

So, based on above two aspects, Theorem 4 is true. 2
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Proof of Theorem 5

Let Ajk(z) = max{|Aj(z)|, |Ak(z)|} , fjk(z) =
Aj(z)
Ak(z)

. Using Jensen theorem for meromorphic function

on annuli and Remark 1, we have

vµ(r,A) +O(1) ≥ vµ(r,Ajk)

=
1

2π

∫ 2π

0

logAjk(re
iθ)dθ +

1

2π

∫ 2π

0

logAjk(
1

r
eiθ)dθ − 2× 1

2π

∫ 2π

0

logAjk(e
iθ)dθ

=[
1

2π

∫ 2π

0

log+
|Aj(reiθ)|
|Ak(reiθ)|

dθ +
1

2π

∫ 2π

0

log |Ak(reiθ)|dθ] + [
1

2π

∫ 2π

0

log+
|Aj( 1r e

iθ)|
|Ak( 1r eiθ)|

dθ

+
1

2π

∫ 2π

0

log |Ak(
1

r
eiθ)|dθ]− [2× 1

2π

∫ 2π

0

log+
|Aj(eiθ)|
|Ak(eiθ)|

dθ + 2× 1

2π

∫ 2π

0

log |Ak(eiθ)|dθ]

=m0(r,
Aj
Ak

) +N0(r,
1

Ak
)

≥T0(r,
Aj
Ak

)

=T0(r, fjk). (4.30)

By Theorem 4 and (4.30), we have

T0(r, fjk) ≤ vµ(r,A) +O(1) ≤ vT0(r,W ) +O(1).

By the above formula, for all meromorphic functions fjk(z) (0 ≤ j, k ≤ v ) that satisfy the following conditions

lim
r→∞

T0(r, fjk)

log r
<∞ (R0 = +∞), lim

r→R−
0

T0(r, fjk)

log 1
(R0−r)

<∞ (R0 < +∞).

By references (2) and (17), all functions fjk(z) are rational functions, because A0(z), A1(z)

· · ·Av(z) can not have nonconstant common factor, so all Aj(z)(j = 1, 2 · · · v) must be polynomials. Then

W (z) degenerates an algebraic function. 2

Proof of Theorem 6

Firstly, using the second fundamental theorem for algebroid functions on annuli on W (z) Ŵ (z) and

aj(j = 1, 2, · · · 4v + 1). Let p = 4v + 1; we have

(p− 2v)T0(r,W ) ≤
p∑
k=1

N0(r,
1

W − ak
) + S0(r,W ). (4.31)

(p− 2µ)T0(r, Ŵ ) ≤
p∑
k=1

N0(r,
1

Ŵ − ak
) + S0(r, Ŵ ). (4.32)

By (4.31)+(4.32), Remark 2 and µ ≤ v , we have

(p− 2v)[T0(r,W ) + T0(r, Ŵ )] ≤
p∑
k=1

N12(r, aj) + 2

p∑
k=1

N△(r, aj)

+O(log[rT0(r,W )T0(r, Ŵ )]) (4.33)
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or

(p− 2v)[T0(r,W ) + T0(r, Ŵ )] ≤
p∑
k=1

N12(r, aj) + 2

p∑
k=1

N△(r, aj)

+O(log[
1

R0 − r
T0(r,W )T0(r, Ŵ )]). (4.34)

If W (z) ̸≡ Ŵ (z), then we have

∑
n△(r, a) ≤ n0(r,

1

R(φ,ψ)
).

R(φ,ψ) denotes the resultant of φ(z,W ) and ψ(z,W ); it can be written as the following:

R(φ,ψ) = [Av(z)]
µ[Bµ(z)]

v
∏

1≤j≤v
1≤k≤µ

[wj(z) + ŵk(z)].

It can be written in another form:

R(φ,ψ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Av(z) Av−1(z) · · · · · · A0(z) 0 · · · 0
0 Av(z) Av−1(z) · · · A1(z) A0(z) · · · 0
...

...
...

0 0 0 Av(z) Av−1(z) · · · · · · A0(z)
Bµ(z) Bµ−1(z) · · · · · · B0(z) 0 · · · 0

0 Bµ(z) Bµ−1(z) · · · B1(z) B0(z) · · · 0
...

...
...

0 0 0 Bµ(z) Bµ−1(z) · · · · · · B0(z)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Thus we know that R(φ,ψ) is a holomorphic function, and using Jensen theorem for meromorphic function on

annuli, we have

N0(r,
1

R(φ,ψ)
)

=
1

2π

∫ 2π

0

log |R[ψ(reiθ,W ), φ(reiθ, Ŵ )]|dθ + 1

2π

∫ 2π

0

log |R[ψ(1
r
eiθ,W ), φ(

1

r
eiθ, Ŵ )]|dθ

− 2× 1

2π

∫ 2π

0

log |R[ψ(eiθ,W ), φ(eiθ, Ŵ )]|dθ

=
µ

2π

∫ 2π

0

log |Av(reiθ)|dθ +
v

2π

∫ 2π

0

log |Bµ(reiθ)|dθ +
1

2π

∫ 2π

0

log |
∏

1≤j≤v
1≤k≤µ

[wj(re
iθ) + ŵk(re

iθ)]|dθ
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+
µ

2π

∫ 2π

0

log |Av(
1

r
eiθ)|dθ + v

2π

∫ 2π

0

log |Bµ(
1

r
eiθ)|dθ

+
1

2π

∫ 2π

0

log |
∏

1≤j≤v
1≤k≤µ

[wj(
1

r
eiθ) + ŵk(

1

r
eiθ)]|dθ − 2× µ

2π

∫ 2π

0

log |Av(eiθ)|dθ

− 2× v

2π

∫ 2π

0

log |Bµ(eiθ)|dθ − 2× 1

2π

∫ 2π

0

log |
∏

1≤j≤v
1≤k≤µ

[wj(e
iθ) + ŵk(e

iθ)]|dθ

=[
µ

2π

∫ 2π

0

log |Av(reiθ)|dθ +
µ

2π

∫ 2π

0

log |Av(
1

r
eiθ)|dθ − 2× µ

2π

∫ 2π

0

log |Av(eiθ)|dθ]

+ [
v

2π

∫ 2π

0

log |Bµ(reiθ)|dθ +
v

2π

∫ 2π

0

log |Bµ(
1

r
eiθ)|dθ − 2× v

2π

∫ 2π

0

log |Bµ(eiθ)|dθ]

+ [
1

2π

∫ 2π

0

log |
∏

1≤j≤v
1≤k≤µ

[wj(re
iθ) + ŵk(re

iθ)]|dθ + 1

2π

∫ 2π

0

log |
∏

1≤j≤v
1≤k≤µ

[wj(
1

r
eiθ) + ŵk(

1

r
eiθ)]|dθ

− 2× 1

2π

∫ 2π

0

log |
∏

1≤j≤v
1≤k≤µ

[wj(e
iθ) + ŵk(e

iθ)]|dθ]

≤µ[m0(r,Av)−m0(r,
1

Av
)] + v[m0(r,Bµ)−m0(r,

1

Bµ
)] + µv[m0(r,W ) +m0(r, Ŵ )] +O(1)

=µv[T0(r,W ) + T0(r, Ŵ )] +O(1).

Then we have ∑
N△(r, a) ≤ 2µv

µ+ v
{T0(r,W ) + T0(r, Ŵ )}+O(1)

≤ v{T0(r,W ) + T0(r, Ŵ )}+O(1). (4.35)

By substituting (4.35) into (4.33) and (4.34) we have

(p− 4v)[T0(r,W ) + T0(r, Ŵ )] ≤
p∑
k=1

N12(r, aj) +O(log rT0(r,W )T0(r, Ŵ )). (4.36)

or

(p− 4v)[T0(r,W ) + T0(r, Ŵ )] ≤
p∑
k=1

N12(r, aj) +O(log
1

R0 − r
T0(r,W )T0(r, Ŵ )). (4.37)

By the conditions of Theorem 6, we know that W (z) and Ŵ (z) take the same values ignoring multiplicity

about 4v+1 distinct aj , and at the same time we have N12(r, aj) = 0. So (4.36) and (4.37) can be written as

the following:
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T0(r,W ) + T0(r, Ŵ ) < O(log[rT0(r,W )T0(r, Ŵ )]). (4.38)

T0(r,W ) + T0(r, Ŵ ) < O(log[
1

R0 − r
T0(r,W )T0(r, Ŵ )]). (4.39)

By Theorem 5 we know that (4.38) or (4.39) are not true. So it must be W (z) ≡ Ŵ (z). 2

Proof of Theorem 7

By Theorem 2 we have the conclusion of Theorem 7. 2
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