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Abstract: A magnetic field is defined by the property that its divergence is zero in three-dimensional semi-Riemannian
manifolds. Each magnetic field generates a magnetic flow whose trajectories are curves -y, called magnetic curves. In
this paper, we investigate the effect of magnetic fields on the moving particle trajectories by variational approach to
the magnetic flow associated with the Killing magnetic field on three-dimensional semi-Riemannian manifolds. We then

investigate the trajectories of these magnetic fields and give some characterizations and examples of these curves.
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1. Introduction
A charged particle moves along a regular curve in 3-dimensional space. The tangent, normal, and binormal
vectors describe kinematic and geometric properties of the particle. These vectors affect the trajectory of the
charged particle during motion in a magnetic field. The time dimension also affects its trajectory. Therefore,
motion of the charged particle in a magnetic vector field should be investigated considering the time dimension.
In this article, we investigate effects of magnetic fields on charged particle trajectories by variational approach
to magnetic flow associated with the Killing magnetic field on a three-dimensional semi-Riemannian manifold
M.

A divergence-free vector field defines a magnetic field in a three-dimensional semi-Riemannian manifold

M. Tt is known that V' € x(M™) is Killing if and only if Ly g = 0 or, equivalently, VV(p) is a skew-symmetric
operator in Tp(M™), at each point p € M™. It is clear that any Killing vector field on (M",g) is divergence-
free. In particular, if n = 3, then every Killing vector field defines a magnetic field that will be called a Killing
magnetic field (for details, see [2]).

Lorentz force ¢ associated with the magnetic field V' is defined by

¢() =V xo
and trajectories v called magnetic curves satisfy
V' =0(y) =V =y, (1)

where V is the Levi-Civita connection of the manifold M (in this article we call these curves T-magnetic curves

to avoid confusion with other definitions). Using Eq. (1) we can study the magnetic field in a space that has
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nonzero sectional curvature C'. This gives a more important and realistic approach than the classical approach.
Furthermore, this equality and the Hall effect (which explains the dynamics of an electric current flow in R?
when exposed to a perpendicular magnetic field V') have some important applications in analytical chemistry,
biochemistry, atmospheric science, geochemistry, cyclotrons, protons, cancer therapy, and velocity selectors.
Solutions of the Lorentz force equation are Kirchhoff elastic rods. This provides an amazing connection between
two apparently unrelated physical models and classical elastic theory. The Lorentz force is always perpendicular
to both the velocity of the particle and the magnetic field created. When a charged particle moves in a static
magnetic field, it traces a helical path and the axis of the helix is parallel to the magnetic field. The speed of
the particle remains constant. Since the magnetic force is always perpendicular to the motion, the magnetic
field does no work on an isolated charge. If the charged particle moves parallel to magnetic field, the Lorentzian
force acting on the particle is zero. When the two vectors (velocity and the magnetic field) are perpendicular
to each other, the Lorentz force is maximum (for details, see [4, 2, 3, 6, 7, 9, &]).

When a charged particle moves along a curve 7 in the magnetic field velocity (tangent vector), normal
and binormal vectors are exposed to the magnetic field. The forces associated with the magnetic field for motion

in the normal and binormal directions of the curve are then given by
d(N)=V x N and ¢(B) =V x B

and the trajectories of charged particles are changed according to this equation. For example, when a charged
particle moves in a static magnetic field in 3D Riemannian space the particle has a two different paths. If one
of the tangent or binormal vectors is exposed to this field, it traces a circular helix path. On the other hand, if
the normal vector is exposed the this field, it traces a slant helical path. Their axes are parallel to the magnetic
field (see [5]).

2. Preliminaries
Let (M,g) be a 3-dimensional semi-Riemannian manifold with the standard flat metric g defined by
9(X,Y) = z1y1 + 2292 — 23y3 (2)

for all X = (21,29,23), Y = (y1,92,y3) € x(M).

The Lorentz force of a magnetic field F' on M is defined to be a skew-symmetric operator given by
9(6(X),Y) = F(X,Y) 3)

for all X, Y € x(M).

The T-magnetic trajectories of F' are curves v on M that satisfy the Lorentz equation
Vo = o(y'). (4)
Furthermore, the cross product of two vector fields X, Y € x(M) is given by
X XY = (v2y3 — T3y2, T3Y1 — T1Y3, TaY1 — T1Y2)- (5)
The mixed product of the vector fields X, Y, Z € x(M) is then defined by
9(X xY,Z) =dvy(X,Y, 2), (6)

where dvy denotes a volume on M.
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Let V' be a Killing vector field and Fy = wydvg be the corresponding Killing magnetic force on M,

where ¢ denotes the inner product. The Lorentz force of the Fy is then given as
6(X) =V x X (7)

for all X € x(M). Consequently, the T-magnetic trajectories v determined by V are solutions of the Lorentz
force equation written as

Vo =V x+. (8)

A unit speed curve « is a T-magnetic trajectory of the magnetic field V' if and only if V' can be written along
v as

Vi(s) = f(s)T(s) + g(s)B(s), 9)

where T and B are the tangent and binormal vectors of the curve v, respectively (see [3]).

Lemma 1 Let v: I CR — M be a nonnull immersed curve in a 3D semi-Riemannian manifold (M,g) with

sectional curvature C and V' be a vector field along the curve v. T : (—g,e) x I — M satisfy T'(s,0) = v(s),
%(s,t) = V(s). In this setting, we have the following functions:

1. The speed function v(s,t) = ||g—1;(s,t)” ,

2. The curvature function x(s,t) of v(s),

3. The torsion function 7(s,t) of y:(s).

The variations of these functions at t =0 are:

Vi = (o)

Vi = (Gets.0)

+ 2629(R(‘/7 T)Ta VTT)a

Vi = (Goen)

+e1(ga3 + (C/ %))V V — 10 (5 /53)V, TB),

= —e1g(VaV, 1), (10)
t=0

= 2699(VEV,VT) + 4e152g(V 1V, T) (11)
t=0

= —2e09((1/%) V3V — (5 [52)VEV (12)
t=0

where 1 = g(T,T), ea =g(N,N), e3 = g(B,B), and R and C are curvature tensor and sectional curvature
of M, respectively [3, 7].

If V(s) is the restriction to «(s) of a Killing vector field then the vector field V satisfies following
condition [3]:
V(v)=V(x)=V(r)=0. (13)

Proposition 2 Let v be a unit speed spacelike or timelike space curve with 7(s)? — s(s)* # 0. Then v is a
slant helix (which is defined by the property that the normal vector makes a constant angle with a fixed straight
line) if and only if

2

e (2)
(63%2 +€17’2) x

is a constant function where €1 = g(T,T), €2 = g(N,N), and €3 = g(B, B) (see [1]).
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Proposition 3 Let v be a unit speed nonnull curve in semi-Riemannian manifold (M,g) with the Frenet

apparatus {T, N, B, s, 7}. The Serret-Frenet formula is then given by

VTT 0 Eo 0 T
VN | = | -1 0 —&37 N (14)
VTB 0 EoT 0 B

where g1 = g(T,T), e3 =g(N,N), and e5 = g(B,B) [7].

3. Magnetic curves in 3D oriented semi-Riemannian manifolds
3.1. T-magnetic curves

In this section, we give some characterizations for T-magnetic curves in semi-Riemannian manifolds.

Proposition 4 Let v be a unit speed nonnull T-magnetic curve in semi-Riemannian manifold (M, g) with the

Frenet apparatus {T, N, B, s, 7}. The Lorentz force in the Frenet frame is then written as

o(T) 0 €9t 0 T
¢(N) = —&1x 0 E3W N (15)
#(B) 0 —sw 0 B

where w is a certain function defined by w = g(¢p(N), B).

Proof Let v be a unit speed T-magnetic curve in semi-Riemannian manifold (M, g) with the Frenet apparatus

{T, N, B, », 7}. From the definition of the magnetic curve, we know that
¢(T) = egN.
Since ¢(N) € span {T, N, B}, we have
¢(N) =0T+ AN + puB.
Then using the following equalities:
6 =e19(¢p(N),T) = —e1g(¢(T), N) = —e12,
A =e29(¢(N),T) =0,
1 =es39(¢(N), B) = esw,

we get
d(N) = —e15T + e3wB.

Similarly, we can easily obtain
¢(B) = —eawN.

Proposition 5 Let v be a unit speed nonnull curve in semi-Riemannian manifold (M, g). The curve v is then

a T-magnetic trajectory of a magnetic field V' if and only if the vector field V' can be written along the curve
v as
V =e3(wT + »B). (16)
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Proof Let v be a unit speed T-magnetic trajectory of a magnetic field V. Using Proposition 4 and Eq.(7),
we can easily see that
V = e3(wT + »B).

Conversely, we assume that Eq. (16) holds. We then get V x T = ¢(T), so the curve v is an N-magnetic
trajectory of the magnetic vector field V. O

Theorem 6 Let v be a unit speed T-magnetic curve and V' be a Killing vector field on a simply connected
space form (M(C),g). If the curve v is one of the T-magnetic trajectories of (M(C),g,V), then its curvature
and torsion hold the following equations:

%2(%+T)+51A = 0, (17)

3
>
g3 — eorer(w +7) — 303 + 5 B¢

Il
o

(18)

where C' is curvature of the Riemannian space M and A, B are constant.

Proof Let V be a magnetic field in a semi-Riemannian 3D manifold M. Then V satisfies Eq. (16).
Differentiating Eq. (16) with respect to s, we have

VeV =e3w'T — e12(w + 7)N + 3%’ B, (19)
and differentiation of Eq. (19) gives us
V2V =% (w + 1)T — (61w + 26157 + 1367 )N + (e3¢ — 937w — £95¢7%) B, (20)
Lemma 1 implies that V(v) = 0, so considering Eq. (19) we get

w = const.

If Eq. (19) and Eq. (20) are then considered with V(3¢) = 0 in Lemma 1, we obtain

%2(§+7')+51A:0. (21)

Similarly, when Eq. (19) and Eq. (20) are considered with V(7) = 0 in Lemma 1, we can easily see that

3
g3’ —egur(w + 1) — 30 + % — Bx=0. (22)

O

Corollary 7 Let v be a unit speed T-magnetic curve and V be a Killing vector field on a simply connected

space form (M(C),g). If the function w is equal to zero, then the curvature and torsion of the curve « is given
by
e1°T = —A,
2eg3¢" 4+ 2° — 2695072 — 263C% —2Bx = 0.
We know that these two equations are just the Euler Lagrange equations for elasticae (for details, see [7]) in

M(O).
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It is easily seen that a T-magnetic curve is a general helix in Lorentzian 3-space. Some characterizations

and examples about it are detailed in [3, 6].

3.2. N-magnetic curves
In this section, we define a new kind of magnetic curve called N-magnetic curve in 3D semi-Riemannian manifold

M . Moreover, we obtain some characterizations and examples of this curve. We draw the images of these curves
using the program Mathematica.

Definition 8 Let « : I € R—=M be a nonnull curve in semi-Riemannian manifold (M,g) and Fy be a
magnetic field on M. We call the curve a an N-magnetic curve if its normal vector field satisfies the Lorentz
force equation; that is,

Vo N=¢(N)=V x N.

Proposition 9 Let « be a unit speed nonnull N-magnetic curve in semi-Riemannian manifold (M, g) with the

Frenet apparatus {T, N, B, s, 7}. The Lorentz force in the Frenet frame can then be written as

o(T) 0 €23  E3T01 T
¢(N) = —&1x 0 —E3T N (23)
¢(B) —E1TW1  E9T 0 B

where wy 18 a certain function defined by wy = g(¢(T), B).

Proof Let a be a unit speed N-magnetic curve in semi-Riemannian manifold (M, g) with the Frenet apparatus
{T, N, B, 5, 7}. Since ¢(T) € span{T, N, B}, we have

¢(T) = AT+ nN + (B.
Then, using the following equalities:
A=e19(o(T),T) =0,
1= e29(¢(T), N) = —€29(¢(N), T) = —e29(Vr N, T) = €35,
¢ =e39(a(T), B) = 3wy,

we get

(b(T) = eouxN + e3w B.
Similarly, we can easily obtain that

(b(N) = —El%T — E37’B,

¢(B) = —slwlT + EQTN.

Proposition 10 Let a be a unit speed nonnull curve in semi-Riemannian manifold (M,g). The curve « is

then an N-magnetic trajectory of a magnetic field V' if and only if the vector field V can be written along the
curve o as
V = —e37T — 3w N + e3xB. (24)
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Proof Let a be a unit speed N-magnetic trajectory of a magnetic field V. Using Proposition 9 and Eq. (7),
we can easily obtain Eq. (24).
Conversely, we assume that Eq. (24) holds. Then we get V x N = ¢(N), and so the curve « is an

N-magnetic trajectory of the magnetic vector field V. O

Theorem 11 (Main result) Let « be a unit speed N-magnetic curve and V be a Killing vector field on a
simply connected space form (M(C),q). If the curve « is one of the N-magnetic trajectories of (M(C),qg,V)

then its curvature and torsion satisfy the equation

12 /

2
T T

63%// +e1— + 2617’(*)/ —e9Cax +
V1 V1

—8 + EoxT

) =1, (25)

where C' is curvature of the Riemannian space M and n is a constant.

Proof Let V be a magnetic field in a semi-Riemannian 3D manifold M. Then V satisfy Eq. (24).
Differentiating Eq. (24) with respect to s, we have

V1V = (—e37 — eqw12)T — e3w) N + (e3¢ + 701) B. (26)
Eq. (14) and differentiation of Eq. (26) give us
V2V = —eowi 5T + (—e3w] — e175 + ea7?w1) N + (€35 + 7wy + 2w 7)B. (27)
Lemma 1 implies that V(v) = 0, so, considering Eq. (26), we get

7_/

WL =e (28)
Then, if Eq.(26) and Eq.(27) are considered with V(3¢) = 0 in Lemma 1, we obtain
—e3w| — 17 + eom?wy +e19(R(V,T)T, N) = 0.
In particular, since C' is constant, g(R(V,T)T,N) = Cg(V,N) = —e3Cw;, we have
—e3w) — 173 + 97wy + €2Cwy = 0. (29)

Similarly, when Eq. (26) and Eq. (27) are considered with V(7) = 0 in Lemma 1, we can easily see that

— 32 +e 72 !
[(1/3) (35" + 7'y + 2w — e2C3))" + <22> =0. (30)
Finally, integration of Eq. (30) and Eq. (28) gives us
12 / _ .3 2
e + 61— + 2e17(—) — 90+ — 22T e m,
» » 2
where 7 is an arbitrary constant. O
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Example 12 Let M be a three-dimensional sphere and the curve a be a timelike N-magnetic curve and the
constant function. If we get ,x(s) = 1, n = 3/2, and 7(s) = y(s) in Eq. (25), we obtain the following

second-order nonlinear differential equation:

2y(s)"? + 4y(s)y" (s) — y(s)* = 0. (31)

Using the program Mathematica, we obtain the solution of Eq. (31):

3.
2\/glog<e‘/écl+e 2§)—s

y(s) = cqe V5

2\/glog(e\/6cl+e\/§s> s

Thus, the curves having the curvature s(s) =1 and torsion 7(s) = cae Ve " are N-magnetic

curves in a three-dimensional sphere.

Corollary 13 Let V be a Killing vector field on 3D semi-Riemannian manifold (M,g). Then each trajectory
of the magnetic field V. makes an angle 6(s) with the normal vector field of the magnetic curve. For the angle
0(s) we have the following cases:

Case 1. If N and V are spacelike vectors and these vectors span a spacelike plane,

g(N, V) = [IN[[ IV cos® [11].

Then using Eq. (24) and g(N,N) =e5 =1, we obtain

g(N,V) _ g(N,—e3tT—e3wi N+ez»xB) _ —e301

cosf = = = .
TNV v \/|5172+w%+53%2|

Case 2. If N and V are spacelike vectors and these vectors span a timelike plane,
g(N, V) = [IN[[IV][cosh& [11]].
Then using Eq. (24) and g(N,N) =e5 = 1, we obtain

N,V N,— T— N B —
e e e
\/|5172+w1+53%2|

Case 3. If N and V are timelike vectors in the same timecone,

g(N,V) = = [N|[[[V][cosh® [1]].
Then using Eq. (24) and g(N,N) = ey = —1, we obtain
_ g(\N,V) _ g(N,—e37T—ezw1 N+ez»xB) __ £ato
cosh & = gy = TV = ¢|5172_3w§+53%2| :

Case 4. If N spacelike (resp. timelike) and V' timelike (resp. spacelike) vectors are in the future timecone,
g(N,V) = |IN|[|V|[sinh 6 [71].

; [ _ ; : _ gN,V) _ g(N,—e3tT—e3wi N+e3xB) £3T01
Then using Eq. (24) and g(N, N) = &2, we obtain sinh § = NIV = STV = \/|51¢2+52w§+53%2 .

Corollary 14 Let « be a unit speed nonnull N-magnetic curve in Lorentzian 3-space. If the function wy is

nonzero constant, then the curve « is a slant helix whose axis is the vector field.
Proof We assume that « is an N-magnetic curve in Lorentzian 3-space with nonzero constant function wy,

and then from Eq. (28) and Eq. (29), we get

7_/ %l

&1— = —&€3— = W, (32)
” T
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which implies that
61%2 + 637'2 = const.

Furthermore, using Eq. (32) with the following equation for a different point of view, we get

—73 + 27! = —e3w (e35° + £17%) = const.

or

%2

N/
— | = const.,
(63%2 + 617’2)3/2 (%>

where w; is a constant function. By Proposition 2 we obtain that « is a slant helix in Lorentzian 3-space. O

Example 15 We consider a spacelike N-magnetic curve o with timelike normal vector in Lorentzian space

defined by
V3-2 _ o5(v/3 4 2)s + —Y3E2 cos(v/3 — 2)s,

2\/§i([\/§+2) 2\/§([\/§—2)

— 3—2 342 _

a(s) NNy sin(v/3 +2)s + 22\/5(\/572) sin(v/3 — 2)s,
T 2v3

The picture of the spacelike N-magnetic curve « is rendered in Figure 1. The curve a has the following curvature
and torsion:

#(s) = cos2s,

7(s) = sin 2s,

[10]. By using Corollary 1/ we can easily see that wy =2, and so « is an N-magnetic curve.

Figure 1. Spacelike N-magnetic cuve with w; = 2.

Example 16 We consider a spacelike N-magnetic curve o with spacelike normal vector in Lorentzian 3 -space
defined by

4sinh3s 1 2 1 2
as) = (%, 0 sinh 8s + E sinh(—2s), o cosh 8s — E cosh(—2s)).

The picture of the spacelike N-magnetic curve « is rendered in Figure 2. The curve has the following curvature
and torsion:

#(s) = 4 cosh 3s,
7(s) = 4sinh 3s,

[10]. By using Corollary 1/ we can easily see that wy = 3, and so « is an N-magnetic curve.
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Figure 2. Spacelike N-magnetic curve with w; = 3.

Example 17 We consider a timelike N-magnetic curve a in Lorentzian 3-space defined by

3 1 3 1 3
a(s) = (% cosh 2s, g cosh 3s + 3 cosh(—s), 6 sinh 3s + 3 sinh(—s)).

The picture of the timelike N-magnetic curve « is rendered in Figure 3. The curve has the following curvature

and torsion:

»(s) = v/3sinh 2s,
7(s) = v/3 cosh 2s,

[10]. By using Corollary 14 we can easily see that wy; = —2, and so « is a N-magnetic curve.

Corollary 18 Let a be a nonnull N-magnetic curve in Lorentzian 3-space. If the function wy is zero then «

s a circular helix whose axis is the vector field V.

Proof It is obvious from Eq. (23). O

3.3. B-magnetic curves
In this section, we define a new kind of magnetic curve called B-magnetic curve in a 3D semi-Riemannian

manifold. We obtain some characterizations and examples of this curve, and we draw the imagse of these curves

using the program Mathematica.

Definition 19 Let §: I C R — M be a nonnull curve in 3D semi-Riemannian manifold (M,g) and Fy be a
magnetic field on M. We call the curve 8 a B-magnetic curve if the binormal vector field of the curve satisfies
the Lorentz force equation; that is,

VgB=¢(B)=V x B. (33)

421



OZDEMIR et al./Turk J Math

Figure 3. Timelike N-magnetic curve with w; = —2.

Proposition 20 Let 8 be a unit speed nonnull B-magnetic curve in 3D semi-Riemannian manifold (M, g)

with the Serret—Frenet apparatus {T, N, B, s,7}. Then the Lorentz force in the Frenet frame written as

() 0 E9T02 0 T
d)(N) = —E&1TW2 0 —E&3T N s (34)
o(B) 0 9T 0 B

where ws 18 a certain function defined by ws = g(¢p(T), N).
Proof Let 8 be a unit speed nonnull B-magnetic curve in 3D semi-Riemannian space with the Frenet

apparatus {T, N, B, s, 7}. Since we have
o(T)=nT + pN + 0B,
then using the following equalities:
n=eg(o(T),T) =0,
p=e29(¢(T), N) = g2,
o =¢e39(¢(T), B) = —e39(¢(B),T) = —e39(VrB,T) = —e3g(e37N,T) = 0.

we get
¢(T') = eawaN.

Similarly, we can easily obtain

(T) = —e1woT — e37B,
¢(T) = EQTN.
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Proposition 21 Let 8 be a unit speed nonnull curve in semi-Riemannian manifold (M,g). The curve 8 is
then the B-magnetic trajectory of a magnetic field V if and only if the magnetic vector field V' can be written
along the curve B as

V= —53TT+€3WQB. (35)

Proof Let 8 be a unit speed B-magnetic trajectory of a magnetic field V. Using Proposition 20 and Eq. (7),
we obtain Eq. 35.
V= —€3TT + Eg’(DQB

Conversely, we assume that Eq. (35) holds. Then we get ¢(B) =V x B, and so the curve § is a B-magnetic
trajectory of the magnetic field V. O

Theorem 22 (main result) Let 8 be a unit speed B-magnetic curve and V be a Killing vector field on a
simply connected space form (M(C),g). If the curve § is one of the B-magnetic trajectories of (M(C),q,V),

then its curvature and torsion satisfy the following equation:

C
£3(3 )2 + (627 — 29— — 1) 5* — (2ae27* + 3e2C) 3¢ + x

4

where C' is curvature of the Riemannian space M and a, 1, and & are constants.

Proof Let 8 be a magnetic field in a 3D semi-Riemannian manifold. Then V satisfies Eq. (35). Differentiating
Eq. (35), we have
VrV = —e37T + 617‘(% — WQ)N + 83@%3. (37)

Lemma 1 implies that V' (v) =0, so Eq. (37) gives us
7 =0. (38)
If we differentiate Eq. (37) with respect to s,
V2V = ser(wy — 2)T 4+ e17(5¢ — 205N + (e300l + eo7%3¢ — e97%w3) B. (39)
Then, if Eq. (37) and Eq. (39) are considered with V' (5) = 0 in Lemma 1, we obtain
le1T (5" — 2w5)]) + g(R(V,T)T,N) = 0.
In particular, since C' is constant, g(R(V,T)T,N) = Cg(V,N) = 0 we have
7(# —2wh) = 0. (40)
Similarly, if we combine Eq. (37) and Eq. (39) wih V(7) =0 in Lemma 1 we get

2

1 /
[—(e3w0y + €27%3¢ — £2w272 — £2Cm2)] + (2) =0, T = const. (41)
x
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If we integrate Eq. (41) we obtain

3
P
€30Y + €725 — £9waT? — £9Cwy + 5 - B =0, T = const.

Finally, if Eq. (42) is combined with Eq. (40) and is multiplied by 2, we get
235" 5 + (26377 — £2C — 2B) 33 — (2ae27% + 3e20) 3 + 333 =0, 7 = const.,
whose integration is given

4

C
£3(5)% 4 (€272 — €25 — n)#® — (2ae2m% + 329C) ¢ + % =¢&, T = const.

(43)

(44)

Example 23 Let M be a three-dimensional sphere and 3 be a nonnull B-magnetic curve. If we get T =a =1,

n=-2,and £ =5 in Eq. (/4), then we obtain the following first-order nonlinear ordinary differential equation:

Y ()% + 4y(t)* — 5y(t) +

We obtain Figures 4 and 5 using the program Mathematica.

¥ ¥V Im y viD)

s | ¥ \'. Imy ¥(0) |

t v Re y

Figure 4. Plots of sample individual solutions.

Imiy)

TET T =11 I Re(y)
_‘Ezlli-,ll 3 Bl E

(samphng y(0))

Figure 5. Sample solution family.

Corollary 24 Let V be a Killing vector field on 3D semi-Riemannian manifold (M, g). Then each trajectory

of the magnetic field V. makes an angle 0(s) with the binormal vector field of the magnetic curve. For the angle

0(s) we have the following cases:

Case 1. If B and V are spacelike vectors and these vectors span a spacelike plane,
9(B,V) = |B|[|[V|[cos® [11].
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Then using Eq. (35) and g(B,B) = e3 = 1, we obtain

cos = 4BV) _ g(B,—1T+w>B) _ w3
(] v \/|EIT2+w§|'

Case 2. If B and V are spacelike vectors and these vectors span a timelike plane,
9(B,V) = |IB|[[[V][cosh 0 [11].
Then using Eq. (35) and g(B,B) = e3 = 1, we obtain

g(B,V) _ g(B,—tTH+w2B) __
cosh 0 = gamivy = == v ”m%w?
Case 3. If B and V are timelike vectors in the same timecone,
9(B,V) = —|B||[[V| cosh@[1]].

Then using Eq. (35) and g(B,B) = e3 = —1, we obtain

coshf = 9B.V) _ g(B,—7T+wsB) wo
IBIVIE =V \/|.,.2_w2|

Case 4. If N spacelike (resp. timelike) and V' timelike (resp. spacelike) vectors are in the future timecone,
g9(B,V) = ||B|[[[V|[sinh ¢ [11].
Then using Eq. (35) and g(B, B) = €3, we obtain

. B V) (](B —837’T+83W2B)
sinh @ = 9(B, — ! > —
1BV e3[[V]l

\/|61T2+63w2

Corollary 25 Let 8 be a nonnull B-magnetic curve in a Lorentzian 3-space with wo constant; then B is a

circular helix whose axis is the vector field V.

Proof It is obvious from Eq. (36). O

Example 26 We consider a timelike B-magnetic curve in Lorentzian 3-space defined by

B(s) = (coshf \[smh\[)

[10]. The picture of the B-magnetic curve f3 is rendered in Figure 6.

Figure 6.Timelike B-magnetic curve.

The curve B has the following curvature and torsion:
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Using Corollary 25 we can easily see that B is a B-magnetic curve.

Example 27 We consider a timelike B-magnetic curve in Lorentzian 3-space defined by

B(s):(\lfsmhs 7 \[coshs)

[10]. The picture of the B-magnetic curve (8 is rendered in Figure 7.

Figure 7. Spacelike B-magnetic curve.

The curve B has the following curvature and torsion:

x(s) =7(s) = —.

V2

Using Corollary 25 we can easily see that 8 is a B-magnetic curve.
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