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Abstract: We compute the regular poles of the L-factors of the admissible and irreducible representations of the group
GSps, which admit a nonsplit Bessel functional and have a Jacquet module length of 3 with respect to the unipotent
radical of the Siegel parabolic, over a non-Archimedean local field of odd characteristic. We also compute the L-factors

of the generic representations of GSps.
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1. Introduction

Let k be a non-Archimedean local field of odd characteristics. By Table A.3 of [7], the length of a Jacquet
module with respect to the unipotent radical of the Siegel parabolic of an irreducible admissible representation
of GSp4(k) is at most four. In [2], we considered the representations that have Jacquet module length of at
most 2 and admit a nonsplit Bessel functional. For such representations we computed the regular poles of
the L-factors of the spinor (degree 4) L-functions defined by Piatetski-Shapiro [5]. As a consequence, we also
obtained the L-factors of the generic ones among the representations that were considered.

In this paper, we compute the regular poles of the same type of the representations of GSp4(k) mentioned
above, but with Jacquet module length 3. As a result, we also determine the L-factors of the generic ones. Our
results agree with the results of [11], [3], and the local Langlands conjecture.

There are three available constructions to define L-factors of representations of G.Sp4(k). The first one
was defined by Novodvorsky integrals in [1] only for generic representations. The second one was defined by
Shahidi in [9] and extended by Gan and Taked in [3] for all representations except nongeneric supercuspidal
ones. In this paper, we consider the construction of Piatetski-Shapiro given in [5] for all infinite dimensional
representations by using the Bessel model.

Let us first give the definition of the Bessel model. Let S be the unipotent radical of the Siegel parabolic
subgroup of GSpy(k) and let 1) be any nondegenerate character of S. We can realize the group GLs(k) in the
Levi subgroup of the Siegel parabolic subgroup. Let T be the connected component of the stabilizer of 1 in
GLy(k). Then T is isomorphic to units of quadratic extension K of k. Therefore, R = T'S is a subgroup of
GSpa(k). Let A be any character of T'. Then define o () =: A(t)y(s) for r € R,s € S,t € T and r = st.

Let (II, Vi) be an infinite-dimensional, irreducible, and admissible representation of GSps(k). The
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dimension of the space

k)

HOIHR(H7 OzAﬂ[,) = Homgsm(k) (H, InngRl( OzAﬂ[,)

is at most one. If it is nonzero, the image of II in the induced space above is called the Bessel model of II. If
IT is infinite-dimensional, then for some choice of R, , and A the Bessel model exists.

In the construction of Piatetski-Shapiro the local integrals are

L(s; W, ®, 1) = . W (9)®[(0,1)g]pu(detg)|detgl; " dg,

where ® € C°(K?), u is a character of k*, u € Vi, W, is an element of the Bessel model, and N,G are
subgroups of Gsp4(k), which can be realized in GL2(K) and will be defined in the next section.

The integral family {L(s;W,,®,u) : v € Vi1, ® € C(K?)} admits a greatest common denominator for
all its elements. Hence, there exists a function L(s,II, u) called an L-factor such that L(s; W, ®, u)/L(s, 11, u)
is entire for all u € Vi1 and ® € C°(K?). The poles of the L-factor, coming from an integral with a Schwartz
function vanishing at zero, are called regular poles.

Let us summarize the results of [2].

1) Define ¢, (x) := W, ( zly I ) . By using Iwasawa decomposition in Proposition 2.5 of [2] it was proved
2

that the regular poles of the L-factors are the poles of the meromorphic continuation of the integrals

/ (@) () 2]~ 2d" .
kx

Hence, the regular poles depend only on the asymptotic behavior of ¢, (z).

2) If the length of the Jacquet module is zero, then by Proposition 3.1 of [2], ¢, has a compact support

in k* and there is no regular pole.

3) If the length of the Jacquet module is one, then by Proposition 3.2 of [2], for |z| sufficiently small we

have
P, (JC) = CX(QS)

for a constant C' and a character x of £*, where the Jacquet module is &x as k* module. By Lemma 3.4 of

[2], a regular pole is the pole of C'L(s, ).

4) If the length of the Jacquet module is two then the constituents of the Jacquet module are ®y; and
@x2 as k* module. If x; # x2, then by Proposition 3.2 of [2],

pu(r) = Cix1(z) + Caxz(2)
if x1 = x2 = x then by Proposition 3.2 of [2]
pu(r) = Cix(x) + Cax(z)vk(z),

where C; and Cy are constants in k& and vy is the valuation of k. Hence, by Lemma 3.4 and 3.7 of [2], regular

poles are the poles of C1CyL(s, x1)L(s,x2) or the least common multiple of C;L(s,x) and CyL(s,x)?.
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5) After determining the asymptotic behavior of ¢, we showed that for some choice of u € Vi1 we have
that C', Cy, and Cy above are nonzero. In Proposition 5.8 and Proposition 5.11 of [2] it was proved that this
is a consequence of the existence of the homomorphisms from the constituents of the Jacquet module to the
character A, which depends on the Bessel existence conditions. By using these results in Theorem 5.9 of [2]
and Theorem 5.16 of [2] we computed the regular poles of each representations that were considered.

In this paper, we follow similar steps but extend the results. Unlike the case of the paper [2], we need
the Jacquet module structures of the representations more explicitly, namely not only the constituents but also

their orders.
This paper is organized as follows. In Section 2, we give the subgroups of GSp4(k), definitions of Bessel

model, local L-factors, and regular poles. In Section 3, we determine the Jacquet module structure of the
representations that we consider. In Section 4, we characterize the exact sequences of k*. In Section 5, we
determine the asymptotic behavior of ¢, and possible regular poles. In Section 6, we show that there is a
relation between the asymptotic behavior of the ¢, and the homomorphisms from the constituents of the
Jacquet module to the character A. Then we compute the regular poles of each representation separately.
The results of Section 6 with exceptional (nonregular) poles as expected by the local Langlands conjecture and

semisimplifications of the Jacquet modules are given in the Appendix.

2. Definitions and preliminaries

We fix some notations.
k is a non-Archimedean local field of odd characteristic.
vy is the valuation of k.

v is the absolute value on k.
O is the ring of integers of k.

P is the unique maximal prime ideal of O.

w is a fixed generator of P.

q is the cardinality of the residue field of k.

1 is a nontrivial additive character of k with conductor O.
dr = dyx is the self-dual Haar measure on k.

If £ is a representation of a group, then its space and central character are denoted by V¢ and we, respectively.

2.1. GSpy(k) and its subgroups
Let us define the group GSp4(k) by

GSpa(k) = {g € GL4(k) : g"'Jg = X(g)J for some \(g) € k* },

Wherew:( 1)andJ:( w).Let
1 —w

p= {geGsp4(k) g < 4 ),A,B,DeMg(k)}

be the Siegel parabolic subgroup of GSpy(k).

M = {( 4 A4 ) :AeGLg(k),)\ek*}
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is the Levi factor of P and

{(r 1))

where X’ = w(X")w for X € My(k) is the unipotent radical of P. Any character of S is of the form

ws(® 7 ) = vl

for some B8 = f'. 13 is called nondegenerate if 8 € GLy(k).

Let g be a nondegenerate character of S and let T be the connected component of the stabilizer of
¥p in M ; then there is a unique semisimple algebra K over k of index (K : k) =2 and T = K*. K is either
a quadratic field extension of k and K = k(y/p) for some p ¢ (k*)> or K = k® k. If K is a field then T is
called nonsplit. Otherwise it is called split.

In this paper, we consider the nonsplit case and let K = k(p). The group

G={g€GLy(K) :detg € k*}

can be realized in GSpy(k) as

a bl c d

<a+b\/ﬁ c+d\/p >(_> bp al|dp c
e+ fy/p m+nyp e flm n |’

fp e|np m

where a +b,/p,c+d\/p,e+ f\/p,m+n/p € K* an+bm = cf + de. Let

N:{(IQ Z)eG}CG,

which can be realized as a subgroup of S. In the nonsplit case,

a b
bp a

T:

ta+by/pe K*

a —b
—bp «a

The center of GSp4(k) is

Z:{<ab f«www1>:“€“}

and we define the group
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2.2. Bessel model, L-factor, and regular poles

If A is a character of T' and v is a nondegenerate character of S then for r =ts € R

any(r) = A(t)P(s)

is a character of R. The following theorem guarantees the existence and uniqueness of the Bessel model.

Theorem 2.1 [5] Let (I, Vi1) be an irreducible smooth, admissible, and preunitary representation of Gspy(k) ;

then
dim[Homp(IL, ap )] < 1.

If 1T is infinite-dimensional, it is nonzero for some choice of A, ¥, and R.

Let [ be a nonzero element of Homp(II, s ). For u € Vi define Bessel function W, on GSp4(k) by

Wy (g) :== I(II(g)u). Note that for r € R, g € GSps(k) and v € Vi1 we have W, (rg) = ana ¢(r)W,(g). The
space

WA = (W, :u € Vir}

is called the Bessel model of II. A representation of G'Sp4(k) can be defined on W% by right translation and

l‘IQ

= WAY. For h, = ( > € H define ¢, (x) := Wy (hy). The next theorem provides the definitions

I
of L-functions and L-factors.

Theorem 2.2 [5] Let ® € C°(K?) and u be a character of k*. Then for s € C, the integral

L(s; W, @, 1) = e W..(9)®[(0, 1)g]pu(detg)|detgl;, 2 dg

converges absolutely for Re(s) large enough and has a meromorphic continuation to the whole plane. These
integrals form a fractional ideal of the ring Clg®, q~*] of the form L(s;1I, n)Clq®, q~®]. The factor L(s;IL, u) is
of the form P(q~%)~!, where P(X) € C[X], P(0) =1 and is called the L-factor of 11 twisted by u.

A pole of L(s;1I1, 1) is called a regular pole if it is a pole of some L(s; Wy, ®, ) with ®(0,0) = 0. Any

other pole is called an exceptional pole. Regular poles will be expressed as poles of the Tate L-functions:

L(s, ) 1 if v is ramified
$ = 5 . . .
X (1 —x(w)g=%)~! if x is unramified

where x is a character of k*.

By using Iwasawa decomposition regular poles can be characterized as follows.
Proposition 2.3 Regular poles of L(s;1I, 1) are the poles of the integrals

/ u (@) p(2)|2|* 3 2d* v e V.
kx

Proof Proposition 2.5 of [2] O

By the following theorem, finding regular poles of generic representations is equivalent to finding L-factors.

Theorem 2.4 [5] If T1 is generic, then its L-factor has only regular poles.
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2.3. Parabolic induction and Jacquet module

Let P, be a maximal standard parabolic subgroup of GSps(k) with Levi decomposition P, = M,U,.
Let (7,V;) be a representation of M, and let dp, be the modular character of P, . The normalized
parabolic induction from P, to GSps(k) is defined as indIGDOSp“T = {f : GSps(k) — V. : f(mug) =
5p,(m)21r(m)f(g), for m € M, and u € U,}. The action of GSps(k) on indIGDOSmT is by right translation.
The unnormalized one is denoted by Ind.

Let (II, V1) be an admissible and irreducible representation of GSpy(k). Define
Vs(II) := span{v —II(s)v : s € S,v € V1 }.
The normalized Jacquet module with respect to S is the smooth representation of M defined by
Rg(Il) = TIg ® 6,5"/2,

where (ILg, Vi1/Vs(II)) is the regular Jacquet module.

If p= ( A /\(A*;)*l ) € P for A€ GLy(k), then 6p(p) = |det(A)3A73|.
Let B denote the Borel subgroup of GLy(k). For the characters xi, x2 of k*, define mdgLQ(k)(

{f:GLy(k) = C f(< “ Z )g) = 5B(< “ Z >)1/2X1(a)X2(d)f(g), g € GLy(k)} to be the normalized

X1,X2) =

induction from B to GLy(k), where 5B(< @ Z >) = |4|. Let 7 be a representation of GLs(k), Jacquet

module of 7 with respect to the unipotent subgroup Ngr, k) = {< 1 >1k ) € GLg(k)} is

J(r) =V /[{r(n)u —u:n € Ngr,x), v € Vr}

and it is a representation of the diagonal subgroup of GLy(k). By Theorem 4.5.1 of [1], indgb(k)(ulm7 v=1/2)

has an irreducible subrepresentation of codimension one denoted by Stgr,x) and one-dimensional quotient

denoted by 1gr, k). Also, by Theorem 4.5.4 of [1],

a
J(Star, k) ( ¢ d ) = ‘E‘ and J(lgp,) = 1k~

We also denote the contragredient representation of 7 by 7.

3. Jacquet module structure

In this section we determine the Jacquet module structures of the representations of G'spy(k), which are induced
from the Siegel parabolic subgroup. First we provide the root system and Weyl group of GSp4(k). For details,

one can look at Section 2.3 of [7].
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3.1. Weyl group

A base for a root system of GSpy(k) is «, 8 and the positive roots are

o, f,a+ B, 2a+ 6.

A Weyl group is

{17 51,82, 5152, 5251, 515251, 525152, 31325152}

where

S w S
1= 2 =
w )

and

si(a) = —a, 51(B) = 2a + B, sa(a) =a+ 8, s2(B) = —B.
sisa(a) = a+ B, s152(8) = , s2s1(a) = —a — B, 5251(0) = 20+ 3.
s25152(0) = i, s25182(8) = a + B, s1s251(a) = —av — 3, s25152(8) = 3.

s1828182(@) = —qv, $28182(0) = a+ 5.

We need the following sets:

[W/W,] == {w: wa >0} = {1, s2, 5152, S25152}

W \W] :={w:w ta >0} = {1, s2, 5251, 525152}

(W \W/W,] := [W/W4] N [WA\W] = {1, w1 = 528182, wa = S2}.

Siegel parabolic subgroup of GSp4(k) corresponds to the positive root « and P = P,.
Proposition 3.1 i) w; 'Pw, NP = M.

i) wy'Pwy N M = M.

iii) wy 'Pw; NS =1Iy.
w) MNw Swt=1,.

A B

Proof For p= ( D

) € P we have

wypwy = (12 12><A g)<fz 12)
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Hence,

w'Pwy NP =M, wy'Pu,NM =M, w;'Pwu;NS =1I,.

Since
wflel ﬂS:I4:>Pﬂw15wf1 =1y,

we have M ﬂwlSwfl =14

Proposition 3.2 Let

* % 1 =
M, = * My = L
2= x o« |72 1 % |’
1
x ok |k x
* *
Py = |52
*
be subgroups of GSpy(k).
i) wy'Pwy NP =Py,
i) wy *Pwy N\ M = M.
iii) wy "Pwy NS = Ss.
w) M N wySwyt = Mp.
a b|lc d
Proof For p= e flg b € P we have
m n
r s
1 a b|lc d 1
_ -1 e h 1
1 T S
a bl c d 1
. -m -n 1
o e f| g h -1
T s 1
a —c|b d
_ m -n
n e —gl|f h
-7 S
Hence,

My = wy 'Pwy N M, wy'Pwy NP =Py, wy'PwyNS =09,
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1 c d
For s = 1 ? h € S we have
1
1 1 c d 1
_ 1 1lg h 1
U}QSU}Q 1 = 1 1 1
1 1 1
1 c d 1
B 1 ~1
- 1| —-g -h 1
1 1
1 ¢ d
B 1
o —g |1 —h
1
Hence, M NwySwy ' = M}. O

Proposition 3.3 i) dim(P\Pw;P) = 3.
ii) dim(P\PwsP) = 2.

Proof i) By Proposition 3.1(i), since w; Mw; ' C P, we have
P\Pw, P = P\P(w,Mw; )w; S = P\Pw,S.

Hence, the representatives for the quotient are the elements of wyS and dim(P\Pw,P) = 3.

ii) First note that wyMw,' N P = woMywy,' = My, and if g = ( : : ) € GLa(k) and ¢ # 0 then

there exists b € B and z = < 1 i > € GLa(k) such that ¢ = bz. Hence, M = My N MoM' where

M = :nckyp. Alsolet S = Note that M’'S = SM’ and

S = S55’. Hence,
P\Pw,P = P\Pw,MS

—  P\PwsM>S U P\PuwsMoM'S
= P\PwySUP\Pw,M'S

= P\PwyS U P\PwySM’

= P\PwySU P\PwySM’

=  P\PwyS2S" U P\ PwyS,S" M’
= P\PwyS" U P\PwyS'M'
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and the representatives for P\PwyP are the elements of S’ U S’M’. Hence, dim(P\Pw2P) = 2. O

3.2. Jacquet module structure of induced representations
In this section we summarize the Jacquet module structures of induced representations due to Section 3.4 of [10]
and Section 6.3 of the unpublished book Introduction to the Theory of Admissible Representations of p-adic
Reductive Groups by William Casselman. Let 6 be a representation of M and

I, = {f € ind$0 : supp(f) C G, = Udim(PwP)>nPwP}.

The elements of I3, Is, I;, and Iy = I have support in Pw; P, Pwi;PU PwsP, Pw;PUPwyP, and Gspy(k),
respectively. Note that I, = I,. We also have

(In/Tnsn)s 2 Indis pyange™ Orrews=) (™' 01), ()
where dim(PwP) = n and v is the modulus of the unique rational character of w=!Pw N P acting on

S/(w=tPwnS), and 0p;nwsw-1 is the Jacquet module of § with respect to M NwSw™?.

Now we give the Jacquet module structure of representations induced from the Siegel parabolic by using (1).

Proposition 3.4 Let 0 =7 ® p be a representation of M. If [ = inngp“(k)@ then 0 C Is C I, C I and
0C (13)5 C (12)5 - 157

where
i)(I3)s =T @ wrp.

ii)(Ia/I3)s = indgL2(k)J’(T) ® pv'/? where J(7) is the Jacquet module of T and

=) (4 g ) e 0 N,

iii) (I/13)s = 0.
Proof First constituent: w = w;
By (1),
(Is)s = Indjjw™ ' (01,) (w6 2)y = w1 (05'/%)y
and ~ is the modulus of the unique rational character of M acting on S; hence, it is §.

3

_ 1/2 A . 1/2 )\(A/)_l det(A)
w (66 )5( A ) = 65, ( AN ) \
detA(A) 1) P | det(A) |

= T(\A) T @p(N)

A A

det(A) [*?

= ()Y ewp) |25

= (M e ) e
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1/2

In Table A.2, the Jacquet module is normalized by "/~ ; hence, the first constituent is 7 ® wp.

Second constituent: w = wsy
By (1),

(I2/Is)s = Ind}, w™ (Bar) (w5 /%)y

and v is the modulus of the unique rational character of P, acting on S/Ss = 1 . Since

a 1 a
d 1]s d
X X =
X 1 X
¢ A 1 ¢ A
5y :%. Also,
1 a 1
_1 1 d -1
w2 wy = 1 2 1
d
1 ; 1
a
A
_ i -1
1
A 1
a
A
A(%)
AE)-
Hence,

(I2/Is)s = Ind¥,cw™ " (On) (w5 %)
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and Oy = J(7) ® p where J(7) is Jacquet module of 7. Thus we have

w™H (O) (w6 )y

= [J(r)@p)6*/? |w

_ 1/2 3 d
= [J(T)®P]5 /\(%) Y %
A(3) 2
a QS/Q d2
= () E %
_ - a ald/21d11/2 |\ L
J()( g)pun PRGN @)

In Table A.2 the Jacquet module is normalized by 5;1/ ?. Hence, (2) becomes

ad

-3/2
a _
S (s ) P s s

=gy ) e s
ey (Yo (4 )t e o

= () (s )l e sy

d

and the result follows.

Third constituent: w =1
By (1),
(I/12)s = Indyi01,01 %y = 053~
and « is the modulus of the unique rational character of P acting on I4; hence, it is 1. In Table A.2 the

Jacquet module is normalized by 6;1/ % and hence the third constituent is 6. O

3.3. Representations and their Jacquet modules

In this section we determine Jacquet module structures of the representations that we consider in this paper.

Irreducible and admissible representations of G:Sp4(k), which has Jacquet module length of 3, are given in Table
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A1 due to the Sally-Tadic classification in [8]. In this table, the representations that we consider are named as

ITa, ITb, Via, and VId. Additionally, semisimplifications of these representations are given in Table A.2.

3.3.1. II-a: XStGLQ(k) X o

Proposition 3.5 If I = xStgr,x) ¥ o then we have

0 C I3)s C I)s - I)s.
. (I3) , (12) . )
X*IStGLz(k)(gXZU indﬁLz(k)(XV1/2,X_1V1/2)®XV_1/20 XStaL, (k) Q0

Proof First constituent: By Proposition 3.4(i), the first constituent is

XStGLQ(k) &® wXStGLz(k)J = XﬁlStGLg(k) ® X20'.

Second constituent: By Proposition 3.4(ii),

a —
J(XStGLQ(k)) ( A ) |ad| 1/2 ® O'()\)|)\|1/2
d

- (3)

= x(@)la]"*x~H(d)|d]"? ® xa (AN 72,

jad|'’? © o (N)|AI"

al| e

Hence, the second constituent is
mdgh(k)(xyl/z’ X—1V1/2) ® XUV—1/2.

Third constituent: By Proposition 3.4(iii), the third constituent is xStgr,x) ® 0. O

3.3.2. II-b: X]-GLg(k) X o

Proposition 3.6 If I = xlar,x) X o then we have

0 C I C I C Is.
. Us)s (L)s o (Ds
X" MaLy (k) ®Xx20 indgLZ(k)(XV’1/27X’1V’1/2)®XV1/20 XlarL,(ky®o

Proof First constituent: By Proposition 3.4(i), the first constituent is

Xlar, k) @ Wyigr, o = X "G, m ® X0

Second constituent: By Proposition 3.4(ii),
a _
J(chLz(k))< A ) lad| ™' @ o(A)| A/
d

a _
(%) lad 2 o2

= x(@)la| =2 (@D)ld] T2 @ xa (M)A,
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Hence, the second constituent is
indng(k)(xzfl/Q, x vV @ xvt/ 20,

Third constituent: By Proposition 3.4(iii), the third constituent is x1gz,x) ® 0.

3.3.3. VI-a: 7(S,v71/20)

By Section 2.2 of [7], we have
0—VI—-a— VI/QStGLz(k) v V2 —VI—c—0
and the Jacquet module of VI-c is u_l/QStGL2(k) ® v'/%.

1

Proposition 3.7 If [ = Vl/QStGLZ(k) x v~ Y25 then we have

0 - I3)s - I3)s C I)s.
, (13) N (12) : (1)
v=1/2St gL, (k) ®vY/ 20 yl/QindgLQ(k)(ul/z,u*1/2)®y*1/20 V128t gL, (0 Qv 20

Proof First constituent: By Proposition 3.4(i), the first constituent is

VI/QStGLQ(k) ® wyl/zstcbz(k)l/_l/QO' = V_l/QStGL(Q) ® V1/20'.

Second constituent: By Proposition 3.4(ii),

a _ _
TSt m) ( R ) lad| ™7 @ |\ 2o (A2
d

a\ 1/2

d

lad| "2 ® a(N)

a
2
d
= la| @ s(A)AI 72,
Hence, the second constituent is
G La(k) G L (k)

indg (r,1)® v 245 = ul/QindB (ul/Q, V—1/2) Qv 1/2g.

Third constituent: By Proposition 3.4(iii), the third constituent is ul/QStGL2(k) Qv 2.

Corollary 3.8

0 C VI—a))s C VI—a)g
NS (( )2) , ( )
Vl/zindgL2<k)(ul/z,u*1/2)®u*1/2a V128t gL, (ny@r—1/ 20
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3.3.4. VI-d: L(v,1g- x v~2%0)
By Section 2.2 of [7], we have
0—VI—b— v g, v 20 —VI-d—0

and the Jacquet module of VI-b is Vl/zchz(k) @ v 1/2%.

Proposition 3.9 If [ = V1/21GL2(k) x v~ Y20 then we have

0 C I3)s C I)s C s
, (I3) , (2) (1)
v, m@vt/ 20 v=1/2indGE2 8 (172 y-1/2)gu1/24 V12160, (0y®@v—1 20

Proof First constituent: By Proposition 3.4(i), the first constituent is

V1/21GL2(k) & le/Qchz(k)V_l/QU = V_l/QlGL(Q) ® v/ 2.

Second constituent: By Proposition 3.4(ii),

a _ _
T e, m) ( N ) lad| ™7 @ A 2o (A2
d

1/2

A ad 2 @ ()

d

=|d " @a(N)v['V2
Hence, the second constituent is
GLs (k) GLj (k)

indp (Lv Y @20 = v~ 2ind; W20V @ vt 2,

Third constituent: By Proposition 3.4(iii), the third constituent is 1/’1/21GL2(;€) Q@ v/, O

Corollary 3.10

0 - VI—d C VI—d)s.
< VI-dps o (VI-ds
V_l/QindgL2(k)(V1/2,V—1/2)®y1/2(f U_1/21GL2(k)®U1/20'

4. Representations of k*

In this section, we describe some exact sequences of representations of £* that we will need in the following
section.

Proposition 4.1 Let x1 and x2 be characters of k*, (p,U) be a representation of k*, and
00— dx1 — U — ®x2 — 0.

)If x1 # x2 then U = @&x1 @D Dx2. Hence, if u € U then there exists uy € @x1 and uy € @y such that
u=1uy +us and

ple)u = x1(x)ur + x2(x)us.
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it)If x1=x2=x and u € U then for some w € ®x we have

ple)u = x(@)u + x(z)vk(r)w.
Proof Lemma 5.10 of [2]. O

Proposition 4.2 Let x1,x2, and x3 be characters of k* and let (p,U) and (p,U1) be representations of k*

such that
0—U —U—®x3—0 (3)

and
00— &x1 — U — dx2 — 0.

i) If x1, X2, and x3 are all different then U = ©&x1 @ ©x2 @ ©xs. Hence, for all uw € U there exists u; € ®x;
for i=1,2,3 such that u = uy; + us + ug and

plx)u = x1()ur + x2(x)uz + Xa(x)us.

it) If x1 = x3 and x2 # x3 then U = U] @ &x2 where 0 — &x; — U] — &x1 — 0. Hence, for all

u € U there exists up € U{ and us € ®x2 such that u = uy + uy and for some u} € Bx1 we have

pla)u = x1(x)ur + x1(x)or(@)u) + xa(2)us.
Proof i) By Proposition 4.1 (i), Uy = ®&x1 @ ®x2. If u € U then we have

pe)u = x3(x)u + wi(z) + wa(z) (4)

for some w1 (z) € ®x1 and wa(x) € Gx2. Hence,

p(y)wi(z) = x1(y)wi(x), p(y)w2(r) = x2(y)w2(z). (5)
From Eq. (4),
p(zy)u = xs3(zy)u + wi(zy) + wa(zy). (6)
By Egs. (4) and (5),
plxy)u = p(y)lp(x)u]
= p(¥)xs(@)u + wi(z) + w2 (z)]

= x3(2)p(y)u + p(y)wi(z) + p(y)w2(z)]
= x3(@)[x3(y)u + wi(y) + w2(y)] + x1(y)wi(z) + x2(y)wa(x)
= xs(zy)u+ x3(@)wi(y) + xs(x)wa(y) + x1(y)wi(x) + x2(y)wa2(z). (7)

Hence, by Egs. (6) and (7) we have
[wi(zy) — x3(@)wi(y) — x1(y)wi(@)] + [wa(zy) — x3(2)w2(y) — x2(y)wa(z)] = 0,

and since we have a direct sum,

wi(zy) = x3(z)wi(y) + x1(y)wi(x) (8)
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wa(zy) = x3(@)w2(y) + x2(y)wa (). (9)

As in the proof of Proposition 4.1(i) , for some wy € &x1 and ws € Gx2 we have

wi(z) = wilx1(z) — x3(2)], wa(z) = walxa(w) — x3(2)].
Hence, by Eq. (4),
p(r)u = x3(x)u + wi[x1(z) — x3(2)] + walxa(w) — x3(2)]

and
p(@)[u — w1 — wo] = xs(x)[u — w1 — wal.

Thus, the exact sequence (3) splits.

ii) By Eqgs. (8) and (9) and as in the proof of Proposition 4.1(i) and (ii) for some wy € ®x2 and w; € Gy we

have
wa(x) = wax2(x) — x3(2)],
w1 (x) = wyx1(x)vg ().
By Eq. (4),
p(x)u = x1(z)u + wixa(z)ve(z) + walx2(r) — x1(z)]
and
p(@)[u — wo] = x1(2)[u — wa] + x1(2)vi(z)w:.

Hence, we have a direct sum of @y2 and Uj. O

5. Asymptotic behavior of ¢,

In this section, we determine the behavior of ¢, (x) for small enough |z|, which depends on the Jacquet module
structure. We also compute the possible poles of the integrals in Proposition 2.3 in the line of [2] but by

extending the results.

Proposition 5.1 Let (II, Vi1) be a smooth representation of GSpa(k).
1) If uw € Vi1, then there exists a constant C', depending on w, such that ¢, (x) =0 for |z| > C.
2) If u € Vg(IT), then there exists a constant € > 0, depending on w, such that ¢,(x) = 0 for |z| < e.

Therefore, p, has compact support in k*.

Proof Proposition 3.1 of [2]. O

Proposition 5.2 Let u € Vii. If I(hy)u — x(x)u € Vs(II) for every x € k*, then there exists a constant C

and positive integer j, such that
pu(r) = Cx(2)
for |x| < g7 .

Proof Proposition 3.2 of [2]. O
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Lemma 5.3 If ¢,(z) = C|z|*/?x(z) for some character x of k* and |x| < ¢ Jo, then the pole of
/ ©u(@)|z|*~32d" x is the pole of CL(s, ).
k*

Proof Lemma 3.4 of [2]. O

Proposition 5.4 Let u,w € Vir. If TI(h;)u — x(2)u — x(2)vk(x)w € Vs(lI) and (h,)w — x(x)w € Vg(II) for

sufficiently small |x| then for some constants Cy and Co we have

pu(z) = Cix(z) + Cox(@)vk(z).
Proof Proposition 3.5 of [2]. O

Lemma 5.5 If p,(x) = C1|z[3/?x(2) + Colz>/?x(x)vi(2) for some character x of k* and |x| < q~7°, then

the poles of/ ©u(@)|2]5732d*x are the poles of the least common multiple of C1L(s,x) and CyL(s, x)?.
k:*

Proof Lemma 3.7 of [2]. O

Theorem 5.6 Let u € Vi and |x| be small enough; then the asymptotic behavior of the Bessel model of
i)l-a is if x* #1
pu(a) = Crla*o(x) + Colz 2|22 x0 (2) + Calz[**XPo(2);
otherwise
pu(a) = Cila* o (x) + Colz*2|z]V/2x0 (2) + Cala* Pvg(w)o ().
i) I1-b is if x> # 1
p(x) = C1|z[*Po(x) + Cola*?|2| 7 xo (x) + Csla[** X0 (x);

otherwise
pu(@) = C1|z* 20 (2) + Cala|*?|2| V2 xo (x) + Cala* Pvx(2)o ().
i11) VI-a is
pu(@) = Cilz*?|2|' %0 (z) + Cola* | 2ok (2)o ().
i) VI-d is

pu(x) = Cile|*?[a| 7 2o (2) + Cola*? ] = Pvk(2)o (2).

Proof i) By Proposition 3.5, the constituents of the Jacquet module of IT-a are x 'Stgr,m ® x*0,

indgLZ(k)(Xul/Q,x_lvl/Q) ® xv~Y20, and xStgr,) ® 0. As a representation of H, the constituents are

®o, ®v/?xo, and ©x?c and in this case x # vT3/2 and x? # vT! by Section 2.2 of [7]. Hence, if 2 # 1,
then these three constituents are different, so we are in the case of Proposition 4.2(i) and the result follows

from Proposition 5.2. If 2 = 1 then the constituents are @0, $r'/2xo and @o then we are in the case of

Proposition 4.2(ii), and the result follows from Proposition 5.2 and Proposition 5.4.
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ii) Similar to the previous proof.

iii) By Corollary 3.8 the constituents of the Jacquet module of V-a are v'/2ind$">®) (,1/2 ,=1/2) @ ,=1/24
and ul/QStGLz(k) @ v~ Y20, As a representation of H, the constituents are two @v'/20. Thus we are in the

case of Proposition 4.1(ii) and the result follows from Proposition 5.4.

iv)Similar to the previous proof. O

6. Computation of regular poles

The following theorem and lemmas are required to determine whether constants in Theorem 5.6 are nonzero or
not.
Let

Vr,s(A D) := {II(ts)v — A(t)v : v € Vir}

and
V(AT = {II(t)o — A(t)v: © € Vir/Vs(I)}.

Theorem 6.1
oy € CF(k") <= v € Vp g(A,TI).

Proof Theorem 4.9 of [2] O

Lemma 6.2 Let K be a quadratic extension of k and T = K*; then

Homp(0Stgr, k), A) is nonzero for a character of K*, which satisfies o2 =A

k= if and only if A # oo Ngyj.

If Homr(oStGr, k), A) is nonzero then it is one-dimensional.
Proof Proposition 1.7 in [12]. O
Lemma 6.3 Let K be a quadratic extension of k and T = K*. If w is an irreducible representation of GLy(k),

which is induced from a character of the torus of GLa(k), then Homyp(m,A) is nonzero for every character A
of K* such that w, = A

g« and Homyp(m,A) is one-dimensional.

Proof Proposition 1.6 in [12]. O

From now on, we assume that (II, V1) has a Bessel model with respect to ¢ and A. Also, for simplicity,

we take p=1.

6.1. Representations with Jacquet module length 3

In this section we compute the regular poles for each representation separately.

6.1.1. TI-a: xStgr,x) X 0

By Proposition 3.5, if I = xStgr,k) % o, then we have

0 - I C I - I
(I3)s (l2)s (I)s
X" 'StaL, (k) ®X70 indng(k)(XV1/2,X_1V1/2)®XV_1/20' XStary (k) @0
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and as a representation of H we have

0 I I Is.
s o s s
So oxrt/20 ®x2o

In this case, we have x # vF3/2 y2 £ pF1.
Proposition 6.4 If IT-a has a Bessel model with respect to the characters A and ¥ then A # xo o Ni .
Proof By Proposition 2.1 of [6],

(XStarLyky % 0)o = (XStaL,) @ o)l = (XoStar, )T

Hence, II-a has a Bessel model if and only if Homz[xoStgr, ), A] # 0 and the result follows from Lemma 6.2.
O

Case 1: If x? # 1 then by Theorem 5.6(i),
pu(@) = Cla*o(z) + Colz*2[z]/2x0 (2) + Calz[**xPa(2)

and by Proposition 4.2(i)
Is = oo @ oxv'*oc P ox’o.

Proposition 6.5 For some choice of u, the constants C1,Cs, and Cs are all nonzero.

Proof If C; =0, then by Theorem 6.1, (I3)s C Vr(A,II). Therefore, if w € ®o = (I3)s then

N1 No N3
u = aillls(t)ui — At)ui) + > bs[TTs(ty)uy — Aty up) + Y aillls(t)ul — At)uj]
i=1 j=1 =1

where a;,bj,¢; €k, t;,t;,t; € T and u} € o, ub € exvt/?o, u} € ®x?o. Note that
Y aillls(t)uj — A(t:)us] € &0,

32520 b M (ty )ub — Aty )ub] € oxv'/?0,

S s (t)uh — A(t)ub] € @x30.

Since we have a direct sum Z;V:zl b;[Ts (t;)ul, — Atj)ud] = 0 and Efvjl a[ls(t)ul — A(t;)ub] =0, hence

Ny ) .
u=3" allls(tul — Altui]

and
O = HOmT[(Ig)S,A]
= Homy[x 'Star,u ® x>0, A]

— HomT[XO'Stng(k)a A]

388



DANISMAN/Turk J Math

Hence by Lemma 6.2, A = xo o N/, which contradicts the Bessel existence condition.

If Cy = 0 then by Theorem 6.1, ©xv'/20 C Vp(A,II). Therefore, if @ € ®xv'/?0 then

Ny Na N3
U= aillls(ti)u — A(t)ul] + > bi[Ms(t;)ud — Aty ud) + Y erfTls(t)ul — A(tr)ub]
i=1 j=1 =1

where a;,b5,¢; € k, t;,t5,t € T and ui € @o, ul2 e @exv'/?o, ug € ®x2%0. Note that
S aillls(t)ul — Alt)ul] € @o,
S0 by st — Alty)ud] € @x0 20

S allls(t)uh — Alty)u] € B30

Since we have a direct sum S a;[Ig(t;)ui — A(t;)ui] = 0 and 0% ¢[ls(t)ub — A(t;)uk] = 0, hence

N2
u=Y b[s(tj)ul — A(tj)ul] € xvt/%o
j=1
and
0 = Homr[(I2)s/(I3)s, Al

= HO?TLT[Z’I’LdGLZ(k)( /2,X71V1/2) ®XUV?1/27A]
_ HomT[xJV 1/2 anGLz(k)( /Q,Xillll/z),/\],

which is a contradiction by Lemma 6.3.

If C3 =0 then by Theorem 6.1, ®x%0 C V1 (A,II). Therefore, if @ € ©x?0 then

N N» N3
T = ai[ls(t)ul — Alt)ui] + D bs[Ts(t)ub — A(ty)u) + > erlls(tr)ul — A(t)ub]
i=1 j=1 =1

where a;,b5,¢; €k, t;,t;,t €T and ul € ®o,ub € @y ?o, ub € ®x%0. Note that
Y aillls(t)uj — A(t:)us] € @0,
S b (ty)ub — At))uf) € &xv'/?0

S allls(t)ub — A(t)ub] € @xo.

Since we have a direct sum Y, a;[Ig(t;)u} — A(t;)ui] = 0 and Z;V; b;[Ts (tj)ul — A(tj)ul] = 0, hence

and

0 = Homr|(I)s/(I2)s,A]
= Homp[xStgr,m) @ 0, Al
= Homr[xoStGr, k), Al
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Hence, by Lemma 6.2, A = xo o N/, which contradicts the Bessel existence condition. O

Case 2: If x? =1 then, by Theorem 5.6(ii), for every u € Vi1 we have
pu(x) = Cila[* 0 (x) + Colz*?|2'/*x0 (z) + Cala[* *vg(w)o (@),

and by Proposition 4.2(ii)
Is=Uj @ exv'/ %o

where U7 is an extension of two @®o.

Proposition 6.6 For some choice of u, the constants Cy and Cs3 are nonzero.

Proof If Cy = 0 then by Theorem 6.1 ®yv'/?0c C V(AT ((I2)s = @@ ®xv'/?0). Therefore, if
e ®yr'/?c, then

= allls(ts)ui — A(ti)ut] + D b;[TTs(t5)uf — Alty)ud]

where a;,b; € k, t;,t; €T and u’l = U{7ul2 c @XVI/QO'. Note that
SN (s (k) — At)ul] € aU,

N, . .
32521 bi[s (ty)us — A(ty)us) € oxv'/2o.

Since we have a direct sum vazll a;[ls(t;)ui — A(t;)u}] = 0, hence
N2 . .
u=Y b[ls(t;)u — A(t;)ud]
j=1

and

0 = Homr[(l2)s/(I3)s, Al
_ HomT[indgL2(k) (XV1/27 X—1l/1/2) ® Xal/_l/z,A]

= HomT[XUu_l/ZindgL"’(k)(Xu1/27X_lul/Q),A],
which is a contradiction by Lemma 6.3.
If C3 =0, then for every u € (I)g there exists Uy € (I2)s such that @ —uy € Vr(A,11). Hence,

0 = Homr[(I)s/(I2)s,A]
= HomT[XStGLQ(k)(@U,A]

= Homr[xoStar, ), Al

Hence by Lemma 6.2, A = xo o N ;,, which contradicts the Bessel existence condition. O
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6.1.2. I1-b: XlGLg(k) X o

By Proposition 3.6, if I = x1gr,x) ¥ 0, then we have

0 < By)s < (2)s (s

X MerL, k) ®x3o indgLZ(’ﬂ)(nyl/z))(71V71/2)®X1,1/2L7 XlgL(2)®o

and as a representation of H we have

I- I Ig.
0.C (Is)s €, (I2)s _C (I)s
Bo @XU—1/20- @X2g

In this case, we have y # v¥3/2 x? # vFL. By a similar proof to that of II-a we have:

Proposition 6.7 If II-b has a Bessel model with respect to the characters A and W then A = xo o Ng/y.

Proposition 6.8 If x? # 1 then for some choice of u we have
pu(@) = Crla[* o () + Colz*2|z]V2x0 (2) + Calz[**xPa ()

and the constants C1,Csy, and C3 are nonzero.
Proposition 6.9 If x?> = 1 then for some choice of u we have

pu(@) = Crla[*o(z) + Colz*2|z]/2x0 (2) + Cala[*Pvg(w)o(2)
and the constants Cy and C3 are nonzero.

6.1.3. VI-a: 7(S,v/%0)
By Corollary 3.8, we have

0 C VI—-a C VI—-a
. (( )2)s ( )s
v1/2indS 2 M) (172 L-1/2)gu-1/24 v1/28tg L, (ny®@v =1 20

and as a representation of H we have

0 \C’/ ((Vl—a)g)s \C,_, (VI—CL)S.

@UI/QO' @IJI/QO'

Proposition 6.10 If VI-a has a Bessel model with respect to the characters A and ¥ then A # o o N .

Proof By Sally—Tadic classification and exactness of the twisted Jacquet module, we have
0— (VI—a)y — ("2 Star,m x v 20)y — (VI —c)y — 0.

Since T is nonsplit this sequence splits and by Proposition 2.1 of [0], (1/1/2StGL2(k) X V’1/20)¢ = 0StGLy(k)-
Thus, if VI-a or VI-c has a Bessel model with respect to 1 and A, then by Lemma 6.2 A # 0 o N/,

By Theorem 5.6(iii)
pu(@) = Cilz*?|2|' 20 (z) + Cola* | 2oy (2)o ().
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Proposition 6.11 For some choice of u we have a nonzero Cs.

Proof 1If Cy = 0 then for all w € (VI — a)g there exists Uy € (VI — a)2)s such that uw —uy € Vo (A,II).

Hence,

0 = Homg[(VI—a)s/(VI—a)s)s,A]
= HomT[V1/2StGL2(k) ®v 20, Al

= HOTTLT[O'StGLz(k), A]

Hence, by Lemma 6.2 A = o o Nk, which contradicts the Bessel existence condition. O

6.1.4. VI-d: L(v,1g- x v~ 20)

By Corollary 3.10, we have

0 C VI—-d C VI—-d
< ((VI-dp)s < (VI-ds
V*l/QindgLZ(k)(V1/2,V*1/2)®u1/20 u*l/QIGLQ(M@Iﬂ/?U

and as a representation of H we have

0 Cc (VI-d)a)s c (VI-ds.
Gr—1/20 dr—1/2¢4

Proposition 6.12 If VI-d has a Bessel model with respect to the characters A and ¥, then A = o o N ;.

Proof By Sally—Tadic classification and exactness of the twisted Jacquet module, we have
0— (VI=b)y — " *1ap,m) @ v %0)y — (VI —d)y — 0.
Since T is nonsplit this sequence splits and by Proposition 2.1 of [(], (V1/21GL2(k) x v 25), = olary(k) -
Thus, if VI-b or VI-d has a Bessel model with respect to ¢ and A, then A = oo Ngy. O
By Theorem 5.6(iii)
pula) = Crlaa| " 2o () + Cola* 2|2 2oy ()0 (x).

Proposition 6.13 For some choice of u we have a nonzero Cs.

Proof If Cy = 0 then for all w € (VI — d)s there exists U € (VI — d)2)s such that ©w —uy € Vp(A,II).
Hence,

0 = Homp[(VI—-d)s/(VI—d)2)s, ]
= HOmT[V71/21GL2(k)®V1/20',A]

= HomT[01GL2(k),A].

Hence, A # 0 o Ng/;, which contradicts the Bessel existence condition. O
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is L(s,0)L(s,v"/?x0)L(s, x%0).

i) Regular poles of II-b are poles of L(s,a)L(s,v="?x0o)L(s,x0).

iii) The L-factor of VI-a is L(s,v"/?0)?.
iv) Regular poles of VI-d are poles of L(s,

v124)2,

Proof i) If x? # 1 then the result follows from Proposition 6.5, Lemma 5.3, and Theorem 2.4. If x? = 1 then
5

the result follows from Proposition 6.6, Lemma 5.3, Lemma 5.5, and Theorem 2.4.

ii) Similar to (i).

iii) The result follows from Proposition 6.1

1, Lemma 5.5, and Theorem 2.4.

iv) The result follows from Proposition 6.13 and Lemma 5.5. O
Appendix
A. Tables
Table A.1 displays the regular poles of the nonsupercuspidal representations due to [8], which have Jacquet

module length of 3, in terms of the poles of Tate L-functions. The last column shows the expected exceptional
poles from the local Langlands conjecture. Table A.2 shows the semisimplifications of the Jacquet modules
with respect to the Siegel parabolic, given in the appendix of [7]. '#’ and g’ columns indicate the number of

constituents of the Jacquet module and generic representations, respectively.

A.1. Regular and exceptional poles.

Representation Regular poles Exceptional
IT | a XStare) X o L(s,0)L(s,v*?x0)L(s,x?0) -
II | b Xlgre X o L(s,0)L(s,v=?x0)L(s,x%0) | L(s,v*?x0)
VI | a (S, v 120) L(s,v'/%0)? -
VI | d| L(v,1g+ xv=20) L(s,v=120)2 L(s,v/20)?

A.2. Jacquet modules: the Siegel parabolic.

Representation Semisimplification # g

X 'Star, k) @ X2

Iomla XStGLQ(k) o mdng(k) (XV1/2’X71V1/2) ®X1/71/20 3| e
XStgr,(x @ 0
X ar,mw ® x%0

II b XlGLg(k) X o Z‘ndgl’?(k) (XV_1/27 X_1V_1/2) ® XV1/20_ 3
Xlar, k) ®c

VI | a 7(S,v~1%0) le//gl/QStGLZ(k) (%11;;1/20) 3 | e

v 1GL2(k) Qv o
_ 2(v=121 v12g
IR ) I R
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