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Abstract: In this paper we introduce approximate duality of g-frames in Hilbert C*-modules and we show that
approximate duals of g-frames in Hilbert C*-modules share many useful properties with those in Hilbert spaces.
Moreover, we obtain some new results for approximate duality of frames and g-frames in Hilbert spaces; in particular,

we consider approximate duals of e-nearly Parseval and e-close frames.
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1. Introduction

Frames for Hilbert spaces were first introduced by Duffin and Schaeffer [10] in 1952 to study some problems
in nonharmonic Fourier series, and they were reintroduced in 1986 by Daubechies et al. [9]. Frames have
important applications in signal and image processing, wireless communications, and many other fields. There

exist various generalizations of frames. A recent and general one is called g-frame [26].

As we know, duals play an important role in frame theory, especially they are used in the reconstruction
of signals. It is well known that every frame in a Hilbert space has at least one dual (see [7]), and if a dual
of a frame is found, then each signal can be reconstructed easily. However, it is usually difficult to calculate a
dual. Here, approximate duals can be useful. Approximate duals in frame theory have important applications
(see [4, 12, 27]). Approximate duality of frames in Hilbert spaces was recently investigated in [8]. Khosravi and
Mirzaee Azandaryani (the present author) also introduced approximate duality of g-frames in Hilbert spaces
and obtained some properties and applications of approximate duals (see [20]). In particular, it was shown that
approximate duals are stable under small perturbations and they are useful for erasures (see [20, Section 3]).

Hilbert C*-modules are generalizations of Hilbert spaces by allowing the inner product to take values in
a C*-algebra rather than in the field of complex numbers.

Frank and Larson presented a general approach to the frame theory in Hilbert C*-modules (see [11]).
They showed that every countably generated Hilbert C*-module over a unital C*-algebra admits a frame.
It was also shown in [25] that every Hilbert C*-module that is countably generated in the set of adjointable
operators admits a frame of multipliers. Furthermore, g-frames in Hilbert C*-modules were introduced in [16].

Frames in Hilbert C*—modules are not trivial generalizations of Hilbert space frames due to the complex

structure of C*—algebras. Since there are important differences between the theory of Hilbert C*—modules
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and Hilbert spaces (see Chapter 1 in [21]), it is expected that problems about frames in Hilbert C*—modules
are more complicated than those in Hilbert spaces.

In this paper we generalize the concept of approximate duality of g-frames to Hilbert C*-modules and
we get some results for approximate duals of frames and g-frames in Hilbert spaces. In particular, approximate
duals of e-nearly Parseval and e-close frames are studied.

First, in the following section, we have a brief review of the definitions and basic properties of frames and
g-frames in Hilbert C*-modules.

In this note, all index sets are finite or countable subsets of Z.

2. Frames and g-frames in Hilbert C*-modules

Suppose that 2 is a unital C*-algebra and F is a left 2-module such that the linear structures of % and E are
compatible. FE is a pre-Hilbert 2-module if E is equipped with an 2-valued inner product (.,.) : Ex E — 2,
such that

(i) (ax+ By, z) = alx,z) + By, z), for each o, B € C and z,y,z € E;
(ii) (az,y) = a{x,y), for each a € A and z,y € F;
(iii) (x,y) = (y,x)*, for each x,y € F;
(iv) (x,x) >0, for each z € F and if (x,2) =0, then = 0.

For each z € E, we define ||z = ||(z,2)|| and |z| = (z,z)2. If E is complete with .||, it is called a Hilbert
2A-module or a Hilbert C* -module over 2. Let E and F' be Hilbert 2{-modules. An operator T : E — F' is
called adjointable if there exists an operator T* : I — E such that (T(x),y) = (x,T*(y)), for each z € FE
and y € F. Every adjointable operator T is bounded and 2-linear (that is, T(ax) = aT(z) for each z € E
and a € A). We denote the set of all adjointable operators from E into F by £(E, F). £(E, E) is a C*-algebra
and we denote it by £(E). Note that if {F; : ¢ € I'} is a sequence of Hilbert 2-modules, then ®;c;F;, which
is the set
DicrE; = {{mi}iel :x; € E; and Z(xz,xﬁ is norm convergent in Ql},
icl

is a Hilbert 2A-module with pointwise operations and 2A-valued inner product (x,y) = > . (%, y;), where
v ={witier and y = {y;}ics. For each = {2:}ics € @ics By, we define ||.||2 by [|z]|2 = || ;e (i, 2:)]|2 . For
more details about Hilbert C*-modules, see [21].

In this paper we focus on finitely and countably generated Hilbert C*-modules over unital C*-algebras.
A Hilbert A-module E is finitely generated if there exists a finite set {x1,...,2,} C F such that every element
z € E can be expressed as an 2-linear combination z = Y, a;,x;,a; € A. A Hilbert A-module E is countably
generated if there exists a countable set {z;}icr C F such that E equals the norm-closure of the -linear hull
of {z;}ier.

Let E be a Hilbert 2A-module. A family {f;}ic;r € E is a frame for E, if there exist real constants
0 < A < B < o0, such that for each x € F,

icl
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The numbers A and B are called the lower and upper bound of the frame, respectively. In this case we call it
an (A, B) frame. The optimal lower frame bound is the supremum over all lower frame bounds and the optimal
upper frame bound is the infimum over all upper frame bounds. If A = B, the frame is called tight (A-tight)
and if A =B =1, the frame is Parseval. If only the second inequality is required, we call it a Bessel sequence.
If the sum in (1) converges in norm, the frame is called standard.

Let {F;}icr be a sequence of Hilbert 2A-modules. A sequence A = {A; € £(E,E;) : i € I} is called a
g-frame for E with respect to {E; : ¢ € I} if there exist real constants A, B > 0 such that for each z € E,

Az, z) < Z(Aﬁ,/\m) < B(z,x).

i€l

A and B are g-frame bounds of A. In this case we call it an (A, B) g-frame. The optimal bounds and tight
and Parseval g-frames are defined similarly to frames. The g-frame is standard if for each « € E, the sum

converges in norm. If only the second-hand inequality is required, then A is called a g-Bessel sequence.

For a standard g-Bessel sequence A, the operator Tp : @®;erE; — E defined by Ta({z;}icr) =
> icr Ni(zs) is called the synthesis operator of A. Ty is adjointable and Tj(x) = {A;x}ic;. Now we
define the operator Sy on E by Sax = TpTx(z) = >, ;AjA(z). If A is a standard (A, B) g-frame,
then A.Idg < Sy < B.Idg.

Note that F = {fi}ier is a standard Bessel sequence (resp. frame) if and only if Ar = {Ay, }icr is a
standard g-Bessel sequence (resp. g-frame), where Ay, (z) = (x, fi), for each « € E (see [16, Example 3.2]). This
shows that each Bessel sequence (resp. frame) generates a g-Bessel sequence (resp. g-frame). For a standard

Bessel sequence F = {f;}icr, we denote Sp, by Sr.

Let A = {A;};er be an (A,B) standard g-frame. We call A = {A;Sy'}ier the canonical g-dual of
A, which is a (%, %) standard g-frame. We denote the canonical dual of a standard frame F = {f;}ics by
F= {ﬁ-}ig, where f; = S7'f;. Recall that if A = {A;};er and I' = {I';};c; are standard g— Bessel sequences
such that >
g-dual of A (resp. T'). Also, duals for two standard Bessel sequences F = {f;}icr and G = {g;}ier can be

ier TiNiz = x or equivalently >, ; AiT;x = x, for each x € E, then I' (resp. A) is called a
defined by using the generated g-Bessel sequences, so G (resp. F) is a dual of F (resp. G)if x =}, (v, fi)g:
or equivalently x = 3, ,(x, ;) fi, for each x € E (see [I1, 13]). For more details about frames and g-frames

in Hilbert C*-modules, see [11, 2, 16, 28].

3. Approximate duals of g-frames in Hilbert C*-modules

In this section all C*-algebras are unital and all Hilbert C*-modules are finitely or countably generated. All
frames, g-frames, Bessel sequences, and g-Bessel sequences are standard. A and T' denote {A; € £(E, E;) :
i€ I} and {I'; € £(E,E;) : i € I}, respectively. Also, F = {fi}ier and G = {g;}icr are subsets of a Hilbert
C*-module F.

For two standard g-Bessel sequences A and IT", the operator Srp is defined on E by Sra = TrTx*. Since
SEa = Sar, we have || Idg — Sral|| = ||(Idg — Sra)*|| = |[Idg — Sar]|-

Now we introduce approximate duals for g-Bessel sequences (and also for Bessel sequences by using the

generated g-Bessel sequences) in Hilbert C*-modules:
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Definition 3.1 (i) Two standard g-Bessel sequences A and T are approzimately dual g-frames if | Idg —
Srall < 1 or equivalently ||Idg — Sar|] < 1. In this case, we say that T (resp. A) is an approximate
g-dual of A (resp. T').

(ii) Two standard Bessel sequences F and G are approzimately dual frames if Ax and Ag are approzimately
dual g-frames, i.e. ||Idg — Sagar| < 1 or equivalently ||Idg — Sarag|l < 1. In this case, we say that
G (resp. F)is an approximate dual of F (resp. G). We denote Saa, and Sarng by Sgr and Srg,

respectively.

It is clear that Spa(z) = >,c;['i"Ai(z) and Sgr(x) = >,/ (x, fi)gi, for each x € E. If A and I' are g-duals,
then they are approximately dual g-frames because Sar = Idg. Using the Neumann algorithm, we can see that

Sar is invertible with Syr~! = ZZOZO (Idg — Sar)"™, so each z € E can be reconstructed as

(oo} oo
xr = ZSAF(ICZE—SAF)nl‘, Tr = Z(IdE—SAF)nSAFZ‘.
n=0 n=0
Recall from [17] that a standard g-frame A is a modular g-Riesz basis if it has the following property:

if 3,cqoAfgi =0, where g; € E; and Q C I, then g; =0, for each i € Q.

A standard frame {f;};c; for E is a modular Riesz basis if it has the following property: if an 2-linear
combination ). o a;f; with coefficients {a; : i € Q} C 2 and Q C I is equal to zero, then a; = 0, for each
i€ Q.

The following result is a generalization of Proposition 2.3 in [20] to Hilbert C*-modules.

Theorem 3.2 Let A and T' be approximately dual g-frames with upper bounds B and D, respectively. Then:

-2

(i) A and T are (M,B) and (%,D) g -frames, respectively.
(i) {Ti+ > .2, Ti(Idg — Sar)"}ier is a g-dual of A.

111 or eac € N, define ;7" =1, + _q 1 E — OAT) - en Wy = i tier 1S an approximate
iii) Fi h NeN,d N =T nN (Ta(1d Sxr)". Then U by
g-dual of A with |[Idg — Spw, || < |Idg — Sar||VH < 1.

(iv) If A is a modular g-Riesz basis, then 7\7 =T+ >0 Ti(Idg — Sar)" = limy 00 YN, for each i € 1.

Proof (i) Since A and T' are approximately dual g-frames, Srp is invertible, so ||SEK||_1HQC|| < ||Sraz]|, for

each x € F. Now by using the Cauchy—Schwarz inequality in Hilbert C*-modules, we have

_ —1
1S5 el < ISrazl = sup [(Sraz,y) ] = sup Z<Aix,riy>H
lyll=1 lyl=1 11 %
2 2
< sup Z<Aﬂ,/\i$> Z<Fiyariy>
llyll=1 1l 7 iel

iel
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Hence:
S 212
IS |5 (0,0, 00|
i€l
and so by Theorem 3.1 in [28], A is a standard g-frame with the lower bound w . Similarly, by considering

Sar instead of Srp in the above conclusions, we obtain that I" is a (w, D) standard g-frame.
(ii) Since Sar~' =300  (Idg — Sar)", we have I';S,p =T, + 300 T;(Idp — Sar)™ and it is easy to
see that {I‘Z—SX%}Z-GI is a g-dual of A.

(iii) For each n=0,..., N, we have

< D||(Idg — Sar)"|1?||=||”,

> (Ti(Idg — Sar)"x,Ti(Idg — Sar)"z)
icl

so {I;(Idg — Sar)"}ier is a standard g-Bessel sequence by Theorem 3.1 in [28] and consequently Uy is a
standard g-Bessel sequence. Now the result can be obtained similar to the proof of Proposition 2.3 in [20].

(iv) Since A is a modular g-Riesz basis, Corollary 4.1 in [17] yields that A is the unique g-dual of A. Ac-
cording to part (ii), {T;+> o~ I';(Idg — Sar)™ }ier is also a g-dual of A, so A, =T +> 0 Ti(Idg — Sar)™ =

As a consequence of the above theorem and Example 3.2 in [16], we obtain the following result. Parts (i) and

(iii) of the following corollary are generalizations of Proposition 3.2 in [8] to Hilbert C*-modules.

Corollary 3.3 Let F and G be approximately dual frames with upper bounds B and D, respectively. Then:

2

(i) F and G are (%,B) and (W,D) frames, respectively.

(i) {g: + Z?:l(IdE — SgF)"g:}ier is a dual of F.

(iii) For each N € N, define hi¥ = g; + Zi\;l(IdE —SgF)"g;. Then hy = {hN}icr is an approzimate dual
of F with ||Idg — Spyr|| < ||[Idg — SgF||V 1! < 1.

(iv) If F is a modular Riesz basis, then fi = g; + S \(Idg — SgF)"gi = limn_,eo hYY , for each i € I.

We can get from the above theorem and corollary that a standard g-Bessel sequence (resp. Bessel sequence) is
a standard g-frame (resp. frame) if and only if it has an approximate g-dual (resp. approximate dual).

Note that Theorem 2.5 in [20] shows that if A and T' are two g-Bessel sequences in a Hilbert space H,
then a necessary and sufficient condition for A and T" to be approximately dual g-frames is that there exist two
Bessel sequences F and G in H that are approximately dual frames with Sxr = Srg. Now we have a similar

result for approximate duals in Hilbert C*—modules.

Proposition 3.4 Let A and T' be two g-Bessel sequences. Then A and T are approximately dual g-frames if
and only if there exist two Bessel sequences F and G in E such that F and G are approzimately dual frames
with Sar = Sxg .
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Proof Let A and I' be approximately dual g-frames. As a result of Kasparov’s stabilization theorem, every
finitely or countably generated Hilbert C*-module has a standard Parseval frame (see [11, 22]). Let {f;;}je,
be a standard Parseval frame for E;. It follows from Corollary 3.4 in [10] that F = {A;"(fi;)}ier jes, and

G ={I;"(fij) }icr jes, are standard Bessel sequences. Then for each z € E, we have

Srg(@) =YY (2, T (f))A* (fij) = > A'Tiw = Sarz,

iel jeJ; iel

so ||Srg — Idg|| = ||Sar — Idg|| < 1, and the result follows. The converse is clear. O

Let 2 and ' be two C*-algebras. Then A ® 2’ is a C*-algebra with the spatial norm and for each a € 2
and o' € A, we have |ja ® a’|| = ||al|||a’]|-
(a®@d)(b@b)=ab®db and (a®d')* =a* ®a'", respectively. As we know, if a,a’ > 0, then a® a’ > 0.
Now let E be a Hilbert 2A-module and E’ be a Hilbert 2'-module. Then the (Hilbert C*-module)
tensor product £ ® E’ is a Hilbert 2A® 2'-module. The module action and inner product for simple tensors are

defined by (a®a')(z®@a’) = (ax) @ (d'z’) and (xR, yQYy') = (z,y) @ (z',y’), respectively. Let U and U’ be

The multiplication and involution on simple tensors are defined by

adjointable operators on E and E’, respectively. Then the tensor product U ® U’ is an adjointable operator
on EQ E'. Also, (UaU")* =U*®U"" and ||[U®U’|| = ||U|||U’||. For more results about tensor products of
C*-algebras and Hilbert C*-modules, see [23, 21].

Tensor products of frames and g-frames have been studied by some authors recently; see [15, 6, 16, 18].

It was proved in Proposition 3.2 in [19] that the direct sum of a countable number of g-duals (in Hilbert
spaces) is a g-dual in the direct sum space but Example 2.9 in [20] shows that this is not necessarily true for
approximate g-duals.

It was also shown in [20, Proposition 2.10] and [18, Corollary 3.8] (by using resolutions of the identity)
that the tensor product of two g-duals (in Hilbert spaces) gives a g-dual in the tensor product space. In the

following example, we show that the result does not necessarily hold for approximate g-duals:

Example 3.5 Let H be a separable Hilbert space (as a special case of a Hilbert C* —~module) and A = {A;}icr
be an A-tight g-frame with V2 < A < 2. It is easy to see that A is an approzimate g-dual of itself. Now the
proof of Corollary 2.2 in [18] yields that A @ A = {A; ® Aj}ijer is an A2 -tight g-frame, so Siaga)aen) =
Siawn)y = A2 Idgemy. Thus, ||Siaen)yass) — ldmemll = A> —1 > 1. This means that A ® A is not an
approximate g-dual of itself.

Now we consider tensor products of g-duals and approximate g-duals in Hilbert C*-modules. In the following
proposition A" = {A} € &(E', E}) :j e J}, I" ={I", € &(E',E}) : j € J}, F' = {fj}jes and G’ = {g}}jes C
E', where E' and E}’s are Hilbert 2'-modules.

Proposition 3.6 (i) Let ' be an approximate g-dual (resp. a g-dual) of A. If TV is a g-dual of A, then
FeT" ={li @' }icr jes is an approzimate g-dual (resp. a g-dual) of A@ A" = {A; @ Al }icr je -

(ii) Let G be an approzimate dual (resp. a dual) of F. If G' is a dual of F', then G ®G' = {9; ® g} }ier jes
is an approzimate dual (resp. a dual) of FQF' ={f; ® fitierjer-
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Proof (i) First suppose that I" and I" are approximate g-dual and g-dual of A and A’, respectively. It follows
from Theorem 2.2.5 in [23] that 0 < Sy ® Sar < [|SA ® Sar||- Idpgr < BB'.Idggp , where B and B’ are upper
bounds of A and A’, respectively. Hence, Lemma 4.1 in [21] implies that 0 < ((Sp ® Sa+)z, 2) < BB/(z, 2}, for
each z € E® E'. Now it is easy to obtain that > » ;. ;((A; ® A)z, (A; ® A))z) converges in norm and

so A ® A’ is a standard g-Bessel sequence by Theorem 3.1 in [28] (also, see [16, Section 5]). Similarly, we can

STl @ AP

(i,5)€IxJ

= [[(sa @ sa)z 2| < BB,

get that I'® I is a standard g-Bessel sequence. It is also easy to see that
Sreryner) (@ @z’) = (Sra ® Sriar)(x @ 2') = (Sra @ Idp ) (z @ '),
for each x® 2’ € E® E’, and since the operators are bounded, we have Srgr/)aga) = Sra ® Idgr . Therefore
[Srermen) = ldege || = 1(Sra — Idp) ® Idp || = ||Sra — Idg| < 1.

This means that I' @ IV is an approximate g-dual of A ® A’. It is clear that if I' and I" are g-duals of A and
A’ respectively, then Srgryaea) = Idggey, so T @1 is a g-dual of A® A’.
(ii) We can get the result by using Example 3.2 in [16] and part (i). O

Note that Proposition 2.10, Corollary 2.11 in [20], and part (ii) of Corollary 3.8 in [18] are special cases of the
above proposition.
Now we show that approximate duals in Hilbert C*-modules are stable under small perturbations. The

following result is analogous to part (i) of Theorem 3.1 in [20] that we need in the next section.

Proposition 3.7 Let A be a g-Bessel sequence and U = {1;};cr be an approximate g-dual (resp. a g-dual)
of A with upper bound C. If T is a sequence such that T' — A is a g-Bessel sequence with upper bound K and
CK < (1—|[Idg — Syal|)? (resp. CK < 1), then T' and ¥ are approzimately dual g-frames.

Proof Let Q be a finite subset of I and B be an upper bound for A. Then

Z<Fi1}, Fll‘>

i€Q

< [{Aiz}icallz + [{Tiz — Aizticalls < (VB + VE) |z,

for each @ € E. Thus, by Theorem 3.1 in [28], T is a standard g-Bessel sequence. Now by using the Cauchy—

Schwarz inequality in Hilbert C*-modules, for each = € F, we have

[(Idg — Ser)z|| < |[|(Idg — Swa)z| + [|(Sya — Ser)z||

1
2

IN

}

Hence, ||Idg — Syr|| < ||[Idg — Swal| + VCK < 1. Also, if A and ¥ are g-duals, then Sy = Idp and we have
||IdE—S‘1/[‘||§\/CK<1. O

|(Idg — Sea)zl| + sup {H S I(Ai = To)af?
i€l

llyll=1

Z iyl?
iel

< (dg = Sua)zl| + VOK|z|| < ([Idp = Swall + VOK)||z].
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The following result is a generalization of Proposition 3.10 in [20] to Hilbert C*-modules.

Ao[(14XA1)VA+e]

Proposition 3.8 Let 0 < A\, o<1, A/ B,e >0, and K =X\ + ﬁ + VA(1=X2)

(1) If A is an (A, B) g-frame and T is a sequence satisfying
1
2

Y (A =T

i€Q

<X\

DAL

1€Q

+ Ag

Y Tifi

1€

+e

> OIAP

i€Q

; (2)

for each finite subset Q C I, f; € E; with K < 1, then A is an approximate g-dual of T' and ' is a

g-frame.
(ii) If F ={fi}ier is an (A, B) frame and G = {g;}icr is a sequence satisfying

2
D laf?

1€Q

Zaifi - Zaigi

i€Q i€Q

<X\

Zaifi

1€Q

+ A2

Z ;i

1€

+e

b

for each finite subset Q@ C I, {a;}icq C A with K < 1, then F is an approximate dual of G and G is a

frame.

Proof (i) Suppose that {e; x}res, is a Parseval frame for E; and {c;k}icoren, is a finite subset of 2,
where 2 and ;s are finite index sets. Since A is an (A, B) standard g-frame, Corollary 3.4 in [16] yields that
{uir = Af(ei) 1t € I,k e J;} is an (A, B) standard frame. Now for v; = I'}(e; ), we have

Z Z Cik(Uik — Vik) Z(A;" - Ff)(z Cik€ik)

i€Q ke, i€Q keQ;
< A Z Z Ci kUi k|| + A2 Z Z Ci ki k
i€Q ke, i€Q ke,
3
K Dapopies
i€Q ke,
Hence, Theorem 3.2 in [14] implies that {v; = I'f(e;r) : ¢ € I,k € J;} is a standard Bessel sequence with

upper bound %, so (by [16, Theorem 3.3]) I is a standard g-Bessel sequence with upper bound

%. Thus, for each {f;}icr € ®icrEi, the series ), I'; f; converges in £ and from (2), we can get

S(Ar =T i

iel

<M + Ao

DA

iel

> Tifi

el

+e€

S OIAP

iel

3)

Since for each z € E, {f; = ANix}ief € ®jcrF; and % is an upper bound for K, by using (3), we have

€

VA

Now we can obtain a result similar to the proof of Proposition 3.10 in [20].

[Spxell = llzll < 1Spzz = zll < (A + —=)ll2]l + Aol Spz -
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1) Since (a) =af; an (a) = ag;, tor each a € 2, the result follows from part (1) for A; = Ay,
ii) Si A}l f d A; f h A, th 1t foll f i) for A Ay,
and I'; = Ay, . O

4. Approximate duals and e-nearly Parseval frames

In this section, we consider e-nearly Parseval frames in Hilbert spaces, which are useful in applications (see [5]).
We obtain some results for approximate duals of ¢-nearly Parseval and e-close frames (since Hilbert spaces are
special cases of Hilbert C*-modules, we do not state the definitions of frames, g-frames, and approximate duals

in Hilbert spaces separately).

e-nearly Parseval frames were defined in [5] and we have the following definition:

Definition 4.1 Suppose that H is a separable Hilbert space and {H;}icr is a sequence of separable Hilbert
spaces.

(i) Let A; be a bounded operator from H into H; and ¢ < 1. We say that A = {A;};cr is an e-nearly
Parseval g-frame if for each f € H

(L=l 17 < D IASIP < (L+e)lIf )%

iel

(ii) Let {fi}icr be a sequence in H and € < 1. We say that {f;}:cr is an e-nearly Parseval frame if for each
feH

(L =allFI> < D UL LI < A+ o)

el

It is clear that if ¢ = 0, then an e-nearly Parseval g-frame is a Parseval g-frame and so it is a g-dual of itself.
Now we have the following result for approximate duals:

Theorem 4.2 (i) If A is an e-nearly Parseval g-frame, then it is an approximate g-dual of itself.

(ii) If {fi}ier is an e-nearly Parseval frame, then it is an approzimate dual of itself.

Proof (i) Since A is an e-nearly Parseval g-frame, we have (1 —¢).Jdyg < Spx < (1+¢).ldy, so —e.Idy <
(Sn — Idy) < edp. Because Sap = Sp, we obtain that ||Saa — Idg|| < e < 1. This means that A is an
approximate g-dual of itself.

(ii) Since frames are special cases of g-frames, we get the result from part (i). O

Note that if {A;};cr is a g-Bessel sequence and J C I, then we denote the optimal upper bound of {A;};cje
by B(J°).
It was shown in Theorem 3.1 in [20] that if {A;};cs is a Parseval g-frame and B(J¢) < 1, then {A;}ics

is an approximate g-dual of itself. Now we have the following result for e-nearly Parseval g-frames:

Proposition 4.3 (i) Let A be an e-nearly Parseval g-frame and J C I such that B(J¢) < 1 —¢e. Then
{A;}ics is an approximate g-dual of itself.
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(ii) Let {fi}icr be an e-nearly Parseval frame and J C I such that B(J°) < 1 —¢e. Then {fi}ics is an

approrimate dual of itself.

Proof (i) We have

> lAif)? DI = D AP

ic€J i€l i€Je
> S IASIE = BUOIIE = (=) = B9 112
i€l

Hence, (1 — (e + B(JC))) is a lower bound for {A;};cs. Therefore, {A;}ics is an &' —nearly Parseval g-frame,

where ¢’ = (¢ + B(J)). Now by Theorem 4.2, {A;}ics is an approximate g-dual of itself.
(ii) The result follows from part (i). O

Recall that two sequences {f;}ics and {g;}icr in H are e-close if >, || fi — gil|* < €? (see [5, Definition 2.4]).

Example 4.4 Let H = C?, {e1,e2} be the standard orthonormal basis for H and % <e<1l. For F =
{\/gel,eg} and G = {0, e}, it is easy to see that F is an €-nearly Parseval frame that is ¢ -close to G, but F

and G are not approrimately dual frames because G is not a frame.

Now we have the following result:

Proposition 4.5 (i) Let F = {f;}ier be an -nearly Parseval frame with upper bound A. If {g;}icr and
{fi}ier are e-close with \/Ae < 1 — ||Idy — S|, then F is an approzimate dual of {g;}ier -

(i) If F in part (i) is also an A-tight frame with VAe < 1 — |1 — A|, then F is an approzimate dual of
{gi}ier-
Proof (i) Since F is an e-nearly Parseval frame, it is an approximate dual of itself by Theorem 4.2. Also,
for each f € H, we have

SIS o= 9P < 1P S — gl < 51

i€l i€l
By considering C' = A and K = 2, we obtain that {f; — g;}ics is a Bessel sequence with upper bound K and

VCK = VA <1~ ||Idyg — S7||. Now the result follows from Proposition 3.7 (or [20, Theorem 3.1]).
(ii) The result follows from part (i) by considering Sr = A.Idy . O

Remark 4.6 We can obtain from part (ii) of the above proposition that if F = {f;}icr is an A-tight frame with
A <1, then each sequence {g;}icr that is e-close to F with € < VA is an approzimate dual of F. Especially

if F is a Parseval frame that is e-close to G = {g;}icr, then F and G are approxzimately dual frames.

Let F = {fi}_, be an e-nearly Parseval frame for a d-dimensional Hilbert space H. As we know (see [7,

—1
Theorem 5.3.4] and [3]), {S2 fi}i—, is the closest Parseval frame to F. It was proved in [5, Proposition 3.1 and
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Remark 3.2] that the relation ) . ; ||S}_-71 fi—fill?=d2-e-2V1—-¢) < dTEQ holds if {\/%fl}le is a Parseval
frame (or equivalently S;Tl = \/%.IdH7 so we have Y " | ||\/+:f1 —fil?=d2-e-2V/1-¢) < %) It was
also shown in Example 2.4 in [24] that if F = {f;}7; is an e-nearly Parseval frame for a finite-dimensional
Hilbert space H, then {%(f; + SZ'f;)}7; isa (1,1 + £) frame, which is much closer to F than {S];Tl fith
with better frame bounds compared with the bounds of F. Therefore, the frames of the forms { \/% fitier

and {3(f; +S%"fi)}ier are useful in applications (also, see [1, Section 3]). Now we have the following results:

Proposition 4.7 (i) Let A = {A;}icr be an e-nearly Parseval g-frame with € < %. Then {\/%Ai}ig is

an approximate g-dual of itself.

(i) Let {f;}ier be an c-nearly Parseval frame with ¢ < +. Then {\/%fz}iel is an approrimate dual of

3
itself.
Proof (i) We have (1 —¢).Jdy < Sy < (1+¢)ddy, so 0 < & — Idy < 2= .Idy. Therefore,

||lsf"‘S — Idg|| < £ < 1. This means that {\/%:Ai}iel and {\/%:Ai}iej are approximately dual g-frames.

(ii) The result follows from part (i). O

Proposition 4.8 Let F = {f;}ics be a frame and G = {g;}ic1, where g; = 1(fi + SFUf).
(i) If |Sr — Idu|l <2, then F and G are approzimately dual frames.
(ii) If F is an e-nearly Parseval frame, then F and G are approzimately dual frames.

(i) If F = {fi}ier is an A-tight frame with A < 3, then F and G are approximately dual frames.
Proof (i) For each f € H, we have

Sra(f) = 5 (U F 5 + (U 87 1) = 5(S77 + £).

, . 2

i€l i€l
Hence:

1

1S7g — Idr|| = 51157 — Idr| < 1.

This means that F and G are approximately dual frames.
(ii) Since F is an e-nearly Parseval frame, F is an approximate dual of itself by Theorem 4.2, and so

ISz — Idu|| < 1. Now we get the result from part (i).

(iii) Since F is A-tight, we have Sy = A.Idy, so ||Sr—Idy| = |A—1| < 2, and the result follows from
part (i). O
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