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Abstract: The first Zagreb index M; is equal to the sum of the squares of the degrees of the vertices, and the second
Zagreb index Ms is equal to the sum of the products of the degrees of pairs of adjacent vertices of the respective graph.
In this paper we present the lower bound on M; and M, among all unicyclic graphs of given order, maximum degree,
and cycle length, and characterize graphs for which the bound is attained. Moreover, we obtain some relations between

the Zagreb indices for unicyclic graphs.
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1. Introduction

Let G = (V, E) be a simple graph with vertex set V(G) and edge set E(G). dg(u) denotes the degree of the
vertex u of G. The maximum degree of G and the average of the degrees of the vertices adjacent to a vertex
u are denoted by A(G) and pe(u), respectively. The cycle of a graph G is denoted by C(G). Denote by
U, (k,A) the set of all simple connected unicyclic graphs of order n with the maximum degree A and cycle
length k. In U, (k,A), we must have A +k <n+ 2. A pendant vertex is a vertex of degree one. The path,
star, and cycle of order n are denoted by P,, Ki,-1, and C), respectively.

The first Zagreb index M;(G) and the second Zagreb index Ma(G) are defined as:

Mi(G)= > (de(w)® and My(G)= Y de(u)da(v).

ueV(G) uwweE(G)

The Zagreb indices were introduced in [9] and elaborated in [8]. These indices reflect the extent of
branching of the molecular carbon-atom skeleton, and can thus be viewed as molecular structure descriptors [1]
and [15]. Their main properties were summarized in [4, 7, 13, 19]. Some recent results on the Zagreb indices
are reported in [4, 5, 9-12, 14-20]. [18] gave the unicyclic graphs with the first three smallest and largest M; .
[17] characterized the graphs with smallest and largest M, among all unicyclic graphs. [6] gave the unicyclic
graphs of given order and cycle length with minimum and maximum Zagreb indices.

Recently, it has been conjectured that for each simple graph with n vertices and m edges, it holds that
M (G)/n < Ms(G)/m. This conjecture has been disproved in general graphs and has been proved for chemical

graphs and trees in [10, 16].
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The paper is organized in the following way. In Section 2, we present the lower bound on M in U, (k, A)
and characterize extremal graphs. In Section 3, we obtain the lower bound on M in U, (k, A) and characterize
extremal graphs. Finally, in Section 4, we find some relations between M; and M, for unicyclic graphs and
from these results it follows that M;(G)/n < Ma(G)/m for all unicyclic graphs.

2. Lower bound on M; in U, (k,A)

A starlike tree is a tree with exactly one vertex having degree greater than two. Denote by S,, o the set of all

starlike trees of order n with maximum degree A.

VoI

(a) (b)
Figure 1. (a) One graph in A, (k,A), (b) one graph in B, (k, A).

A, (k,A) denotes the set of unicyclic graphs obtained by identifying a pendant vertex of a starlike tree
in S,,—k+1,A with one vertex of Cj (see Figure 1(a)). Denote by B,,(k, A) the set of graphs of order n obtained
by attaching A — 2 paths to one vertex of Cj (see Figure 1(b)). Let A* be the unicyclic graph obtained by

identifying one pendant vertex of P,_j4+1 with a vertex of Cj.

Lemma 2.1 Let x be a pendant vertex of a connected graph G, which is adjacent to a vertex v. Also let y be
a pendant vertez, different from x. Consider the transformation G' = G — vz + yx. Then M;(G) > M1 (G')

with equality if and only if vertex x is adjacent to a vertex of degree 2.

Proof dg(w) = dg (w) for w # v,y whereas dg(v) = dg(v) — 1 and dg/(y) = 2. Thus
My(G) = My(G') = 2dg(v) — 4. (1)

Since dg(v) > 2, M1(G) > M;1(G') with equality holding if and only if dg(v) = 2. O
We have

AA=-3)+4n+4 if Ge A,(k A)

AA-3)+4n+2 if GeB,(kA).

My(G) = {
Now we are ready to give a lower bound on M; and characterization of extremal graphs.
Theorem 2.2 Let G be a graph in U, (k,A), where 3 <k <n—A+2. Then
M(G) > A(A—3)+4n+2

with equality if and only if G € B, (k,A).
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Proof If G € B, (k,A) then M;(G) = A(A —3) + 4n + 2, the equality holds. Now we have to show that
Mi(G) > A(A —3) +4n +2 (3)

for all G ¢ B,(k,A). If G € A,(k,A) then from (2) the inequality holds in (3). Now we suppose that

G ¢ A,(k,A). Let u be the maximum degree vertex in G. We consider the following two cases.

Case 1: u ¢ V(C(G)). In this case we find the longest path from vertex u to any pendant vertex v such that
its each vertex (# w) is not contained in the path from vertex u to cycle C(G). Since G ¢ A, (k,A), there is a
pendant vertex x (x # v), which is adjacent to a vertex y (y # u). We choose this pendant vertex z from G
and consider the transformation G’ = G — yx + vzx; then G’ € U, (k, A) and M;(G) > M;(G’) by Lemma 2.1.
By the above described transformation we have nonincreased the value of M;. If G' € A, (k, A) we are done.
If not, then we continue the construction as follows. Clearly (u,x) is the longest path of G’ in which its each
vertex (# u) is not contained in the path from vertex u to cycle C(G). Since G’ ¢ A,,(k,A) we choose one
pendant vertex, which is adjacent to a vertex (# u) of degree greater than or equal to 2 in G’. By applying

the same transformation a sufficient number of times (s-times), we arrive at a graph G) in A, (k,A). Thus

we have the following sequence:
M(G) > Mi(G') > My(G") > --- > My (GCTY) > My (G)).

Since G*) € A,,(k, A), the inequality holds in (3), by (2).

Case 2: u € V(C(G)). In this case we find the longest path from vertex u to any pendant vertex v such that

its each vertex (# u) is not contained in C(G). Using the same procedure as in Case 1, we get
M(G) > Mi(G') > My(G") > --- > My (GC™Y) > My (GW)

where G©) € B,,(k,A). Therefore there exists exactly one pendant vertex in G*~1 | which is adjacent to a ver-

tex of degree three and nonadjacent to the maximum degree vertex u. We choose this pendant vertex in G(~1)

and apply the same transformation, and we arrive at G*). Thus we have M;(G) > M;(G¢~Y) > M (G®)

by Lemma 2.1. Hence the inequality holds in (3) and the theorem is proved. |
The proof of Corollary 2.3 follows directly from Theorem 2.2.

Corollary 2.3 [6] Let G be a unicyclic graph of order n and cycle length k. Then
Mi(G) > 4n+4

with equality if and only G is isomorphic to AE .

3. Lower bound on M, in U, (k,A)

Let Bf (k < n) be the unicyclic graph with n — k pendant vertices and its each pendant vertex is adjacent
to one vertex of Cy. In particular, B = C),, a cycle of order n. Denote by C’ff’A (A > 4) a unicyclic graph
obtained by identifying two pendant vertices of the path P,_a_jy2 with the center of star K; o—; and one

vertex of cycle C}, respectively. Denote by th A (A >4) a unicyclic graph of order n obtained by identifying

a pendant vertex of P,_a_jry3 with a pendant vertex of BZ-&-I@—T
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Lemma 3.1 Let G be a connected graph possessing two adjacent vertices u and v both of degree greater than
or equal to 2. Also let x be a pendant vertex of G, which is adjacent to a vertex y (# u,v). Consider the
transformation G' = G —yx —uwv +ux + zv. Then Ms(G) > Ma(G') with equality if and only if dg(u) =2 or
da(v) = 2, and vertex y is adjacent to a vertex of degree 2 and a vertex of degree 1, respectively, in G .
Proof Now we have dg(w) = dg/(w) for w # x,y whereas dg/(y) = da(y) — 1 and de/(z) = dg(x) +1 =2.
Thus

My(G) = My(G') = dg(u)dg(v) — 2dg(u) — 2dg(v) +da(y) + Y do(w)
wy€EE(G")
= (de(u) = 2)(da(v) = 2) + da(y) + da(y)pa(y) — 5. (4)

Since G is connected, dg(y)uc(y) > 3. Also we have (dg(u) — 2)(dg(v) —2) > 0 and dg(y) > 2. Thus
M(G) > Mx(G").

Suppose that My(G) = M3(G’). Then all inequalities in the above argument must be equalities. Thus
de(u) =2 or dg(v) =2, and dg(y) =2 da(y)pe(y) = 3. Hence the result. O

The following result is obtained in [6].

Lemma 3.2 [6] Let G be a unicyclic graph of order n and cycle length k. If G is different from AX then
My(G) > My(AF).

‘We have
A(A —2) +4n if G = Bk
AAN=D+4dn+4 HG=2Ck A+k=n
MGy = { Y872 G =Cna (5)
AA=3)+4n+6 fG=C, \A+k<n
AA-1)+4n -2 fG=D} \A+k<n+1.

Let G € U, (k,A), then obviously A+ k <n+2. If A+ k =n and the maximum degree vertex does
not lie on the cycle of G then G is isomorphic to Cﬁ’ A- f A+k >n and G is different from Cﬁ’ A then

the maximum degree vertex of G must lie on the cycle. In this case we can easily calculate and characterize
graphs with minimum M. Therefore we give the lower bound on M>(G) and obtain some characterization of
extremal graphs when A+ k < n.

Theorem 3.3 Let G be a graph in U, (k,A), where A+ k <n. Then

AA—-3)+4n+6 if A>5
My(G) > { 4n +10 ifA=4 (6)
dn +4 ifA=3

where A is mazimum degree in G. Moreover, the equalities hold in (6) if and only if G = CT’iA ;G 05,4 or
G= DfLA ; G = AR respectively.

Proof Let u be maximum degree vertex in G and also let C(G) be the unique cycle in G. Since A+k < n,
we have A > 3. First we assume that A =3 in G. By Lemma 3.2 we have Ms(G) > 4n + 4 with equality if
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and only if G = A¥. Next we assume that A > 4. Now we consider the following two cases:

Case 1: u ¢ C(G). In this case, we show that if G is different from CS,A then Ms(G) > My(C} A). Let v
be a vertex adjacent to maximum degree vertex u, which lies on the path from u to the cycle C'(G). Since G
is different from C’;’ A, there is a pendant vertex x such that zy € E (y # u). Consider the transformation
G'=G — yzr —uv+ ux + zv. By Lemma 3.1, we have M5(G) > M>(G’). Applying the same transformation a
sufficient number of times (s-times), we arrive at G(*) such that G(*) = Cﬁ,A. Thus My(G) > MQ(C’Z;A). There
is exactly one pendant vertex in G~ | which is nonadjacent to the maximum degree vertex and adjacent to a

vertex of degree greater than or equal to 2. We choose this pendant vertex and apply the same transformation
on GG~V to arrive at G); then by Lemma 3.1 we have My(G©~1) > My(G®)) that is Ma(G) > M5(CF A).

Gl GQ G3

Figure 2. |[V(G;)|=n and dg,(u) = A, i=1,2,3.

Case 2 : u € C(G). In this case, we show that if G is different from D} \ then My(G) > My(Ck 5). Let

v be a vertex adjacent to maximum degree vertex u, which lies on the cycle C(G). Also let x be a pendant
vertex such that zy € E (y # u). We choose this pendant vertex from G and consider the transformation
G' =G — yr — uwv + ux + xzv. Then by Lemma 3.1 we have M2(G) > M2(G') where G’ € U, (k+ 1, A) i.e. the
cycle length is increasing. Repeating the same transformation, we can always arrive at a graph G* such that
G* =Gy or G* =Gy or G* = G5 (see Figure 2) and My (G) > My (G*).

(i) If G* = Gy, then

My (G*) = A% + 4n — 4. (7)

Hence My(G*) > My(C} ) as A > 3. Thus My(G) > Ma(CF A).
(ii) If G* = G2, then
My(G*) = A% — A+ 4n + 1. (8)

Hence My(G*) > My(C} A) by (5). Thus My(G) > Ma(CF A).
(iii) If G* 2 G35, then
My (G*) = A% —2A + 4n + 3. (9)

Thus My (G*) > MQ(C’Z;A) by (5), that is, Ma(G) > MQ(C’Z;A). Since A + k < n, we have MQ(CS7A) <

My (DfL A) with equality if and only if A =4. From above, Case 1 and Case 2, we get the required result. O
Denote Ca = {Cﬁ,A |3<k<n—A-—1}. Note that if G € Ca then M3(G) = A(A —3) +4n +6.
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Corollary 3.4 Let G be a unicyclic graph of order n and mazximum vertex degree A. Then

AA=3)+4n+6 ifA>6
Ma(G) = {A(A—2)+4n if A <6

with equality if and only if G € Ca, G = BE or G € Cq, respectively.

Proof Let u be maximum degree vertex in G and k be the length of C(G). First, we suppose that
u ¢ V(C(G)). Then A+k <n.If A+k=n then G = C 5 and from (5), we have My(G) = A(A—3)+4n+6.
Otherwise, if G is different from CS,A then by Case 1 of Theorem 3.3 we have Ms(G) > Ms (Cs,A), that is,

M(G) > A(A — 3) + 4n + 6. (11)

Now suppose that u € V(C(G)) and G is different from BY. Then by Case 2 of Theorem 3.3 we have
My (G) > My(G*). From (7), (8), and (9), Ma(G*) > My(BF) by (5). Hence My (G) > My(BF), that is,
M(G) > A(A —2) +4n. (12)

From (11) and (12), we get the required result. O

4. Relations between Zagreb indices

S(mi,ma,...,my) is a unicyclic graph of order n with girth k¥ and n — k pendant vertices, where m; is the

number of pendant vertices adjacent to i-th vertex of the cycle [2]. We consider that the vertices in the cycle

are numbered clockwise (see Figure 3). Clearly Zle m; =n—k and S(0,0,...,0) =C,.

Figure 3. 5(0,2,5,4,2,1,4,3).

A cyclic graph is a graph containing at least one graph cycle. Denote h(G) = Ma2(G) — M1(G) for a
graph G.

Lemma 4.1 Let G be a cyclic graph possessing two adjacent vertices u and v both of degree greater than
or equal to 2. Also let x be pendant vertex of G, which is adjacent to a verter y (# w,v). Consider the
transformation G' = G — yr — uv + ux + xv.

(i) If y¢ V(C(G)), then h(G) > h(G").

(i) If y e V(C(Q)), then h(G) > h(G") + 1.
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Proof Now we have dg(w) = dg/(w) for w # z,y whereas dg/(y) = da(y) — 1 and deg/(z) = dg(x) +1 = 2.
Thus
M (G') — My(G) = —2d¢(y) + 4.

Combining the above equation and (4), we get

MG) = h(G') = M(G) - Ma(G') + Mi(G') — Mi(G)
(da(u) = 2)(da(v) = 2) — da(y) + da(y)ua(y) — 1. (13)

If y ¢ V(C(G)), then dg(y)pc(y) > da(y) + 1. Otherwise da(y)pc(y) > da(y) + 2. From the above
and (13), we get the required results. O

Denote S = {S(m1,ma,...,mg)| mi—1 =m;y1 =0 for m; #0 2 <4i <k, where mp41 =m}.
Theorem 4.2 Let G be a unicyclic graph with cycle length k. Then

My(G) = M(G) > Y da(u) -2k (14)
weV(C(Q))

with equality if and only if G € S.

Proof We distinguish the following two cases.

Case 1 : G =2 S(mi,ma,...,my). If m; =0 for all 1 < ¢ < k, then G = C,, and the equality in (14)
holds. Otherwise, there is a pendant vertex z adjacent to a vertex y, y € V(C(G)). Let u and v be the
adjacent vertices on the cycle Cf. We choose pendant vertex = from G and consider the transformation
G' = G—yx—uv+uzx+axv. Then by Lemma 4.1(ii) we have h(G) > h(G’)+ 1. Clearly, the number of pendant
vertices in G is n — k. Therefore, repeating the same transformation n — k times, we arrive at C,,. Then we
have

WG) = h(C)+n—k= > da(u)—2k
ueV(C(G))
since h(Cp) = 0 and n—k =}, v (c(q)) da(u) — 2k. The equality holds in Lemma 4.1(ii) if and only if

de(y)pa(y) =da(y) +2 and dg(u) = 2 and/or dg(v) = 2. Thus, two adjacent vertices to y in the cycle have
degree 2. Hence G € S.

Case 2 : G 2 S(my,ma,...,my). Then there is a pendant vertex = adjacent to a vertex y, y ¢ V(C(Q)).
Let w and v be the adjacent vertices on the cycle Ci. We choose pendant vertex z from G and consider
the transformation G’ = G — yz — uv + ux + zv. Then by Lemma 4.1(i) we have h(G) > h(G’). Repeating

this transformation s (= n — 3, cv(c(q)) da(u) + k) times, we arrive at a graph G®) | such that G() =

S(l1,l2, ..., lkys). Thus A(G) > h(G®)) and the number of pendant vertices in G*) is n — k — s. Hence,

similarly to Case 1, we have

WGO) > h(Co)+n—k—s= Y dg(u)—2k
ueV(C(Q))

since h(Cp) =0 and s=n—3" v @) do(u) + k.
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Clearly, there is exactly one pendant vertex in G*~1)  which is adjacent to a vertex w where deis-n (w) =

871) tO

2 and w ¢ V(C(G*~Y)). We choose this pendant vertex and apply the same transformation on G(
arrive at G(*); then from (13) we have h(G®~1) > h(G®)) because dge-1) (w)uge-1(w) > 4. Therefore

h(G) > h(G®) > EueV(C(G)) dg(u) — 2k and in this case the inequality in (14) is strict. O

Theorem 4.3 Let G be a unicyclic graph of order n with maximum degree A. Then

A—-2 4ifd=0
My(G) — M1(G) > ¢ A ifd=1 (15)
2 ifd>1

where d is the length of the shortest path from the maximum degree vertex u to the cycle C(G). The equalities
hold in (15) if and only if G = B¥, G = C,’j’A, A+k=mn, and G € Cp, respectively.

Proof (i) The proof of the first inequality in (15) can be done from Theorem 4.2 as

> da(u) = A+2(k—1).
weV(C(G))
We can see easily that the first equality holds in (15) if and only if G = BE.
(ii) Now we give a proof of the second inequality. Let d = 1. Then A+ k <n. If A+ k=mn, then G = CﬁyA
and we have My(G) — M1(G) = A, by (2) and (5). Otherwise, A + k < n and hence G 2 Clrf,A as d = 1.
Let u be the maximum degree vertex of G. Then there is a pendant vertex x, which is adjacent to a vertex y
and nonadjacent to u. Also, let v and w be adjacent vertices in the cycle C(G). We choose pendant vertex
x from G and consider the transformation G’ = G — yz — vw + vz + zw. Then by Lemma 4.1 (i) we have

h(G) > h(G’). Repeating the above transformation a sufficient number of times ( s-times), we arrive at a graph
G®) such that G(5) =~ C”;:A, A+ kK =mn, where k' = k + s. Therefore h(G) > h(Cﬁ:A), A + k' = n, that is,
My(G) — M1(G) > A.

If G 2 Cﬁ’A, A+k < n then from the above there exists exactly one pendant vertex in G~ which is
nonadjacent to the maximum degree vertex. We choose this pendant vertex and apply the same transformation
on GG~V to arrive at G(9); then from (13) one can easily see that h(G¢~Y) > h(C¥ ), A+ K =n. Hence
h(G) > h(CE A), A+ K =n, that is, Ma(G) — M1(G) > A.

(iii) Using the same technique as in (ii), we get the third inequality in (15) and equality holds in (15) if and
only if G € Ca. O

Corollary 4.4 [3, 11] Let G be a unicyclic graph of order n. Then My(G) > M;(G) with equality holding if
and only if G is isomorphic to C, .

Acknowledgment

The second author is supported by the National Research Foundation funded by the Korean Government with
the grant No. 2013R1A1A2009341.

602



HOROLDAGVA and DAS/Turk J Math

References
Balaban AT, Motoc I, Bonchev D, Mekenyan O. Topological indices for structure—activity correlations. Topics Curr
Chem 1983; 114: 21-55.

Belardo F, Marzi EML, Simi¢ SK. Some results on the index of unicyclic graphs. Linear Algebra Appl 2006; 416:
1048-1059.

Caporossi G, Hansen P, Vukicevi¢ D. Comparing Zagreb indices of cyclic graphs. MATCH Commun Math Comput
Chem 2010; 63: 441-451.

Das KC, Gutman I. Some properties of the second Zagreb index. MATCH Commun Math Comput Chem 2004; 52:
103-112.

Das KC, Gutman I, Zhou B. New upper bounds on Zagreb indices. J Math Chem 2009; 46: 514-521.

Deng H. A unified approach to the extremal Zagreb indices for trees, unicyclic graphs and bicyclic graphs. MATCH
Commun Math Comput Chem 2007; 57: 597-616.

Gutman I, Das KC. The first Zagreb indices 30 years after. MATCH Commun Math Comput Chem 2004; 50: 83-92.

Gutman I, Rusci¢ B, Trinajsti¢ N, Wilcox CF. Graph theory and molecular orbitals. XII. Acyclic polyenes. J Chem
Phys 1975; 62: 3399-3405.

Gutman I, Trinajstic N. Graph theory and molecular orbitals. Total m-electron energy of alternant hydrocarbons.
Chem Phys Lett 1972; 17: 535-538.

Hansen P, Vukicevi¢ D. Comparing the Zagreb indices. Croat Chem Acta 2007; 80: 165—-168.

Horoldagva B, Das KC. Comparing variable Zagreb indices for unicyclic graphs. MATCH Commun Math Comput
Chem 2009; 62: 725-730.

Horoldagva B, Lee S-G. Comparing Zagreb indices for connected graphs. Discrete Appl Math 2010; 158: 1073—-1078.

Nikoli¢ S, Kovacevi¢ G, Miliéevi¢ A, Trinajsti¢é N. The Zagreb indices 30 years after. Croat Chem Acta 2003; 76:
113-124.

Sun L, Chen T. Comparing the Zagreb indices for graphs with small difference between the maximum and minimum
degrees. Discrete Appl Math 2009; 157: 1650-1654.

Todeschini R, Consonni V. Handbook of Molecular Descriptors. Weinheim, Germany: Wiley—VCH, 2000.

Vukicevi¢ D, Graovac A. Comparing Zagreb M1 and M2 indices for acyclic molecules. MATCH Commun Math
Comput Chem 2007; 57: 587-590.

Yan Z, Liu H, Liu H. Sharp bounds for the second Zagreb index of unicyclic graphs. J Math Chem 2007; 42:
565-574.

Zhang H, Zhang S. Unicyclic graphs with the first three smallest and largest first Zagreb index. MATCH Commun
Math Comput Chem 2006; 55: 427-438.

Zhou B, Gutman I. Further properties of Zagreb indices. MATCH Commun Math Comput Chem 2005; 54: 233-239.

603


http://dx.doi.org/10.1007/BFb0111212
http://dx.doi.org/10.1007/BFb0111212
http://dx.doi.org/10.1016/j.laa.2006.01.008
http://dx.doi.org/10.1016/j.laa.2006.01.008
http://dx.doi.org/10.1007/s10910-008-9475-3
http://dx.doi.org/10.1016/j.dam.2010.02.013
http://dx.doi.org/10.1016/j.dam.2008.10.007
http://dx.doi.org/10.1016/j.dam.2008.10.007
http://dx.doi.org/10.1002/9783527613106
http://dx.doi.org/10.1007/s10910-006-9132-7
http://dx.doi.org/10.1007/s10910-006-9132-7

	Introduction
	Lower bound on M1 in U n(k, ) 
	Lower bound on M2 in U n(k, ) 
	Relations between Zagreb indices

