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Abstract: We introduce the concept of modified vertical Weil functors on the category FoM, ,m, of fibered-fibered
manifolds with (m1,m2)-dimensional bases and their local fibered-fibered maps with local fibered diffeomorphisms as
base maps. We then describe all fiber product preserving bundle functors on FoM,, ,m, in terms of modified vertical

Weil functors.
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1. Introduction

We assume that any manifold considered in this paper is Hausdorff, second countable, finite dimensional, without
boundary, and smooth (i.e. of class C°°). All maps between manifolds are assumed to be smooth (of class
C™).

Let Mf be the category of manifolds and their local maps, Mf,, the category of m-dimensional
manifolds and their local diffeomorphisms, FM the category of fibered manifolds (surjective submersions
between manifolds) and their local fibered maps, FM,,, m, the category of (mi,ms)-dimensional fibered
manifolds (i.e. with mq-dimensional bases and mso-dimensional fibers) and their local fibered diffeomorphisms,
F M., the category of fibered manifolds with m-dimensional bases and their local fibered maps with embeddings
as base maps, FoM the category of fibered-fibered manifolds (surjective fibered submersions between fibered
manifolds with submersions between fibers) and their local fibered-fibered maps, and FoM,,, m, the category
of fibered-fibered manifolds with (mj,ms)-dimensional bases and their FyM-maps with base maps being
F M, mo-maps.

Thus, any FoMp, m,-object is of the form Y = ((p,p) : (¢: Y — X) — (¢ : ¥ — X)) (a surjective
fibered submersion from an FM-object ¢ : Y — X onto an F My, m,-object ¢ : Y — X inducing submersions
between fibers). Any FoMyy, m,-map f:Y =Y’ isasystem f=(f,f)=(f, fi,f, f2): Y =Y of an FM-
map f = (f,f1):(q:Y = X) = (¢ :Y — X') and an FM,y, m,-map f = (f,f2): (¢: Y = X) = (¢ :
Y’ — X') with pof=fop.

A bundle functor F on FaM,y,, m, in the sense of [7] is a functor F : FoM,y, m, — FM such that the
value FY is a fibered manifold 7y : FY — Y for any Fo M., m,-0bject Y as above, the value F'f : FY — FY’
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of f:Y — Y’ is a fiber map covering f for any FoMy,, m,-map f:Y — Y’ and Fiy : FU — ﬂ;lU is
a diffeomorphism for the inclusion map iy : U — Y of an open subset U of Y. The definitions of bundle
functors on Mf, Mfn,, FM, FMum, m,, FMy are quite similar (we replace FoMp, m, by Mf or Mfp,
or FM or FMp, m, o FMy,). A bundle functor F' on FaM,y,y, m, is fiber product preserving if for
any FoMyy, m,-objects Y1 = (Y1 - X1) - ¥ — X)) and Yo = (Y2 — X2) — (¥ — X)) we have
F(Y1 xy Ys) = FY1 xy FY,; modulo (Fpry, Fprg), where pr; : Y1 Xy Y2 — Y; are the usual projections. We
remark that Y7 xy Y2 = (Y1 xy Y2 — (X1 xx X2)°) —» (¥ — X)), where (X7 xx X2)° is the (open) image
of V1 xy Yo = X1 xx Xa.

The vertical functor V on Fo M, m, sends any Y as above into

vy = |J@p) 10, cTY
ye¥
(i.e into the usual vertical bundle of the FM-object p: Y — Y ). The vertical functor V on FoM,,, m, is a
fiber product preserving bundle functor.

A natural transformation 1 : F — F! between bundle functors on FoMp, m, is a family of maps
ny : FY — FY for any FoM,y,, m,-manifold Y such that F'fony = nyi o Ff for any FoM,pn, m,-map
f:Y = Yl (One can show that then ny : FY — F'Y is a fibered map covering the identity map idy for
any FoM o, m,-object Y [7].)

A Weil algebra is a finite dimensional real local commutative algebra A with unity (i.e. A=R.1® N4,
where N4 is a finite dimensional ideal of nilpotent elements).

In [17], Weil introduced the concept of near A-point on a manifold M as an algebra homomorphism of the
algebra C>°(M,R) of smooth functions on M into a Weil algebra A. The space T4 M of all near A-points on
M is called a Weil bundle. Eck (see [1]), Luciano (see [10]), and Kainz and Michor (see [5]) proved independently
that product preserving bundle functors G : Mf — FM (i.e. satisfying G(M x M;) = GM x GM; for any
Mf-objects M and M) are the Weil functors T4 : Mf — FM for Weil algebras A = GR and that natural

transformations 7 : G — G1 between product preserving bundle functors on M f are in bijection with the

algebra homomorphisms nr : GR — G1R between the corresponding Weil algebras.

Replacing (in the construction of V') the tangent functor 7' by the Weil functor T corresponding to
a Weil algebra A and Oy by the canonical section ey of T 4Y | one can define (in the same way) the vertical
Weil functor V4 on FoM o, m, - Functor VA4 is a fiber product preserving bundle functor on FoMpmy m, » t0O.

In [11], for any homomorphism p : A — B of Weil algebras, the author introduced the bundle functor
" : FM — FM and described all product preserving bundle functors on FM in terms of functors T#. For

the reader’s convenience we present the construction of T* in Section 2.
Replacing A (in the construction of V4) by p: A — B as above, we can define the functor V* on
]:2Mm1,m2 by

vey = | () ey () < THY
yeY

where Y in T"Y denotes the fibered manifold ¥ = (¢ : Y — X) and where ey : ¥ — THY is the canonical
section. Then V# : FoMyy, m, — FM is a fiber product preserving bundle functor (the details in a more

general setting can be found in Section 4).
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A Weil algebra bundle functor on F M, 1, is a bundle functor A on the category F M, m, such that
A.Z is a Weil algebra and A.g: A.Z — Ay.)Z; is an algebra isomorphism for any F M.y, m,-map g: Z — Z'
and any point z € Z (or shortly and more precisely A is a bundle functor on FM,,, m, into the category of
all Weil algebra bundles and their algebra bundle maps).

Modifying the examples from [9], we have the following Weil algebra bundle functors on F My, m, -
— The trivial Weil algebra bundle functor A on F My, m, given by AZ = Z x A and Ag = g x ida, where
A is a fixed Weil algebra.
— The Weil algebra bundle functor A on FM,,, m, given by AZ = (ANTZ)° and Ag = ATgpTz)e, Where
ANTZ = (ANTZ) @ (ANTZ)! is the Grassmann algebra bundle of the tangent bundle TZ and (ATZ)° is the
even degree subalgebra bundle.
— In the previous example we can replace the tangent functor T' by an arbitrary vector bundle functor G on
FMpmims -
— The Weil algebra bundle functor A on FM,,, m, given by AZ = J"(Z,R) and Ag = J"(g,idr).
— We can apply a fiber-wise tensor product to the above examples of Weil algebra bundle functors on F M, ., -

A natural transformation between Weil algebra bundle functors A and A! on F My, m, is an F M, m, -
natural transformation v : A — Al of bundle functors such that v, := (vz). : A.Z — AlZ is an algebra
homomorphism for any FM,,, m,-object Z and any point z € Z.

In the present paper, essentially extending the technique from [9, 12], we modify the above concept of the

functors V# on FoM,y,, m, as follows. First, given a natural transformation p: A — B between Weil algebra
bundle functors A and B on FM,,, m,, we define the bundle functor T# on FoM,,, m, by

™Y = | 1"y
yey
for any FoMi, m,-object Y, where Y on the right side denotes the fibered manifold ¢ : ¥ — X. By
“restriction”, we define T* : FMp, m, — FM. Next, given an FMp,, m,-canonical section o of T# :
FMopym, = FM (ie. asystem of sections o : Y — THY for any F M., m,-object ¥ such that T+#goo = oog
for any F M, m,-map g: Y — Y'), we define the so-called modified vertical Weil functor V*7 : Fo M.y, m, —
FM by
vy = | (1p) " Ho(y) c TY .
yeyY

Then V#7 @ FoMyym, — FM is a fiber product preserving bundle functor (the details can be found in
Section 3).

Thus, we have the category MVW,,, ,,,, of modified vertical Weil functors V#*“ : FoMp, m, — FM

(for all 4 and o as above) and their natural transformations, and the obvious (forgetting, inclusion) functor
I:MVW,,, m, = FPP s,

where FPP,,, .., is the category of fiber product preserving bundle functors on FoM,,, n, and their natural

transformations.
In Section 5, given a fiber product preserving bundle functor F' on FoM,,, m, we construct canonically

a natural transformation p" : AF — BT of Weil algebra bundle functors on F M., m, and an FMy,, m,-
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canonical section o of TH" : FMumy me = FM. Thus, we get the modified vertical Weil functor vete™ on

FoMpn, m, - In this way, we obtain functor
J :FPPmy, = MVW, s

The main result of the present note is the following.

Main result. There is the equivalence
FPPy i, =MVW,, 1,

of categories. More precisely, I o J=Idppp and J o I=Idmvw

m1,mo my,mo *

In [9], there are described all fiber product preserving bundle functors F' of vertical type on FM,, in
terms of the so-called generalized vertical Weil functors VA : FM,, — FM corresponding to Weil algebra
bundle functors A on Mf,,. In [12], we described also all fiber product preserving bundle functors F on
FM,, in a similar way. There is also another pure theoretical description of all fiber product preserving bundle
functors on FM,,, by means of triples (A, H,t); see [3] (see also [6, 3]). Product preserving bundle functors on
some categories over manifolds are considered in many papers, e.g., [13, 14, 15, 16]. Product preserving bundle
functors on parameter dependent manifolds are studied in [1]. Natural operators to product preserving bundle

functors are studied by many authors, e.g., [2].

Remark 1 The category FoMop, m, has the same skeleton as the category of foliated fibered manifolds over
foliated manifolds of dimension my + me with leaves of dimension mo and their morphisms covering local leaf
preserving diffeomorphisms. Thus, our main result may be easily extended on fiber product preserving bundle

functors in this category.

2. Bundle functors T*
We start with the following example (see [11]).

Example 1 Let p: A — B be an algebra homomorphism between Weil algebras. If p: Y — Y is an FM-

object we put
T"Y = T4Y,, x5, TPY = {(u,v) € TAY. x TPY | py (u) = Tp(v)}

with the obvious projection on Y, where py : TAY — TPBY is the natural transformation induced by p. If

p' Y =Y is another FM-object and f:Y — Y’ is an FM-map with the base map f:Y —Y' we define
THf =T x T8 fipuy : T'Y — THY" .

The correspondence T : FM — FM is a product preserving bundle functor.
If W/« A" — B’ is another algebra homomorphism of Weil algebras and (p,) is a morphism u — '
(i.e. p: A— A and ¢y : B— B’ are algebra homomorphisms with p' o = 1) op ) we have the induced natural

transformation (p,v) : TF — T defined by
(0, ¥)y =y X Yy puy : THY — ™Y

where @y TAY — TAY and vy : TBY — TB'Y are the natural transformations induced by algebra

morphisms ¢ and 1 of Weil algebras.
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3. The generalization of T*

We can generalize the functors T* as follows.

Example 2 Let u: A — B be a natural transformation between Weil algebra bundle functors A and B on
FMoims, - IfY =((p,p) : (¢:Y = X) = (¢: Y — X)) is an FoM, m, -object, we put

™Yy = T""Y

yey

with the obvious projection w : TFY — Y , where Y on the right side denotes the fibered manifold q : Y — X
and where THew is the bundle functor on FM (as in the previous section) corresponding to the algebra
homomorphism iy : Ap)Y. — Bpo)Y. between Weil algebras (the restriction of the natural transformation
py : AY — BY to the fibers as indicated), where Y = (q: Y — X)) is the F M, m, -object. If Y = ((p',p') :
(@Y = X') = (¢ : Y — X)) is another FoMoy, m, -object and f : Y — Y’ is an FoMyy, m, -map
determining (in an obvious way) an F M, m, -map f:Y — Y' (between the F My, m, -objects Y = (¢:Y —
X)and Y' = (¢ :Y' — X)), we put THf = Uyey T4 f : THY — THY" | where T) f : TJ'Y — T;‘(y)Y’ is the
composition

Hp(y) Hp(y)y /! Mo (f )y /!
Ty Y—>Tf(y) Y —>Tf(y) Y

of the restriction T:”(”)f : T;”(”)Y — T}L(’;;’)Y/ of THr) f : THr&)Y — THrw Y to the fibers with the restriction

(Ape) fs Bpy Hrw) T;(’;(f)yl — T}(’;;(”)Y’ of the natural transformation (Apu)f, Bpof)y: @ TH®Y' —

THrsY" induced (as in Example 1) by morphism (Apcy) fy Bpo) f) @ Hpty) = Hp(f(y))» where Y = (q: Y — X)
and Y' = (¢ : Y — X') are the fibered manifolds. Every fibered-fibered chart (U,p) on Y induces chart

’

(T*U, TH¢) on THY
provided that we use the “translation” identification TH(R™1m2n1n2)=R™M x R™2 x R™ x R™2 XT(l(L)(,?)),(zJ),O) (R™ x
R™ x R™ x R™)(ZRMmumzmin2)) - yhere R™O™2072 s the Fo Mo, m, -object (premi xmms , prems)
(premixrm : R™ x R™ x R™ x R™ — R™ x R™) — (prgm: : R™ x R™ — R™) (the canonical
projections) and where in T(L(L)E%’;’O)m we have the FM-object R™ x R™ x R™ x R™ = (premixrm
R™ x R™ x R™ x R™ — R™ x R"). Thus, the correspondence T : FoMpm, m, — FM is a bundle
functor.

If f + A" — B’ is another natural transformation between Weil algebra bundle functors on FMup, ms,
and (¢,) is a morphism u — p' (i.e ¢ : A— A’ and ¢ : B — B’ are natural transformations between Weil
algebra bundle functors such that p' o = popu ), we have the induced natural transformation (p,v) : TH — ™
given by

(e ¥)y = J(gv)y : T"Y - T"Y
yey

where (@,1)y : T;”“J)Y — T;““Y is the restriction of natural transformation (pey), Ypy))y @ TH*®Y —

TH®Y induced (as in Ezample 1) by the morphism (¢p(y), Yp(y)) * p(y) — u;(y) )
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Clearly, any FM,,, m,-object ¥ = (¢ : ¥ — X) can be treated as the FoM,,, m,-object ¥ =
((idy,idx) : (¢ : Y = X) = (¢ : ¥ — X)). Similarly, any F My, m,-map f = (f,f) : ¥ — Y between
FMn, m,-objects Y and Y = (¢’ : Y/ — X') can be treated as the FoMpmym, morphism f = (f, f, f, f):
Y — Y’ between the FoM,p,, m,-objects Y and Y. Thus, for any natural transformation y: A — B between
Weil algebra bundle functors on F M, m,, we have bundle functor T# : F M, m, — FM (the “restriction”
of T* from Example 2).

4. The bundle functors V+°

We have the following general example of a fiber product preserving bundle functor on FoMy, im, -

Example 3 Let p: A — B be a natural transformation between Weil algebra bundle functors on F M, m, -
Suppose we have FMy, m, -natural (canonical) section o :' Y — THFY with respect to the bundle functor
projection TFY — Y for any FMp, m,-object Y (the naturality means that TVf oo = oo f for any
FMpymo-map [ Y = Y' ) IfY = ((p,p) : (¢ :Y - X) = (¢ :Y = X)) is an FoMp,, m, -object,

we define

VEOY = (Trp)~ (im(0)) = | (T*p) " (o(y)) C T"Y
YyeY

with the obvious projection onto Y (the restriction of ©y. ), where p : Y — Y s treated as the FoMp, m, -
morphism (p,p,idy,idx) : Y — Y between the FoMyp, m,-objects Y and Y = ((idy,idx) : (¢: Y — X) —
(¢:Y — X)). Since TVp is a submersion (it can be observed in fibered-fibered charts), V*?Y is a submanifold.
If Y' is another FoMy, m, -object and f:Y = Y' is an FoMyy, m, -map, then THf(VETY) C V#OY' and
we define

VIO f =T  flyuoy : VROY = VY

One can see that V*7 : FoMu, ms — FM is a bundle functor. It will be called the modified vertical Weil
functor (corresponding to (u,0) ).
If W/ A — B’ is another natural transformation between Weil algebra bundle functors on FMp, ms

o Y - THY (for all F M, .m, -0bjects Y ) is another canonical section and (p,¢) : p — (' is a morphism
such that
o' =(p,d)yoo

for any F My, m, -object Y, then (¢, )y (V#°Y) C VoY | and then we have the induced FoMm, .m, -natural
transformation [p, V] : V7 — VH7' defined by

[903 QzZJ]Y = (907 w)Y|V“’UY

for any FoMpm, m, -object Y, where (o, 9)y : TFY — TH'Y s the natural transformation induced by (p,1))
(as in Ezample 2).

Lemma 1 The bundle functor V¥ : FoMyy, m, — FM is fiber product preserving.
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Proof Let Z = (p:Z — Z) be an FMy,, m,-object and z € Z. Given an FM-object N = (¢: N — N)
we put
GN :=V}/"°(Z x N)
with the obvious projection onto N, where Z x N = ((prz,prz) : (pxq: ZxN - Zx N) — (p: Z — Z))
is the oMoy, m,-object. If N = (¢’ : N’ — N') is another FM-object and f = (f,f) : N = N’ is an
FM-map we define
Gf:=V"(idz x f)igy : GN = GN' ,

where idz x f = (idz x f,idg x f,idz,idg) : Z x N = Z x N’ is the FoM,,, m,-map. The correspondence

G: FM — FM is a bundle functor.
Clearly, it is sufficient to show that G is product preserving. We have GN C TH:(Z x N) , where

ZxXN=(gxp:ZxN—ZxN) is the FM-object. Moreover, we have
GN ={o(2)} x T'*N

modulo the identification T#=(Z x N) = TH=Z x T*=N (TH= : FM — FM is product preserving). We see
that
Gf =T"(idz x f)ian

(as A,(idz) = id and B,(idz) = id). Thus, G is FM-natural isomorphic with 7##, and so G is product

preserving, as well. O

5. The induced bundle functors V# "
Now we are going to show that (conversely) any fiber product preserving bundle functor F' : FoMpy, m, — FM

determines a natural transformation u : AF — BF of Weil algebra bundle functors on FM,,, m, and a

canonical section of : Y — T+ Y for any F My, m,-object Y. We will use the following notation.

Given an F M, m,-object Y = (¢:Y — X) and a manifold N we have the FoM,,,, ,-0bjects
[Y x N :=((pry,prx): (gxidy : Y XN =3 X xN) = (¢:Y = X))

and
<Y XN >=((pry,idx) : (gopry : Y XN = X) = (¢: Y = X)),

where pry : Y x N =Y and prx : X x N — X are the canonical projections. We have the Fo M, m,-map
lidy xn] == (idyxn, pr, idy,idx) : [Y x N] 5<Y x N > .
If N’ is another manifold and f: N — N’ is a map we have FoM,,, m, -maps
[idy x f]:= (idy x f,idx X f,idy,idx):[Y x N] = [Y x N']

and
<idy X f >:= (Zdy X f,idx,idy,idx) <Y XN>3<Y xN >.
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IfY'= (¢ :Y" — X') is another FM,,, m,-object and ¢ = (p,¢) : Y —= Y’ is an F My, m,-map we
have Fo M, m,-maps
[ x idn] := (¢ X idn, ¢ X idn, 9, ) : [Y x N] = [Y' x N]

and
< Xxidy >:=(pXidy,0,0,0) ;<Y XN >3<Y' x N> .

We have the following example.

Example 4 Let F : FoMyy, m, — FM be a bundle functor. If Y is an FMy,, m, -object we have fibered
manifolds

AFY .= F([Y xR]) and BYY :=F(<Y xR >)

with the projections ATY —Y and BYY — Y being the composition of the bundle functor projections with the
canonical projection Y x R — Y . We have the map

pi = F([idyxr)) : ATY — BFY .
If Y is another fibered manifold and ¢ : Y — Y is an F My, m, -map we have the induced maps
Afp .= F([p x idr)) : A'Y — ATY' | BFyp:= F(< p xidg >): B'Y - B'Y’ .

Since F' is a functor,

Bfgopuy =py 0 AT

Thus, we have the bundle functors AY and BY on FMn, m, and the natural transformation p : A — BY.
If F' : FoMypy me — FM is another bundle functor and 1 : F — F' is a natural transformation we

have the natural transformations " : AY — A" and " BF — BF given by
Oy =1y xr] and Vi =<y xRr>
for any FMp, m, -object Y . Since n is a natural transformation,
p o = pt .
Thus, (", ") : ut" — /LF/ 18 a morphism of natural transformations.

Lemma 2 If F is fiber product preserving, then A¥ and BY are Weil algebra bundle functors and p* : AT —

BT is a natural transformation of Weil algebra bundle functors.

If additionally F' is fiber product preserving, then (", 9") : uf" — /JF, 18 a morphism between natural

transformations of Weil algebra bundle functors.

Proof Let Y be an FM,,, m,-object and y € Y be a point. For any manifold N we define
FYUIN := F,([Y x N]) and F<Y>N := F,(<Y x N >)
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(the fibers over y of F([Y X N) 2 Y x N =Y and of F(K Y XN >) - Y x N — Y) with the obvious

projections onto N. If N’ is another manifold and f: N — N’ is a map we have
FWf = F(lidy x f])|pwy : FWIN — FUIN’

and similarly
F<y>f = F(< idy X f >)‘F<y>N <Y N — F<V> N’ .

Thus, we have the bundle functors F¥ : Mf — FM and F<Y> : Mf — FM. Since F is fiber product
preserving, FW and F<Y> are product preserving. Then FIYR and F<¥>R are Weil algebras because

of the well-known result concerning Weil functors. (If m : Rx R — R and + : R x R — R are the
multiplication and sum maps for R, then FlWm : FUR x FWR = FWM(R x R) — FWR and FW(4) :
FWIR x FUR = FIW(R x R) — FWR are the multiplication and sum maps in FIYR (and similarly for F<v>
instead of FI¥), where FIW(R x R) = FIMR x FIWMR modulo the identification given by (FW¥pr, FlWlpry)
FU(R x R) — FWR x FWR, where pr; : R x R — R are the canonical projections.) Since AlY = FUIR
and BJ'Y = F<¥”R, A"Y and B"Y are Weil algebra bundles.

If Y’ is another FM,,, m,-object and ¢ : Y — Y’ is an F M, m,-map, we define

¥ = F(lp x idy]) py : FUN — Fle®ly

and
o = F(< @ xidy >)|p<wsn : FSYZN — F<PW>N |
Then @l . FlUI — FleW] and ¢<v> . F<v> 5 F<¢W> are natural transformations between product
preserving bundle functors on M f. Then gé[rg] : FUMR — FPWIR and ¢g’” : F<V>R — F<¢W>R are
algebra homomorphisms, but @g] = A5(<p) : A5Y — Ag(y)Y’ and ¢R’” = 35 () : BfY — Bg(y)Y’.
Define
iy = F([idy xn])|pwn : FWIN — F<V>N
Then ¥ : FIW — F<Y> is a natural transformation. Then % : F¥R — F<Y>R is an algebra homomorphism,
but i = ui : A5Y — BfY (the restriction of uf : ATY — BFY to the fibers over y).

We have proved that pf" : A" — B is a natural transformation between Weil algebra bundle functors
on FMumim,-

Define

oY = ny g puy : FUN — FIUIN
and
U = neyxns|pevsn  FY7N — F/SV N,

Then ®W : Fll 5 F') and U<v> . F<¥> 5 F'<V> are natural transformations of product preserving
bundle functors on M f. Then <I>[Fl{] : FVIR — F'MR and U5~ : F<Y>R — F'<Y>R are algebra homomor-
phisms, but (I)[rzi] =l AFY — AZIjIY and V¥~ = Yy BEY — Bf'Y (the restrictions of @Y : ATY — AF'Y
and ¢y : BFY — BT'Y to the fibers over y).
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We have proved that (o7, ¢") : pt" — p¥ "isa morphism between natural transformations between Weil

algebra bundle functors on F M, m, - O
Let F': FoMum, m, = FM be a fiber product preserving bundle functor. We use the above notation.

Example 5 Let Y = (¢ : Y — X) be an FM,y, m,-object and y € Y be a point. Similarly as in Section
2, Y is treated as the FoMupy my-object Y = ((idy,idx) : (¢ 1Y = X) — (¢ :' Y — X). We define

ot (y) : Cotn) (X) — A5Y from the algebra C37 (X) of germs at q(y) of smooth maps f: X — R by

of W(f) = F(f1)(8,) € Fy(IY xR]) = 4TV,

where fU == ((idy, f o q), (idx, f),idy,idx) : Y — [Y x R] and 0, € F,Y is the unique point. (Here and
later, for simplicity of notations we write f instead of germ,(f) if z is clear.) Since F is a functor, using the

definition of the multiplication and sum in the Weil algebra AgY, one can standardly show that o¥ (y) is an

algebra homomorphism (for example, if we apply F to the equality (fg)! = (idy x m) o (idy,(foq,goq)), we
obtain of (y)(fg) = of (y)(f) - of (y)(9) ). Then

F o) F _ A5Y
01 (y) € Hom( q(y)(X)vAy Y) =T,

a(y) X

Similarly, we define of (y) : Cg°(Y) = BY'Y by
ol )(f) == F(f<>)(8,) € F,(<Y xR >)=BI'Y |

where <~ = ((idy, f),idx,idy,idx) : Y =-<Y x R >. Then

F oo F ByY
oy (y) € Hom(C°(Y), B, Y) =T, Y .

Since F is a functor, ug(af(y)(f)) =al'(y)(foq) for any f: X — R (we apply functor F to the equality
idy xr o (idy, f o q) = (idy, f o q) with respective FoM,, m, -maps and evaluate at 0, ), i.e.

() x (0F (9) = TE Y (05 () -

Then
W F
o (y) = (o] (), 05 () €Ty Y =TI Y .

Thus, we have defined canonical section o¥ : Y — ™'Yy for any F M, m, -object Y.

One can easily see that if F' : FoM oy, m, — FM is another fiber product preserving bundle functor and

n: F — F' is a natural transformation, then
(" 9"y ooF ="

for any FMp,, m, -object Y, where (¢7,9")y : T*'Y — T*"Y is the natural transformation induced by the

morphism : — " (as in Ezample 2 for u = = " an = .
phism (", ") : pF — pf (as in Example 2 for p=p, @' = p', and (p,¢) = (©7,97))
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Thus, for any fiber product preserving bundle functor F : FoMp, m, — FM we have defined fiber product
preserving bundle functor VA o FoMm,m, — FM (as in Ezample 3 for (u,0) = (uf',0%)). Moreover,

for any natural transformation n: F — F' between fiber product preserving bundle functors on FoMn, m, we

have defined natural transformation [o", "] : Vi©o" - yutet (as in Example 3 for (v,v) = (¢",9¥") ).

6. An equivalence r=yn’o”

Let F': FoMy, m, — FM be a fiber product preserving bundle functor. We prove that F=Vr" 0" We start

with the following example.

Example 6 Let Y = ((p,p): (¢:Y = X) = (¢: Y = X)) be an Fo M, m, -object. Let v € F,Y, y €Y.
Define ©3F (v) : oo (X) — A]I;(y)z by

OV (0)(f) = FFI(v) € Fyp ([ x RY) = A7) Y
where [Y x R] is the FoMup, m, -object defined by the F My, m, -object Y = (q:Y — X)) (as in the previous
section) and f0:= ((p, foq),(p, f),idy,idx): Y — [Y x R]. Then O} (v) is an algebra homomorphism, i.e.

AF Yy
@%,F(v) € Hom(qufy) (X)’Aziy)x) = Tq(z()y) X

Define also ©3 : C;°(Y) — BJ'Y by
G%F(U)(f) =Ff~"(v) € Fpay) (Y. xR >) = BFy)Z ’

p(

where <7 :=((p, f),p.idy,idx) : Y <Y x R >. Then O3 (v) is also an algebra homomorphism, i.e.

F
0% (v) € Hom(CL*(Y), BY,)Y) = Ty " .

Since F' is a functor, uﬁy)(Q%,F(v)(f)) = 0 (W) (foq) for f: X — R (we apply functor F to the
equality idy xr o (p, f o q) = (p, f o q) with respective FoMp,, m, -morphisms and next evaluate at v) . Thus,

3 .
(5, x (O3 (v) = TPrwYq(03 (v) |, ie.
0L (v) == (03 (v),0¥ (v) € T,"Y = T;FY .

Similarly, one can verify that T“Fp(@{;(v)) = of(p(y)) , where p:Y — Y is treated as the FoMn, m, -map

as in Example 3, i.e.

ofw) evi "y .
Thus, we have defined the natural transformation ©F : ' — yuet

Proposition 1 We have the Fo M, m, -natural isomorphism ©F : F — yulet (canonical in F').
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Proof Since F and V¢ are fiber product preserving, it suffices to show that

(e&xR})(g,O) t Fy0) (Y x R]) — \%s

FG'F
2 (1Y < R))

and

P F
(G)EXXR>)(%0) : F(Q,O)(< Y xR >) — ‘/(Z)O’) << Y xR >)

are diffeomorphisms for any F M, m,-object ¥ = (¢:Y — X) and any y € Y. One can easily see that the

inverse diffeomorphisms are the restrictions of
(Hom(C o) (Y. x R), AJY), Hom(C{y ) (Y. x R), B,Y)) =AY

and
(Hom(CyP(Y), AyY), Hom(C(j ) (Y x R), B,Y)) = B;Y

given by (w!, w?) — wl(pre) and (u',u?) — u?(prs), where pro : Y x R — R is the projection onto the second

factor. O

.  yme yne
7. An equivalence V#7=VH 7

Let 11 : A — B be a natural transformation between Weil algebra bundle functors on FM,,, ,, and o :Y —
THY be a canonical section for any FM,,, m,-object Y = (¢:Y — X).

Example 7 Let Y = (¢: Y — X) be an F My, m, -object.

Define @5“’0) : AY — VHo([Y x R]) = AV"Y as follows. Let y € Y. Identifying R with the
FM-object idg : R — R we have the “product preserving” F M -identification TFv(Y x R) =THY x THvR.
Under this identification, V/*?([Y x R]) = {o(y)} x T**R. On the other hand, T*R = {(b, (uy)r(b)) €
TAYR x TBYR | be TAYR} and THYR = A,Y modulo the usual identification (from the theory of Weil
functors). Thus, THR = A,Y modulo the clear identification. Then Vy*°Y = {a(y)} x A,Y modulo the
identification, and we define

(@3"7), = (o (y),ida,y)

. . . oo . . . . 1(p,0) |
(modulo the identification). Clearly, it is an algebra isomorphism. Thus, we have defined isomorphism fIDY(“ )

AY — AV"TY of Weil algebra bundles, and we have the natural isomorphism &%) © A — AV™? of Weil

algebra bundle functors on FMup, m, -

Define <I>§,(“’U) :BY = VP9 (<Y xR >) = BY"Y as follows. Let y € Y. We have the “product
preserving” FM -identification TH¥(Y x R) = THMY x THR, where R = (ptr : R — pt), where pt is the
one point manifold. Under this identification, V(<Y x R >) = {o(y)} x T**R. On the other hand,
THR = pt x TBWYR = TBYR = B,Y modulo the clear identifications. Then B;“’UY = {o(y)} x ByY

modulo the identifications, and we define
(@37)y = (o(y).idp,y)
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modulo the identifications. It is an algebra isomorphism. Thus, we have defined isomorphism ®2(+9) . B —
BV"’ of Weil algebra bundle functors on FMonyms -
One can standardly verify that

my o @y = e o py

i.e. that (@19 ®Cwo)y V™7 s an isomorphism of Weil algebra bundle functors on FMpims- One
can also standardly verify that

(q)l(wf), @2(%0))}/ co=0c""" )

where (1) H20))y . TRY — 7Y is the natural transformation induced by morphism (®1) $210))
Let

VKT

T = [61)1(“"7)’ q)Q(mU)] Sy e
be the induced natural transformation.

Thus, we have proved.

Proposition 2 There is the F M, m, -natural isomorphism T o)+ Vo — yu e (canonical in

(1, 0) ).

8. The main result
Let FPP,,, m, be the category of fiber product preserving bundle functors F' on FoM,,, m, and their natural
transformations n : F' — F’. Let MVW,,, ., be the category of modified vertical Weil functors on FoM, m,

of the form V#7 and their natural transformations of the form [p, 9] (see Example 3).

Theorem 1 We have the equivalence
FPPpy o, =MV Wi m,

of categories. It means that there are functors J : FPPy,, v, — MVWp, m, and I : MVW,,, 1, — FPPy, 1,
with J o IildMVW and I o Jildppp

my,mo my,mg °

Proof We define J by J(F) := VA"o" and J(n) = [¢",¢"]; see Examples 4 and 5 (for (u¥,oF) and
(¢",9")) and then Example 3 (for the modified vertical Weil functors and their natural transformations). We
define I to be the usual forgetting functor. The isomorphism I o J=Id is by Proposition 1. The isomorphism
J o I=Id is by Proposition 2. O
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