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Abstract: A graph (G = (V, E, F)) admits labeling of type (1,1,1) if we assign labels from the set {1,2,3,...,|V(G)|+
|E(G)| + |F(G)|} to the vertices, edges, and faces of a planar graph G in such a way that each vertex, edge, and face
receives exactly one label and each number is used exactly once as a label and the weight of each face under the mapping
is the same. Super d-antimagic labeling of type (1,1,1) on snake kCs, subdivided kC5 as well as ismorphic copies of

kCs for string (1,1,...,1) and string (2,2, ...,2) is discussed in this paper.
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1. Introduction
We consider a finite, connected, and planar graph (G = (V, E, F)) without loops and multiple edges, where
V(G), E(G), and F(G) are its vertex set, edge set, and face set, respectively.

Labeling of a graph is one-to-one mapping that carries a set of graph elements to a set of numbers
(usually positive integers). Labeling of type (a,S3,7v) (where («,8,7) € {0,1}) assigns labels from the set
{1,2,3,...,] V(G) | + | E(G) | + | F(G) |} to the set of vertices, edges, and faces of a plane graph G in such a
way that each vertex, edge, and face receives exactly one label and each number is used exactly once as a label.
The weight of a face under labeling of type (1,1, 1) is the sum of the labels carried by that face and the edges
and vertices surrounding it.

Labeling of type (o, 3,7) is said to be face-magic if for every number s > 3 all s-sided faces have the
same weight. We allow different weights for different s. The labeling is called super face-magic if the vertex set
is assigned first. The labeling is called face antimagic if face weights form an arithmetic sequence with initial

value a and common difference d.
The notion of magic labeling of planer graphs was defined by Ko-Wei Lih in [17], where magic labelings

of type (1,1,0) for wheels, friendship graphs, and prisms are given. Baca gave magic labelings of type (1,1,1)
for fans in [1, 5, 10]. Ali [16] gave magic labeling of type (1,1,1) for wheels and subdivision of wheels. Baca
determined magic labeling on different graphs in [2, 3, 4, 6, 8, 9]. Siddiqui [15] determined the existence of
super d-antimagic labeling for a Jahangir graph for certain different d. Baca [7, 11, 12, 13] gave magic labelings
of type (1,1,1) and type (1,1,0) for certain classes of convex polytopes. A general survey of graph labelings is
given in [18].

The snake graph (kCy) was first introduced by Barrientos [14], while Rosa [19] gave the generalization
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concept of the triangular snake. A kC,, -snake can be defined as a connected graph with k blocks; each of the
blocks is isomorphic to the cycle C,,, such that the block-cut-vertex graph is a path.

In this paper we formulate super antimagic labeling of type (1,1,1) for a kC5 - snake graph, partition of
a kCs - snake graph, and isomorphic copies of a kC5 - snake graph; super antimagic labeling of type (1,1,1)

for kC,, is also discussed in this paper.

2. Main results 1
In this section we formulate super antimagic labeling of a kCj5- snake graph as well as isomorphic copies of a
kC'5 -snake graph.

Theorem 1 For all k > 2, H = kCy - snake graph with string (2,2, ...,2) admits super 1-antimagic labeling
of type (1,1,1).
Proof Let s=|V(H)|,e=|E(H)|, and f=|F(H)|. Then s =4k +1,e =5k, and f = k.
Now we define labeling A\ : V(H)UE(H)UF(H) — {1,2,....,.s +e+ f}
as follows:
Mug) ={i,1 <i<k+1}

AMv)) ={(k+1)+i1<i<k}

AMw)) ={3k+2—1i,1 <i<k}

AMX)={4dk+2—-i,1<i<k}

We symbolize the edges of H as follows:

Mwx;) ={s+1i,1 <i<k}
Mziuipr) ={s+2k+1—-4i,1<i<k}
AMuip1vi) ={s+3k+1—1i,1 <i <k}

Mugvg) = {s+3k +1i,1 <i <k}
Mujw;) = {s +4k+1i,1 <i<k}

We symbolize the faces of H as follows:
Mfi)={s+e+k+1—-41<i<k}

In this way the snake graph of string (2,2,...,2) can be labeled in the best way to show super l-antimagic
labeling of type (1,1,1). O

Theorem 2 For all k > 3, H = kC5 - snake graph with string (1,1,...,1) admits super I-antimagic labeling
of type (1,1,1).
Proof Let s=|V(H)|,e=|E(H)| and f=|F(H)|. Then s =4k +1,e =5k and f =k.
Now we define labeling A\ : V(H)UE(H)UF(H) — {1,2,....,s+ e+ [}
as
Mui) ={i,1 <i <k+1}

Aw) ={(k+1)+,1<i<k}

AMw)) ={3k+2—-1i,1<i<k}

X)) = {4k +2—i1<i<k}
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We symbolize the edges of H as follows:

Mujuipr) ={s+k+1—1i,1 <i<k}
Muw;) ={s+k+1i1<i<k}
Mwiz;) ={s+2k+1i,1<i<k}

Mziv)) ={s+4k+1—-4,1<i<k}

Avivir1) = {s+5k+1—4,1<i<k}

We symbolize the faces of H as follows:
Mfi)={s+e+i1<i<k}

In this way the snake graph of string (1,1,...,1) can be labeled in the best way to show super 1l-antimagic
labeling of type (1,1,1). O

Theorem 3 For all k > 2, H = mkCs— snake graph with string (2,2, ...,2) admits super 1-antimagic labeling
of type (1,1,1).

Proof Let s =|V(H)|, e=|E(H)|, and f = |F(H)|. Then we have s = n(4k + 1), e = 5nk, and f = nk,
1<m<n.

For vertices

ANuf) ={i+(m-1)(k+1) 1<i<k+1}
Aoy ={n(k+1)+nk+1—(m-Dk—i 1<i<k}
Mz ={3nk+n+1—i—(m—-1)k 1<i<k}
AMw)={dnk+n+1—i—(m-1k 1<i<k}

For edges
Auw") ={s+ (m—1k+i 1<i<k}
AwPult) = {s+2nk+1—i—(m—1k 1<i<k}
Aumvm)y ={s+3nk+1—(m—Dk—i 1<i<k}
Mwz) = {s+3nk+ (m—Dk+i 1<i<k}
Mamult ) ={s+4nk+ (m—1)k+i 1<i<k}
For faces

AfM={s+e+n—(m-1)+(i—-1n 1<i<k

In this way the H = mkC5 — snake graph of string (2,2,...,2) can be labeled in the best way to show super
l-antimagic labeling of type (1,1,1). O

Theorem 4 For all k > 3, H =2 mkCs— snake graph with string (1,1, ...,1) admits super 1-antimagic labeling
of type (1,1,1).
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Proof Let s =|V(H)|, e=|E(H)|, and f = |F(H)|. Then we have s = n(4k + 1), e = 5nk, and f = nk,
1<m<n.
For vertices

Aw)={i+(m-1)(k+1) 1<i<k+1}
Aom) = {2nk+n+1—(m—1Dk—i 1<i<k}
M) ={3nk+n+1—i—(m—-1k 1<i<k}
AMw™)y={4nk+n+1—i—(m—-1k 1<i<k}

(wi”

For edges

Aulrw) = {s+ (m—Dk+i 1<i<k}
ANut o) ={s+2nk+1—i—(m—1k 1<i<k}
Auupt)={s+3nk+1—(m—1k—i 1<i<k}

Mwmz™) = {s+3nk+(m—Dk+i 1<i<k}
Aamom) = {s+4nk+ (m—Dk+i 1<i<k}

For faces

MM ={s+etn—(m-1)+(G—-1)n 1<i<k}

In this way the H = mkCys — snake graph of string (1,1,...,1) can be labeled in the best way to show super
l-antimagic labeling of type (1,1,1). O

3. Main results II
In this section we formulate super antimagic labeling of subdivision kC5- snake graph as well as isomorphic

copies of subdivision kC5 -snake graph.

Theorem 5 For all k > 3, H = kC5 - snake graph of string (1,1,...,1) with 1 subdivision admits super
1-antimagic labeling of type (1,1,1).
Proof Let s=|V(H)|, e=|E(H)|, and f = |F(H)|. Then s =9k + 1, e =10k,, and f = k.
Now we define labeling A\ : V(H)UE(H)U F(H) — {1,2,...,s+e+ f}
as follows:
AMug)) ={i,1<i<k+1}

Aw)={(k+1)+1<i<k}

Mw)) ={3k+2—-1i,1<i<k}

Mz))={4k+2—1i,1 <i<k}

We symbolize the partitions of H as follows:

Aag) = {5k +2—i,1 <i <k}
Aei) = {6k+2—i1<i<k}
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Ab) = {Tk+2—i1<i<k}
Ae) = {Tk+1+i,1<i<k}
Adi) = {9k +2—i,1<i<k}

We symbolize the edges of H as follows:

AMuga;) ={s+i,1<i<k}
Majuip1) ={S+2k+1—41<i<k}
Avie;) ={s+3k+1—-i,1<i<k}
Aeitipr) ={s+3k+i,1 <i<k}
Mzid;)) ={s+5bk+1—-1i,1<i<k}
Mdiv;) ={S +5k+1i,1<i<k}
Mwic;)) ={s+Tk+1—-14,1<i<k}
Mex)) ={s+Tk+i,1<i<k}
AMwib;)) ={s+9% +1—-1i1<i<k}
Abiu)) ={s+ 9%k +1i,1 <i<k}

We symbolize the faces of H as follows:
Mfi)={s+e+i,1<i<k}

In this way the snake graph of string (1,1,...,1) can be labeled in the best way to show super l-antimagic
labeling of type (1,1,1), with 1 subdivision. O

Theorem 6 For all k > 2, H = kC5 - snake graph of string (2,2,...,2) with 1 subdivision admits super
1-antimagic labeling of type (1,1,1).
Proof Let s=|V(H)|, e=|E(H)|,and f = |F(H)|. Then s =9k + 1, e = 10k,, and f = k.
Now we define labeling A\ : V(H)UE(H)U F(H) — {1,2,....,s+ e+ f}
as follows:
AMu) ={i,1 <i<k+1}

Av)={(k+1)+41<i<k}

AMw;)) ={3k+2—-1i,1<i<k}

AMz;) ={4k+2—-4,1<i<k}

We symbolize the partitions of H as follows:

Mai) ={pk+2—14,1<i<k}
Me;) ={6k+2—14,1<i<k}
Ab) ={Tk+2—1i,1 <i<k}
M) ={Tk+1+4,1<i<k}
(di) =

Mdi) ={% +2—-1i,1<i<k}

We symbolize the edges of H as follows:
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AMuwga;) ={s+i,1<i<k}
AMaw) ={S+2k+1—-1i,1<i<k}
AMujpre;) ={s+3k+1—-1i,1<i<k}

Mewv)) ={s+3k+14,1<i<k}
Maid)) ={s+5k+1—-14,1<i<k}
Mdiwir1) = {S+5k+14,1<i<k}
Mwic)) ={s+Tk+1—-14,1<i<k}

Meiz) ={s+Tk+1i,1<i<k}
Mwib)) ={s+9k+1—1i,1<i<k}

Abiu)) ={s+ 9%k +1i,1 <i<k}

We symbolize the faces of H as follows:
Mfi)={s+e+i,1<i<k}

In this way the snake graph of string (2,2,...,2) can be labeled in the best way to show super l-antimagic
labeling of type (1,1,1), with 1 subdivision. O

Theorem 7 For all k > 3, H = kCj - snake graph of string (1,1,...,1) with 2 subdivisions admits super
1-antimagic labeling of type (1,1,1).

Proof Let s=|V(H)|, e=|E(H)|, and f = |F(H)|. Then s =14k + 1, e = 15k,, and f = k.

Now we define labeling A\ : V(H)UE(H)U F(H) — {1,2,...,s+e+ f}

as follows:

A@Jfﬁﬂgi§k+u

{(k+1)+i,1<i<k}
(wz {8k+2—4,1<i<k}
AMzi) ={4k+2—14,1<i<k}

A
<
7
~
Il

We symbolize the partitions of H as follows:

Man) = {pk+2—1i,1<i <k}
Mai1) ={bk+1+1i,1<i<k}
Abi) ={Tk+2—1i,1<i<k}
Abig) = {Tk + 14,1 <i <k}
Men) ={9%+2—-4,1<i<k}
Meg) ={9%k+1+4,1<i<k}
Mdi) = {11k +2—4,1 <i <k}

(di)

Mdig) ={11k+ 14,1 <i <k}
Mea) ={183k+2—14,1<i<k}
Aew) ={13k+1+14,1<i <k}

We symbolize the edges of H as follows:
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AMugan) ={s+i,1<i<k}
Mapaip) ={s+k+i,1<i<k}
Majpuipr) ={s+2k+1i,1 <i <k}
Aviei) ={s+4k+1—-i,1<i<k}
Aeiein) ={s+5k+1—-i1<i<k}
Mejouip1) = {s +6k+1—i,1<i<k}
Mzidn) = {s +6k+i,1 <i<k}
AMdindio) ={s+ Tk +1,1 <i <k}
Mdigv;) = {s + 8k +14,1 <i <k}
Mzicn) ={s+10k+1—14,1<i<k}
(ciicia) ={s+11k+1—-4i,1<i<k}
(ciow;) ={s+12k+1—1i,1 <i <k}
(wibin) ={s+13k+1—14,1<i<k}
(binbi2) = {s+ 14k +1—-1i,1 <i<k}
Abigu;) = {s+ 16k +1—4,1 <i <k}

> > > >

We symbolize the faces of H as follows:
Mfi)={s+e+i,1<i<k}

In this way the snake graph of string (1,1,...,1) can be labeled in the best way to show super l-antimagic
labeling of type (1,1,1), with 2 subdivisions. O

Theorem 8 For all k > 2, H = kCs - snake graph of string (2,2,...,2) with 2 subdivisions admils super
1-antimagic labeling of type (1,1,1).

Proof Let s=|V(H)|, e=|E(H)|,and f = |F(H)|. Then s =14k + 1, e = 15k,, and f = k.

Now we define labeling A\ : V(H)UE(H)UF(H) — {1,2,....,s +e+ f}

as follows:

Aug) = {i,1 <i < k+1}
Av) ={(k+1)+i,1<i<k}
Muw;) = {3k+2—1i,1<i<k}
Aag) = {4k +2—i, 1 <i<k}

We symbolize the partitions of H as follows:

Man) = {pk+2—1i,1<i<k}
Mai1) ={bk+1+4,1<i<k}
Abi) ={Tk+2—1i,1<i<k}
Abig) = {Tk + 14,1 <i <k}
Men) ={9%+2—-4,1<i<k}
Meig) ={9%k+1+4,1<i<k}

)\(dzl):{llk+271,1§z§k}
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Mdp) = {11k +1+4,1 <i <k}
/\(eil):{13k+2—i,1§i§k}
Meig) = {13k +1+4,1 <i <k}

We symbolize the edges of H as follows:

AMuzan) ={s+1i,1<i<k}
Mapnap)={s+k+1i,1<i<k}
Mapov)) ={s+2k+i,1 <i<k}

Muirien) ={s+4k+1—1i,1<i<k}
Aeiein) ={s+5k+1—1i1<i<k}
Aeigvi) ={s+6k+1—1i,1<i<k}
AMzidi) ={s+6k+i,1<i<k}
Adidip) = {s+ Tk +i,1 <i < k}
Mdiguiyr) = {s+8k+i,1 <i <k}
Mzici1) ={s+10k+1—-14,1<i<k}
(cincp) ={s+1lk+1—-14,1<i<k}
(ciow;) ={s+12k+1—1i,1 <i<k}
(wibi1) ={s+ 13k +1—-1i,1<i<k}
(birbio) = {s+ 14k +1—1i,1 <i<k}
Abigu;)) = {s+ 15k +1—14,1 <i<k}

> > > >

We symbolize the faces of H as follows:
AMfi) ={s+e+i,1<i<k}

In this way the snake graph of string (2,2,...,2) can be labeled in the best way to show super l-antimagic
labeling of type (1,1,1), with 2 subdivisions. O

Theorem 9 For all k > 3, H = mkC5 - m copies of snake graph of string (1,1,...,1) with 1 subdivision
admit super 1-antimagic labeling of type (1,1,1).

Proof Let s=|V(H)|, e=|E(H)|, and f = |F(H)|. Then we have s = n(9k + 1), e = 10nk, and f = nk,
1<m<n.

For vertices

Mufy={i+(m—-1)(k+1) 1<i<k+1}
Ao ={nk+1)+nk+1—(m-Dk—i 1<i<k}
ANy ={3nk+n+1—i—(m—-1k 1<i<k}
Awi) ={dnk+n+1—i—(m-1k 1<i<k}

We symbolize the partitions of H as follows:
AMal) ={4nk+n+i+ (m—-1)k,1<i <k}
Ad) ={6nk+n+1—i—(m—-1k1<i<k}
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Ae) = {Tnk+n+1—i—(m—1)k1<i<k}
ATy ={Tnk+n+i+ (m—1)k,1<i<k}
M) ={8nk+n+i+(m—1Dk1<i<k}

We symbolize the edges of H as follows:

Aue™) ={s+nk+1—i—(m—1)k1<i<k}
e ult ) = {s+nk+i+(m—1)k1<i<k}
A(wmd) ={s+3nk+1—i—(m—1k,1<i<k}
MdPufy) ={s+4nk+1—i—(m—1)k,1<i<k}
AMwa") = {s+4nk +i+ (m — 1)k, 1 <i <k}
Aau") ={s+6nk+1—i—(m—1)k,1<i<k}
AMwmom) ={s+Tnk+1—i—(m—1)k,1<i<k}
Ay ={s+k+i+ (m -1k 1<i<k}
(@me™) ={s+8nk+i+ (m—1)k1<i<k}
(cmvm)y ={s+9Ink+i+ (m—1)k,1<i<k}

> >

We symbolize the faces of H as follows:
AMfMy={s+e+nk—n(i—1)—(m-1),1<i<k}

In this way the m copies of snake graph of string (1,1,...,1) can be labeled in the best way to show super
l-antimagic labeling of type (1,1,1), with 1 subdivision. O

Theorem 10 For all k > 2, H = mkCs - m copies of snake graph of string (2,2, ...,2) with 1 subdivision
admit super 1-antimagic labeling of type (1,1,1).

Proof Let s=|V(H)|, e=|E(H)|, and f = |F(H)|. Then we have s = n(9k + 1), e = 10nk, and f = nk,
1<m<n.

For vertices

Au) ={i+(m-1)(k+1) 1<i<k+1}
Ao ={nk+1)+nk+1—(m—-Dk—i 1<i<k}
M) = {3nk4+n+1—i—(m—1k 1<i<k}
Mw™)={4nk+n+1—i—(m—1k 1<i<k}

We symbolize the partitions of H as follows:

Aa") ={4nk+n+i+ (m—1k1<i<k}

Ad™) = {6nk +n+1—i— (m—1)k1<i<k}
AMe™) ={mmk+n+1—i—(m—1)k1<i<k}
AOM) ={Tmk+n+i+(m—-1k1<i<k}
M) ={8nk+n+i+(m—1k1<i<k}

We symbolize the edges of H as follows:

781



HUSSAIN and TABRAIZ/Turk J Math

Aule™) ={s+nk+1—i—(m—-1)k1<i<k}
Ay ={s+nk+i+(m—1)k,1<i<k}
Al d) = {s+3nk+1—i—(m— 1)k 1<i<k}
AdMvm) = {s+4dnk+1—i— (m—1)k,1 <i <k}
AMw!"a™) = {s+4nk+i+ (m—1)k,1 <i <k}
Maul') = {s+6nk +1—i— (m—1)k,1<i<k}
AMwb™) ={s+Tk+1—i— (m—-1)k,1<i<k}
ATy ={s+Tnk+i+ (m—1)k,1<i<k}
Aamem) = {s+8nk+i+ (m—1)k,1<i <k}
Acuity) ={s+9Ink+i+ (m—1)k,1<i<k}

?

We symbolize the faces of H as follows:
Af™)y={s+e+nk—mn(i—1)—(m—-1),1<i<k}

O
In this way the m copies of snake graph of string (2,2,...,2) can be labeled in the best way to show

super l-antimagic labeling of type (1,1,1), with 1 subdivision.

4. Open problems

Open Problem 1 For all k > 2, H = kC5 — snake graph with string (2,2, ...,2) with p subdivisions admits
super 1-antimagic labeling of type (1,1,1).

Open Problem 2 For all k > 3, H = kC5 — snake graph with string (1,1,...,1) with p subdivisions admits
super 1-antimagic labeling of type (1,1,1).

Open Problem 3 For all k > 2, H = mkCs — snake graph with string (2,2, ...,2) with p subdivisions admits
super 1-antimagic labeling of type (1,1,1).

Open Problem 4 For all k > 3, H = mkCs — snake graph with string (1,1,...,1) with p subdivisions admits
super 1-antimagic labeling of type (1,1,1).
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