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Abstract: A ring R is uniquely (strongly) clean provided that for any a € R there exists a unique idempotent e € R
(e € comm(a)) such that a — e € U(R). We prove, in this note, that a ring R is uniquely clean and uniquely bleached
if and only if R is abelian, T,(R) is uniquely strongly clean for all n» > 1, i.e. every n X n triangular matrix over R
is uniquely strongly clean, if and only if R is abelian, and T,(R) is uniquely strongly clean for some n > 1. In the

commutative case, more explicit results are obtained.
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1. Introduction

Throughout this article, all rings are associative with unity. We write U(R) for the set of all units in R. T, (R)
stands for the ring of all n x n triangular matrices over a ring R. Let a,b € R. We denote the map from R to
R: x> ax—ab by l,—r,. We write M,,(R) for the ring of all n X n matrices over the ring R. The commutant
of an element « in a ring R is defined by comm(a) = {x € R | xa = az}. N is the set of all natural numbers.

A ring R is strongly clean provided that for any a € R there exists an idempotent e € comm(a) such
that @ —e € U(R). Strongly clean triangular matrices are extensively studied by many authors, e.g., [1] and
[3]. A ring R is called uniquely clean provided that for any a € R there exists a unique idempotent e € R
such that a — e € U(R). Many characterizations of such rings are studied in [2, 3, 4, 10] and [11]. Following
Chen et al. [5], a ring R is called uniquely strongly clean provided that for any a € R there exists a unique
idempotent e € comm(a) such that a — e € U(R). Uniquely strong cleanness behaves very differently from
the properties of uniquely clean rings (cf. [5]). In general, matrix rings do not have such properties (see [13,
Proposition 11.8]). Thus, it is attractive to investigate uniquely strong cleanness of triangular matrices over a
ring. Chen et al. proved that if R is commutative, then R is uniquely clean if and only if T, (R) is uniquely
strongly clean for all n > 1 if and only if T, (R) is uniquely strongly clean for some n > 1.

[5, Question 12] and [13, Question 11.13] asked if “commutative” in the preceding result can be replaced
by “abelian”. The motivation of this note is to explore this problem. Following [7], a ring R is uniquely bleached
provided that for any a € J(R), b€ U(R), l, — b, and I, — 7, are isomorphism. We prove, in this note, that
R is uniquely clean and uniquely bleached if and only if R is abelian, T, (R) is uniquely strongly clean for all
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n > 1 if and only if R is abelian, and T, (R) is uniquely strongly clean for some n > 1. In the commutative
case, more explicit results are obtained. These also generalize the main theorems in [5] and [6], and provide

many new classes of such rings.

2. The main results
It is well known that every uniquely clean ring is a uniquely strongly clean ring, but the converse is not true.
For instance, T2(Z(s)) is uniquely strongly clean, while it is not uniquely clean. We are concerned with uniquely

strongly clean triangular matrix rings over a uniquely clean base ring. We begin with

Lemma 1 Let R be a ring. If To(R) is uniquely strongly clean, then R is uniquely bleached.
Proof In view of [5, Example 5], R is uniquely strongly clean. Let a € J(R) and b € U(R), and let

=T

b
A—F ¢ U(Tg(R)) and FA = AFE. Tt can be easily seen that e;; and ez € R are idempotents. Further,
a—ey;; €EU(R) and b—egn € U(R). As a—0€ U(R) and b—1 € U(R), by the uniquely strong cleanness of R,

r € R. Choose A = [ “ ] € Ty(R). Then there exists a unique idempotent E = [e;;] € To(R) such that

X

we get e11 =0 and ez = 1. Thus, F = [ 0 1

} for some z € R. It follows from FA = AFE that ax—xb=r.

Assume that ay — yb = r. Then we have an idempotent F' = [ 0 ‘7{ } such that A — F € U(TQ(R)) and

AF = FA. By the uniqueness of F, we get © = y. Therefore, [, — 1, : R — R is an isomorphism. Likewise,
lp —T¢ : R — R is an isomorphism. Accordingly, R is uniquely bleached, as asserted. O

The following theorem is a generalization of Theorem 1 in [6].
Theorem 2 Let R be a ring. Then the following are equivalent:
(1) R is uniquely clean and uniquely bleached.
(2) R is abelian, and T,(R) is uniquely strongly clean for all n € N.

(3) R is abelian, Ty (R) is uniquely strongly clean for some n € N.
Proof (1) = (2) Inview of [L0, Theorem 20], R is abelian. Clearly, the result holds for n = 1. Assume that the

(07

Ay

Since R is uniquely clean, we can find a unique idempotent e;; € R such that ui; := a;; —e;; € U(R)

result holds for n(n >1). Let A = { a1 ] € T,+1(R) where a11 € R, a € My, (R), and A; € T, (R).

and aj1eq; = ejjarr. Furthermore, we have a unique idempotent E; € T, (R) such that U; := A; — E; €

a—xT

U(T,(R)) and A E, = EyAy; hence, Uy Ey = EyUy. Let E = [ en g ] and U = [ tn -
1 1

] , where

x € Mjxn(R). Observing that

E?’=F & enr+aF =z (1)
UE=FEU < unz+(a—2x)E; =en(a—2a)+al, (44)

and then combining (7) with (i7) yields that

(u11 4 2e11 — D)o — 22Uy = en1a — aEj. (%)
It is enough to show that there exists a unique & € Mjx,(R) such that () holds. In view of [L0, Theorem 20],
R/J(R) is Boolean, and so 2 € J(R). Furthermore, u;; € 1+ J(R). This shows that u1; +2e1; — 1 € J(R).
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€11 €12 -+ Cin

. C2 '+ Cop
ertex:[:nl xn],ena—aElz[vl vn],and U, = ) where each

Cnn

¢ii € U(R). The equation (x) is equivalent to the n equations:
(u11 +2e11 — D)oy — 21011 = 13
(u11 +2e11 — 1)xg — T2c22 = v1 + T1C12;
(ull + 2611 - 1)xn — TnCnpp = Up +X1C1n + -+ + xnflc(n—l)n'

As R is uniquely bleached, we have a unique z; € R (i = 1,...,n), and so there exists a unique z such that

(*) holds. Further, we see that

(u11 + 2e11 — V(e I, + E1) — x(ennIn + E1)Un
= alenl, — E1)(ennl, + Ev)
a(eHIn — El)
= ('LL11 + 2611 — 1)£E — (EUl
because E1U; = Uy Ey. Set y = z(ej1l, + E1). This implies that (uy; + 2e11 — 1)(y — z) — (y — 2)U; = 0.

Write y—a::[zl e Zn ] Then

(w11 +2e11 — 1)z1 — z1e11 = 0;
(w11 +2e11 — 1)29 — 2220 = 21€19;

(ull + 2611 - 1)Zn — ZnCpn = 21C1n + -+ + anlc(n—l)n'
Since R is uniquely bleached, we get each z; = 0, and so y = x. This gives that e;yx 4+ xF; = . Furthermore,

upx — (o — z)Ey = eyy(a — ) + 2U;. Therefore, we have a uniquely strongly clean expression

o €11 X ailp —e11 o —X
St A R

By induction, T, (R) is uniquely strongly clean for all n € N.

(2) = (3) is trivial.

(3) = (1) In light of [5, Example 5], both R and T2(R) are uniquely strongly clean, hence the result by
[10, Theorem 20] and Lemma 1. O

Remark 3 Examples of uniquely bleached rings include the ring with nil Jacobson radical, the ring for which
some power of each element in J(R) is central, and commutative rings.

The double commutant of an element a in aring R is defined by comm?(a) = {x € R |2y = yx for ally €
comm(a)}. Clearly, comm?(a) C comm(a). This concept is closely related to quasipolar, perfectly clean, and

pseudopolar elements (for details see [4, 8, 9, 12]). We end this note by a more explicit result than [5, Theorem
10].

Theorem 4 Let R be a commutative ring, and let n € N. Then the following are equivalent:
(1) R is uniquely clean.

(2) For any A € T,(R), there ezists a unique idempotent E € comm?(A) such that A— E € U(T,(R)).
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Proof. (1) = (2) For any A € T, (R), we claim that there exists an idempotent FE € comm?(A) such that

«

Ay

where a;; € R, € My ,—1)(R) and A; € T, 1(R). Since R is a commutative uniquely clean ring,

A —E € U(Ty(R)). Suppose that the result holds for n — 1(n > 2). Let A = [ au } € T,.(R),

there exists a unique idempotent E = [ e Eaf } such that A — E € U(T,(R)) and E € comm(A)
1

by Theorem 2. Write A — F = { v a[; x } According to the proof of Theorem 2, we know that
1
a(Ey —ennl,1) = x(Ul — (u11 + 2e11 — l)In,l) by (%) and A; is uniquely strongly clean with E;. This
implies that E; € comm?(A;) by induction. For any X = [ T )? } € comm(A), we have 110 + A =
1

a1+ aXy, and so a(Xy — x111,—1) = B(A1 — a111,—1). We check that

(A1 —ail,— 1)(E1 - 611In71)

a(Xy =z lh—1)(Er — enndn—1)
a(Ey — 611In (X1 —211lp—1)

(U1 = (w11 +2e11 — 1) 1) (X1 — 21110—1)
= CU(X1 - $11In71)(U1 (ui1 + 2e11 — 1)I,—1)

|
8

because E; € comm?(A;) and X; € comm(A;). Moreover,

B(Ar — a1l 1)(E1 —erln- 1)
B(E1 — e11lp—1)(Er + Uy — (e11 + u11)n—1)
B(Ey — ex1ln_1)(Er + e11ln1 + (Ur — 2611 — u11) 1)
B(Er — e1rlp—1 + (E1y — e111—1)(Ur — 211 — u11) Iy
B
B

(By —e11ln—1)(Ur + (1 — 2e11 — 1) Ip—1)
(Br — e11ln—1)(Ur — (w11 +2e11 — 1)I;—1).
This shows that S(E; —e11l,—1) = (X1 — x111—1) since Uy — (u11 +2e11 — DI, € U(Tn_l(R)) . Thus, we
get €118+ xX, = x112 + BE;; hence, EX = XE. That is, E € comm?(A), as claimed.

(2) = (1) Let a € R. Then A = diag(a,a,...,a) € T,(R). Hence, we can find a unique idempotent
E = le;;] € comm?(A) such that A — E € U(T,(R)). This implies that e;; € R is an idempotent and
a — ey € U(R). Suppose that a — e € U(R) with an idempotent e € R. Then F = diag(e,e,...,e) € T,(R)
is an idempotent. Further, F' € comm?(A), and that A — F € U(']Tn(R)). By the uniqueness, we get E = F,
and then e = ej;. Therefore R is uniquely clean, as asserted. O

The next result showed that if R is commutative uniquely clean, then both A and —A are uniquely

strongly clean for any A € T, (R).

Corollary 5 Let R be a commutative uniquely clean ring. Then for any A € T, (R), there exists a unique
idempotent E € comm(A) such that A— E,A+ E € U(T,(R)).

Proof In view of Theorem 4, we have a unique idempotent E € comm? (AQ) such that A% — E is invertible.
Obviously, FA = AE. Then A—F and A+ F are invertible. On the other hand, if A—F and A+ F are invert-
ible for some idempotent F that commutes with A, then A% — F is invertible. Then A—E, A—F € U(T,(R))
and EA = AFE,FA = AF. By Theorem 2, we have E = F', as desired. O
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