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Abstract: It is known from the early results of Coxeter that the generalized Hecke algebras H(Qm,3), m € {2,3,4,5},

are finite dimensional. In this paper we compute the Hilbert series of these finite-type group algebras.
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1. Introduction

The braid group Bj,+1 admits the following classical presentation given by Artin [1]:

B7L+1 - <$17x2a ey T

Lit1 Li Lj41 = Ty Tj41 T4 1f1§z§n—1 ’

Elements of B,,;+1 are words expressed in the generators z1,xs,...,2, and their inverses. The braid monoid
M B, 41 has the same presentation as B, .

The generalized Hecke algebras [5] are defined as the quotients

of the group algebras of the braid group by the ideal generated by a polynomial Q(b;), having Q(0) # 0. If the
degree of @@ equals 3 we call them cubic Hecke algebras.

Coxeter [3] computed the cardinalities of the quotients of Bz by relations z' = 1, namely 24 for n = 3,
96 for n =4, and 600 for n = 5. Then the algebras

H(Qu,3) = <b1,l)2 bobiby = biboby, b = 1, b0 = 1>

are finite dimensional of these dimensions, where @, = 2™ — 1, m € {2,3,4,5}. For n > 6 these algebras are
infinite dimensional. This motivated us to compute the Hilbert series in the finite dimensional case.

In [6] we constructed a linear system for the braid monoid B, 41 and computed the Hilbert series for
the braid monoids M Bs and MBy. In [7] we computed the Hilbert series of braid monoid M B4 in band

generators. In this paper we construct a similar kind of linear system to compute the Hilbert series.
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2. Hilbert series of the group algebras H(Q,,,3),m = 3,4,5

Definition 2.1 [/] Let G be a finitely generated group and S be a finite set of generators of G. The word
length ls(g) of an element g € G is the smallest integer n for which there exists s1,...,8, € SUS™ such
that g =51 5p -

Definition 2.2 [/] Let G be a finitely generated group and S be a finite set of generators of G. The growth

function of the pair (G,S) associates to an integer k > 0 the number a(k) of elements g € G such that

ls(g) = k and the corresponding spherical growth series or the Hilbert series is given by Pg(t) = i a(k)th.
k=0

To get a canonical form of a word in an algebra the diamond lemma by Bergman [2] is extremely useful.
To understand the notions of reductions and ambiguities we start with his terminology.

Let k& be a commutative associative ring with unity, X a set, (X) the free monoid on X, and k(X)
the free associative k-algebra on X . Let S be a set of pairs of the form o = (W, f,), where W, € (X) and
fo €k(X). For any 0 € S and A, B € (X), let raop : k(X)) — k(X) be a k-module endomorphism such that
this morphism sends AW, B to Af,B (7. fixes all other elements of (X)). The maps 7, are said to reductions.
Let 0,7 € S and A, B,C € (X) — 1 such that W, = AB, W, = BC, and then ABC is said to an ambiguity
of S. An element a € k(X) is called irreducible (or canonical) if a involves none of the monomials AW, B;
otherwise, a is called reducible (for more details see [2]).

If all relations in k(X) as a module are defined then we say that we have a complete set of relations in
k(X). The diamond lemma [2] says that a set of relations is complete if all the ambiguities are solved. We call a
complete set of relations in H(Q.,,3) a complete presentation of H(Q,,3). The other names for the complete
presentation being used are Grobner bases, presentation with solvable ambiguities, rewriting systems, etc.

We made the terminology more understandable for the words in the braid monoids and for the algebra
H(Qm,3). Applying the above reductions we solve the ambiguities in H(Q,,3). The solution of all the
ambiguities gives us a complete set of relations in H(Qpy, 3).

Let us have a few more words about the ambiguity and its solution. Let U, V', and w be nonempty words;
then we denote Uw X, wV by the word UwV . In a relation in H(Q,,,3) we place the equivalent words on the
left-hand side that are greater in length-lexicographic ordering (we choose a natural order by < by < --- < by,
between the generators). For example, the words bab1by and bbby are equivalent in the braid monoid M Bs.
Hence, we write bobiba = b1bob; as the basic braid relation. Let Uw and wV be two words consisting of the
left-hand sides of two relations in M Bs; then (defined as above, too) the word W = Uw X, wV is an ambiguity.
In this case W has two resolutions, namely (Uw)V and U(wV). If we apply finite reductions on (Uw)V and
U(wV) and both give exactly the same word then we say that the ambiguity W is solvable. If (Uw)V and
U(wV) differ by lexicographically then W gives a new relation in M Bs.

For example, consider a word bybibs from the left-hand side of a relation in H(Q3,3). Then a word
bab1babr by is an ambiguity and it has two resolutions boby (bob1be) and (babyba)bi1bs. Applying a reduction on

the first we have bgb%bgbl and on second we get blbgb%bg. Hence, we have the relation
bob2boby = bibsb2bs (2.1)
in a complete presentation of H(Q3,3). In this way we solve all ambiguities in H(Q.,,3). Funar [5] gave a

complete presentation of H(Qs,3):
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H(Q3,3) = <b1,b2 S babiby = bybaby, b3 = 1,05 = 1, bablboby = bybobibo, bob?b3 = b3b3by, b3biby = blb§b§>.

As defined earlier (here in the form of relations), in a complete presentation of H(Q,,3), a word
containing a subword consisting of L.H.S. of any relation of H(Q.,,3) will be called a reducible word and
a word that does not contain a subword consisting of L.H.S. of any relation will be called an irreducible word.

In general we denote by B£m) the set of reducible words and by Agm) the set of irreducible words in

H(Qm,3). The words Ubg X2 bV and Ubgby X971 bab1 V' denote the products UbsV and Ubsbi V', respectively.

Let us denote by BY") = {bab1by} and B,(:Z = {bob" 1 bob1} the set of reducible words of H(Q,,,3).
For the irreducible words we use the following notations: A,(cm) denote the set of irreducible words starting with
bk and AgT)l denote the set of irreducible words starting with b5b;. The Hilbert series of A;cm), A(zl.n_)l, and

H(Q,,,3) are denoted by P,Em), PQ(,Z?, and PU™ (1), respectively, where

PV () =1+ P™ + P{™.

For the computations of the Hilbert series of H(Qs3,3), we have the following linear system for the

irreducible words.

Proposition 2.3 The following equalities hold for the Hilbert series of irreducible words in H(Qs,3):
1) P =t+ 2+ (t+ 2P,
2) PV —t+24+ P + P,

3) P =tpP® — 2P —3pf8) 15 46 47

4) PR =tP®) 5.

Proof 1) The set A(IB) is decomposed as Agg) = {b1, b3} U ({b1, b3} x Agg)). This implies Relation 1).

2) Tt follows immediately from AS’) = {b, b3} U AS’{ u Aéz).r

3) The decomposition of Aggi is given by

AP = ({ba} x AP < ((BP xg AP U (BSY) x91 AS)) U {bob2b3, bob2b20, bgbfbgb:{}) and hence we have 3)).

4) Tt follows from Aé?;)_l = ({b2} x Ag?’i) ~ {b3b3bs}. O
For the computation of Hilbert series the complete presentation of the algebra is very important. By the

diamond lemma [2], the set of relations is complete in the complete presentation. Here we give the complete

presentation of H(Q4,3) in the following:

Proposition 2.4 A complete presentation of H(Qq4,3) is given as

H(Q4,3) = <l)17 by : babiby = bbby, bt = 1,b3 = 1, bab2boby = bybab?by, babibaby = bybab?b3,
b2bTb3bT = bEb3bTb2, babib3 = bTb3b1, babPb3 = bTb3b1, babTb3bT = bTb3bTDs, babibEbTb = bibabibAL,
b3b2baby = b1b3b7b3, b3b3b3b; = byb3b3b3, bbby = b1b3b3, b3b3by = blbgb?>,
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(An outline of the proof of Proposition 2.4 is given in the Appendix.)

Now we develop a linear system for the irreducible words in H(Q4, 3).

Proposition 2.5 The following equalities hold for the Hilbert series of irreducible words in H(Q4,3):

1) PO =t 4248 4 (t+ 2+ 3P,

2) PV =t + 82243+ P + PY) + P,

3) P =P — 2P — 3P{) —t*P{Y) — 16 — 317 — 415 — 619 — 4410 — 11,
4) PO =P — 4T -8 — 0,

22.1

5) P& =P — 6 — 24T 48,

23.1 22.1
Proof 1) The set A(14) is decomposed as A(4) = {b1,0%,b3} U ({b1,03,b3} x A(24)). This gives Relation 1).

2) Tt follows immediately from A§4) = {by, 2,63} U Agli U A22 TUAL, .

3) The decomposition of Ag}i is given by

AS = ({ba} x ATY) N ((BYQ x2 ASYY U (B a1 ASH) U (BSY xa1 ASY) U {5223, bob3b3by, bab2030%, bob2bb3,
bab3b3, babB3b3by, bobBb3b2, bab3b3b3, bab2b2b2, byb2b2b2by, byb2b2202, bab2b3b3, bab2b2b3 by, byb2b203b2, bybib2b3,
bob3b3b3ba, babib3b3b3, bab3babiby, bab3b3b3b3 }) and hence we have 3).

4) Tt follows from A% = ({bs} x ASY) ~ {b2b2063by, b2b302b: , b2B302H2 )} .

5) Tt follows from A% = ({bo} x AL} < {b3b3bs, 036203, b3b3bs, 30302 ). O

Proposition 2.6 A complete presentation of H(Qs,3) is given by
H(Qs5,3) = <b1,b2 bobiby = biboby, b5 = 1,05 = 1, R;,1 <i < 41>, where the relations R; are given by

Ry : bob2boby = bibab2bs, Ro : babiboby = bibob2h2, Ry : bobhaby — bibob2b3,
Ra : bob2bh = 0201, Ry : bob3bh — 0301, Re : babb — bibdby,

Ry : bb2bs = bib2bd | Ry : bb3bs = bib3bd, Ry : bbby — bybibd,
Ruo:bab2B268 = b30262bo, Ry :bob2b30% = B30302bs, Rus: babPb2bd = bH6263bs,
Rug:bab b2b3 = bM6353bs, Rya:bob3b3b% = b020%s, Rys : bobib3bd = b33b3bs |
Rug:b36202b1 — by b26263, Ruq: b36302b1 — bib2b303, Rug :b3bA02by = bib2bA03
Ruo : b30%3b, = bibSbivd, Rao : bab2b26263 — b26202020,

Roy : bab2b3b3b3 = b3b3b3b2by, Rag : bab3b3b3b3 = b3030203by

Ras : babW3636 = 303030301, Roy : bab b262by — bybyb3b2b3

Ros : bab b3b2by = bybab3b303, Rag : b2D20262by — byb3020202,

Ror : B2B3030%bs — byb2b20362, Rag = b3b40203by — by b263307,

Rag : b3b1b3b30y = b1b3b1b3bT, Rao : b3b7b3bT0s = b1b3bTb3LT,

Ry : 03030307by = D103D103D3, Rz + b3b3b3b3ba = b1b3b7b307,

Ry : bab}b3b7b3b1 = b1bobib3b703, Ray : babib3b7b3b7 = bib3bb3bibs,

Ry - bab}b3b30307 = 03030303072, Rae : bab1b3bibaby = bibabib3bib3,
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Rz : bob{b3b30307 = b1b3bT03030s, Ras : babib3bibiby = bibabib3bibs,
Ry : 030303030301 = b103b3b3b7b3, Rag : b30303070301 = 10303030703,
Ruy : bobb2030362by = bybab b2630302

(An outline of the proof of Proposition 2.6 is given in the Appendix.)

Now we develop a linear system for the irreducible words in H(Qs,3).

Proposition 2.7 The following equalities hold for the Hilbert series of irreducible words in H(Qs,3) :
1) PP =t 42+ B34t 4 (¢ + 2+ 3+ PP,
2) PP =t + 2+ 3+ 14+ PO + P, + PO+ P,
3) PS) =P — 2P — (13 444 1 15) P — 47 — 318 — 74° — 11410
— 17t — 19412 — 21413 — 20t — 1915 — 1416 — 7417 — 2418
1) P(5) _ p2(1) £9 410 411 op12 4413 4414 9415 t167

22.1
5) P = tPS) — 18 — 29 — 2410 — 4411 _ 5p12 _ 4418 _ 9414
6) P = PR — 17 — 218 — 31% — 3110 — 3¢11 — 412 _ 413

Proof 1) The set AgS) is decomposed as
AP = (b, 02,63, 643 U ({b1, 2,03, b} x AD)). This gives Relation 1).

) It follows immediately from

— (b, 02,03,b8} U AP U AL uAl) uAD)

3) The decomposition of Aé 1 is given by
AP = ({2} x AP) ((B§ V3o AP U (B %01 AD)) U (B %01 AD)) U (BY) xa1 AT)) U {bab304,
babibiby, babibibt, babb3bT, babTb3bi, babibs, babibsby, babibbt, babib3b?, babb3bi, babibs, babibsby,
bab B3, babb308, bbbt bobH308, b0 s, bab3OHIDS, bab3O20TD30r,bobRURBIERNS, babRRBIN,
bab2O3103bba, babRVRIIRDIN, bab R3O, babRORBYDI0r babRURBHRER, bR b, babR ORI,
babORBIBIER, bobTORBIOEDY, babTORHTO6T0m, abIORBIEOIER, bobTORDY, b33 Lbs, IR,
bob303b30301, babRERLO303, bab3D3BLVRLE, bab2LAbIbS, babZb3bIbE 1, babHRLLEE03, b3 IR,
BabROHY, o200, b330, bob V3B, bab2OROTO 1, bobTOHLORR, bobTORIORY, b,
b2b7b3b1bs, babTb3b103, babTb3b163, babTb3bT, babTb3b1ba, babTb3b103, babb3b1b31, babTbEbbELT,
bob3b3bA030%, bob3b3b303, bobib3bib3b:, bobib3b0302, bab3bZbIEbT, bybibZbl, bobib3bibe, bobib3biv,
bob 1b3b1b3b1, babib3b1b3b3, babib3bT03b3, bab b3b b3, bablb3b1b3by, babib3bTb3b3, babib3b1b3b3, bab3b3bT,
bob3b3b1ha, bab3b3bib3, babib3b13, babibabi, bab1b3biba, babibabib3, babib3b1b3, babib3bb3,
bobb3bib3b1, babib3bib3b3, babIb3b3b3, bobib3bib3b1, babib3bibib3, babib3b3b3b3bae, babib3bib3b3b3, babibibib3,
bobb3b3b3b1, babibabibib?, bab3b3b3b3, bab3b3bib3b1, babib3b3b3b3, babib3b3b3biba, babib3bib3b3b3, bab3b3b3b3b703,
bob3b3b3b3b3, babibabib3biba, babTb3b3b3bTb3, bab3b3bIb3, babibibib3by, babTb3b3b3bT, babib3b3b3bT, babibibibo,
DB, bR, oA, o, oA, oV, o020, bab ORI
babLb367ba, baBLER, babEURER, bbb, b LBRVIIOR, DabLERVII0s, babLERVIERN, bablERNIORT,
bR b, bl RRLIOANR, babRBRRER, abLORHIER Do, babRUAOR, bob 3bR3by babLEVIORR,
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babb3bTb3bT, bab b3bTb3bTba, b b3bTb3bTb3, babib3bTb3LT, babib3bTb3bT b2, babib3bTb3LTL3, babib3bTb3D: , babibSDTSNT,
babib3b3b3b3 | babb2b3b3b2by, b b2b3b3b2b2, bybb2b3b3b2b3, }) and hence we have 3).

4) It follows from

AR = ({ba} x AT)) N {b3636363bs, b3636363bs, b3BTB3B3L3, b3BTBALILS, b3BILAL203:, bALIBALba, bALILALEE3,
b3b1b3b7b3, b3b1b3b7b3b1, b3b1b3bTb3LT, b3L1b3bTDa, b3b1b3DT0S, b3bTb3LTL3, b3LTD3bTO3DL, b3bT3bTL3LT, b3bTH3bTb3b:
bR6303036363 )

5) Tt follows from AS) | = ({ba} x AS)|) < {63b2b3b1, 63626362, b36303b, , b3B302b2, 3630263, b363b263bs, b3L363H3D3,
b3b1b301, b3bTb3bT, b3BTbLY, b3b15D1, b3b1b3bT, b3bTbELT, b3T3bTba, b3DTOSDT0S, b3bTb3bTba, b3LTH3LTD3, b3DTbILTL,
b3D3b3b3 o, B3DIDEL3D3 ).

6) It follows from ASY | = ({by}x ALY )~ {b4b2b,, 36202, 640263, bAb203by , bAL2b3D?, bbby, bAL3DZ, 36303, bAb3L3D,
b301b3b7, b3LTOIDY, b3biba, b3b103, b3D1b3 } . O

At the end we give our main result.

Theorem 2.8 The Hilbert series of the group algebras H(Qum,3),m = 3,4,5 are given by

1) PP(t) = 14 2t + 402 + 513 + 61* + 41° + 215,

2) PP(t) =1+ 2t + 412 + 713 + 1064 + 1465 + 1715 + 1617 + 13¢5 + 8% + 3110 4 11,

3) POV() = 1426+ 442 4 743 4 1444 + 1815 + 2715 4 38t7 + 50£5 + 59£° + 67410 4 70£11 4 68412 4 59413 4 48414 4
34¢15 4+ 21416 10417 4 4418 4 419,

Proof 1) Solving (using any suitable software) the system given in Proposition 2.3 we have Pl(g) =t4 2t 4+
33 4 4t + 415 + 246 and P =t + 22 + 263 + 2t4. Hence,

PPty = 1+pP® + PP

= 142t +4t% + 583 + 6t* + 4¢° + 215,

2) Solving the linear system given in Proposition 2.5 we have

PY = 4224 483 46444915+ 1266 +14¢7+ 128+ 86 +3¢10 4411 and P = ¢ 42424 313 4+ 4t + 55+ 5164247 +45.

Hence,

PPty = 1+pPY 4P
14 2t + 482 + 73 + 10t* + 1445 + 17¢% + 1647 + 13¢5 + 8¢°
+ 310 ¢,

3) Solving the linear system given in Proposition 2.7 we have

PP =44 242 4 43 4+ Tt 4 1145 + 1745 + 2517 + 3518 + 4510 + 52610 4 57 4 57412
+ 53t13 4 45¢14 3310 4 21416 4+ 10417 + 4418 + 119 and

P =t 4+ 262 4 313 4+ 5t4 + 765 + 1015 + 13¢7 + 1565 + 142 4 15¢10 4 13411 4 11412
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+ 6t + 3t + 15, Therefore, we have

PY(t) = 1+PP + PP
14 2t + 462 + 762 + 12¢* + 18¢° + 27t° + 38¢7 + 50t% + 59¢°
+67t10 + 70t + 6812 + 59¢13 + 4841 4 34415 + 2116 + 10417

+4t18 + t19.

Remark 2.9 Note that the degrees d(PI({m)) of the polynomial of the Hilbert series of H(Qm,3), m € {1,...,5}
are 1, 3, 6, 11, 19. One can see that d(PI(im)) is related with Fibonacci numbers Fp, = Fyy_1 + Fr—o (Fy =1,
Fy = 1) by the relation d(PIEIm)) = Fii0—2.

Remark 2.10 We believe that the result holds also when @Q,, is an arbitrary polynomial of degree m, with
Qm(0) #0, for m =3,4,5. This is known to be true for m =3 ([5]).
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Appendix

Proof of Proposition 2.4 (outline). We solve all the ambiguities to find out all the relations given in these
propositions. The computations are too long, so we give here a few computations to find out the relations.

e Relation 2.1 has been explained before.

e The ambiguity byb3bobiby has two resolutions bob?(bobiby) and (bab3bebi)by.  Applying reductions on
both we get bgb?bgbl and blbgb%bg, respectively. We say that the ambiguity bgb%bgblbg gives a relation
bob3baby = b1bab?b3.

e Similarly the ambiguity boby bgb?bel gives a relation b%bgb%bg’ =b b%bl . This relation is nonhomogeneous (i.e.
the degrees are not same on both sides). By left multiplication to this relation by b? we make it homogeneous
and get another relation, byb3b3 = b3b3b; .

e The ambiguity babibeb?b3 gives a relation bibab3b3 = b3b;. Again this relation is not homogeneous. Left
multiplication by b3 gives babib3 = b3b3b; .

By continuing solving the ambiguities we get new relations. In the process some ambiguities are solvable and
give no new relations. Hence, solving all the ambiguities, we have the presentation of the Proposition 2.4.

Proof of Proposition 2.6 (outline). Proof of this proposition is much longer than that of Proposition 2.4. As
above, here we give the proof of a few relations. Proofs of others are based on similar computations.

e R; and Ry are the relations of H(Q4,3).

e The ambiguity bob3bobiby gives Rj.

° bgb%bgblbg gives a nonhomogeneous relation blbgbfbéL = b%bl. Left multiplication by b‘lL gives Ry.

o bobibob?b; gives bibybibs = b3by . Left multiplication by b} gives Rj.
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o bobibobibs gives bibybibs = b3by . Left multiplication by b} gives Rg.

o bobibabiby gives bib3b?by = b3bT. Left multiplication by by gives Ry.

(] be%b%b%bQ giVQS R12.

L] bgb?b%b%bz giVES R13.

[ ] bgb?b%b?bg giVQS R15.

° bgblbgbilbgbiL giVGS Rg.

o bob1boblb3bT gives Ry and so on. By following this procedure and checking all the ambiguities and after a lot
of computations we have all the relations. This process terminates when all the ambiguities are solvable and

gives no further new relations.
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