Turkish Journal of Mathematics Turk J Math
(2015) 39: 900 — 912

© TUBITAK
TUBITAK Research Article doi:10.3906/mat-1411-22

http://journals.tubitak.gov.tr/math/

Optimality criteria for sum of fractional multiobjective optimization problem
with generalized invexity

Deepak BHATI, Pitam SINGH"
Department of Mathematics, Motilal Nehru National Institute of Technology Allahabad, Allahabad, India

Received: 05.12.2014 . Accepted /Published Online: 25.06.2015 . Printed: 30.11.2015

Abstract: The sum of a fractional program is a nonconvex optimization problem in the field of fractional programming
and it is difficult to solve. The development of research is restricted to single objective sums of fractional problems
only. The branch and bound methods/algorithms are developed in the literature for this problem as a single objective
problem. The theoretical and algorithmic development for sums of fractional programming problems is restricted to single
objective problems. In this paper, some new optimality conditions are proposed for the sum of a fractional multiobjective
optimization problem with generalized invexity. The optimality conditions are obtained by using a modified objective

approach and equivalency with the original problem is established.
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1. Introduction

Optimization of the ratio of two functions is called a fractional programming (ratio optimization) problem. If
collections of fractional objective functions are optimized simultaneously, then the problem is called multiob-

jective fractional programming. The general fractional programming is defined as:

~

Optimize F(z) = (i))

subject to (1)
zeS={zxeR":hz)<0, >0, g(z)>0 1=1,2,3...m}.

)
—

Fractional programming is classified according to the nature of the functions involved in the ratio. If the
ratio functions and constraints are linear, then the fractional programming problem is called linear fractional
programming [18]. If any ratio function or any constraint is nonlinear, then the fractional programming problem
is known as nonlinear fractional programming.

If the objective function is in the form of the sum of fractional functions, then the fractional is known as a sum

of fractional programming (SOFP) problem according to Shaible [24].
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A general SOFP problem is defined in the following way:

P
Min F(z) = Minimize Z 1)

— 95(@)
subject to
zeS={xeR":hx)<0, x>0, [=1,23...m}, (2)
where p > 2,

where each h;(z) is a constraint function that constructs the feasible region S. The functions fj(z) > 0 and
gj(z) > 0 are differentiable functions in feasible region S.

The sum of a fractional program is a difficult nonconvex optimization problem with many applications
in managerial sciences. Such problems have been discussed by several authors at various levels of generality.
Benson [6] presented an algorithm for solving the sum of ratios fractional programming problem. The branch-
and-bound search method is used to solve an equivalent concave minimization problem. The main work of
the algorithm is the involvement of a sequence of convex programming problems. Kanno [17] proposed a
branch-and-bound algorithm and an integer programming algorithm for a fractional programming problem that
are the sum of absolute values of affine functions. Chen et al. [8] proposed various versions of Dinkelbach-
type algorithms for solving the generalized fractional programming problem. The convergence analysis of all
the algorithms through geometric observations was discussed and fundamental properties of convex functions
were given. Benson [7] gave a branch-and-bound outer approximation algorithm for globally solving a sum
of ratios fractional programming problem. The main work of the algorithm involved solving a sequence of
convex programming problems whose feasible regions were identical to each other except for a certain linear
constraint. Hackman and Passy [11] proposed a finite pivoting-type algorithm for a sum of linear ratios problem
that solves the maximization problem while computing simultaneously the efficient frontier. Application to
multistage efficiency analysis was discussed. Benson [3] gave a method for the construction of test problems
for the problem of minimization over a convex set of sums of ratios of linear fractional functions. The method
determined a function that is the sum of linear fractional functions and attains a global minimum over the set
at a point that is found by convex programming and univariate search. Benson [4] showed that using a suitable
transformation, several potential and known methods for globally solving these problems become available
and further proposed that these methods are accessible and useful in comparison of customized algorithms.
Scott and Jefferson [25] derived a duality theory for sum of ratios of the linear fractional and established
their connection with geometric programming. Benson [2] gave a branch-and-bound method for solving the
nonlinear sum of ratios problem globally. The steps of the algorithm economize the required computations by
conducting the branch-and-bound search in RP. The algorithm is implemented using a sequence of convex
programming problems for which standard algorithms are available. Benson [1] presented an algorithm to find
the global optimal solution of the nonlinear sum of ratios problem. The branch-and-bound procedure is used to
develop the proposed algorithm. Shen and Lin [28] proposed a global optimization algorithm for maximization
of the sum of concave-convex ratios within the convex feasible region. The branch-and-bound scheme is used
to develop the algorithm. Wang and Zhang [33] presented a branch-and-bound algorithm for globally solving
the nonlinear sum of ratios problem on a nonconvex feasible region. It is claimed that the proposed algorithm
is convergent to the global minimum through the refinement of the solution of series of linear programming

problems. Shen and Wang [31] proposed a branch-and-bound algorithm for solving the sum of linear ratios
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problem. It was proved that the proposed algorithm is convergent to the global optimal solution. Jiao and Shen
[14] gave a short extension of the work of Wang and Zhang for the nonlinear sum of ratios problem. More general
results are proposed by using different equivalent problems. Qu et al. [22] proposed a new branch-and-bound
algorithm based on rectangle partition and the Lagrangian relaxation for solving the sum of quadratic ratios
problem with nonconvex quadratic convergence of the algorithm. Shen et al. [26] proposed a branch-reduced-
bound algorithm for solving sum of quadratic ratios with nonconvex constraints. The problem is modified as
a monotonic optimization problem and finds the globally optimal solution. Shen et al. [29] gave a method
to solve the problem of minimization of sum of convex-convex ratios problem within a feasible region. It was
also established that the method is globally convergent. Shen and Wang [30] gave an algorithm for the sum
of general fractional functions using linearization of the method and the branch-bound method. Shen et al.
[27] proposed a branch-bound algorithm to solve the sum of convex-convex ratios with non-convex constraints.
The branch-bound method and Lagrange duality were used to develop the proposed scheme. Jaberipour and
Khorram [13] proposed a harmony search algorithm for solving a sum of ratios problem. They claimed that the
solutions obtained using their algorithm were better than those of the other proposed methods in the literature.

Benson [5] presented a branch-and-bound algorithm to solve the sum of ratios problem. To develop
this algorithm, Lagrangian duality theory was used and it was claimed that the proposed algorithm is better.
Recently, Li and Hou [15] proposed a branch-and-bound algorithm to find the global optimum solution for
the sum of ratios problem with the ratio of the absolute value of affine functions with coefficients. To
develop this algorithm, rectangular partition and space of small dimension were used. Gao and Jin [10]
proposed a branch-and-bound algorithm by transformation of sum ratios programming problem into a bilinear
programming problem. This algorithm was developed by using three functions, the linear characteristic of
convex envelope, concave envelope of double variables, and linear relaxation programming of the bilinear
programming. Freund and Jarre [9] proposed an algorithm for the global minimum solution for the sum of
a quasiconvex ratio. The interior point method was used to compute the global minimum solution. Singh
and Gupta [32] studied the multiparametric sensitivity analysis for the ratios of linear functions. Shaible and
Shi [23] published a review of the sum-of-ratios program. This survey contained the applications, theoretical
results, and various algorithmic approaches of this difficult fractional programming. Due to the difficult problem,
all the methods/algorithms available in the literature were developed for single objective problems only. The
theoretical research developments in the direction of multiobjective optimization theory for the sum of fractional
programming problem are fewer in comparison with single objectives. Thus, in this paper we develop optimality
conditions that are parallel to those of Kim [18].

Consider the following sum of the fractional multiobjective programming problem:

Minimize Z fi( z) Z fai( z) Z Trs z)

g15() g2 () 9rj ()

subject to
zeS={zeR":hx)<0, >0, 1=123...,m}, (3)
where p, k> 2.

Each h;(z) is a constraint function that constructs the feasible region S. f;;j(z) and g;;(x) and h(z) are

continuously differentiable over S C R™, S denotes the set of all feasible solutions and (fi1, fiz,..., frp) =
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f:8 = R (—g11, —g12,---,—Gkp) = —g : S — RF are invex, and it is assumed that f;;(z) > 0 and
gij(x) >0V, yeS,i=1,2...k,j=12,...,p.

Throughout this article, the following notations are used in R"™:

T<Y =T <Yr

r<ysr <y

n n n

> Yue e Yo
r=1 r=1 r=1

1.1. Optimality

The concept of Pareto optimality was given by Pareto in 1906 [21]. For solving a particular multiobjective
fractional programming problem, the problem formulation serves as optimality conditions for Pareto optimality
and it is central to the performance. However, these characterizations are slightly different from their meaning
in single objective fractional programming. If the formulation provides a necessary condition, then for a point
to be Pareto optimal, it must be a solution to that formulation. However, some solutions obtained using this
method are not Pareto optimal. On the other hand, if a method provides a condition of sufficiency, then the
solution is always Pareto optimal. A point is said to be weakly Pareto optimal if the feasible region has no
point that improves all of the objectives simultaneously. In comparison, a point is Pareto optimal if any other
point does not exist that improves at least the single objective function without determining another function.

Pareto optimal points are weakly Pareto optimal but a weakly Pareto optimal point is not Pareto optimal.

Definition 1 Pareto sptimal solution:A solution x° € S is said to be a Pareto optimal (efficient) solution to

the SOFMP(3) problem if and only if there is no other solution y € S such that 3_, fi) <yP 1is (@)

9i5(y) — T gij(x0)
fzj(l/)< p J15(2°)
915 (y) =1 gij(20)

V iandj and 25:1 for at least one 1.

Definition 2 Weak Pareto optimal solution: A solution point, xo € S, is said to be weak Pareto optimal

fii(y) p Jij(z°)
S =1 >

9i5(y) 9i3 (z°)

if and only if there does not exist another solution point, y € S, such that Z§:1

V «1=1,2,....0k and 7=1,2,...,p.

1.2. Generalized invexity

Generalized invexity plays an important role in the theory of multiobjective optimization. The name ‘invex’
was given by Craven in 1981 and stands for invariant convex. Henson [12] introduced the concept of invexity
as a generalization of convexity for scalar constrained optimization problems. He proved that sufficiency of

Kuhn—Tucker optimality conditions and weak duality hold with invexity instead of convexity.

Definition 3 A differentiable function (fi1, fiz,. ... fwp) = f 5 — R* on a nonempty open set S C R"
is said to be invex with respect to n at y € S if for all x € S, there exists n : S x S — R™ for all
1=1,2, ...,k j=1,2...,p such that

fii(@) = fi;() = Vfi;n" (z,y). Vz,yeS.
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Definition 4 The function f;; is said to be strictly invex with respect to n, if there exists n: S xS — R" such
that foralli=1,2, ...k, j=1,2..., p with x # y such that

fi(@) = fi;(y) > V()" (z,y).  Va,yes (4)
Lemma 1 If real valued functions f;j(x) and —g;j(x) are invex with respect to the same n(x,y) then f”gmi
ij
1s inver function with respect to n(x = gij(y) T,Y).
funct th respect to n(z,y) ij(x)n( Y)
Proof
fii@) _ fiCy) _ fi@) = fii(y) _ fiiW)l96(x) — 915 o 9ii(y) [Vis(y) _ fii(y) Vi (y) (. y)
9ii ()  9ij(y) gij () 9ij(2)9ij (y) ~ gii() | 9i5(y) [9:5(y)]? 7
_ 9i5(y) <fzj(y)) r
gij(ﬂﬂ)v 9ij(y) n(@9).
_ fzj (y))
v (G ) e
Therefore, each ratio (@ is an invex function with respect to 7j(z,y) 9y n(z,y) Vi=1,2,..., k,
ij(2) 9i5(x)
O

Lemma 2 If real valued functions fi;j(x) and —g;;(x) are invex with respect to the same n(x,y), then

p fij (r) . . . . ~ P gij(y)

L is an invex function with respect to n(x,y) = > 5_ n(z,y).

=1 gij(x) =1 gij(2)
Proof

L fila) B " fiiy) _ fii(@)  fii(y)\ _ fij(x fw( ) i) lgii (%) — 94 (y)]
Z ij Z () Z( i(2) ) B Z { gij(x 9ij (%) gij (y)

gz] y j=1

95 [VIiiy)  fiVaul)]
S e

N o fz](y) gz](y) -
—ZV(g”(y)) ()"

_v< fuy)~ Y).
gljy

Therefore, each sum of fraction >

fw(w)
7= 191](37)
Vi=1,2,...,k j=1,2,...,p. O

is an invex function with respect to 7(x,y) = i1 - n(z,y)
9ij(x)
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2. Equivalency of sum of fractional multiobjective programming

In this section, we will prove that the following sum of the fractional multiobjective program is equivalent to
SOFMP(3).

92] y gkj y

 f1(y) f25(y) fri ()
Minimize | (z J 7( EASAx 24 ELZALZA
nimize | 7(z,y)V ;:1 0, E E (5)

subject to

hi(z) <0, and I(z)={l:h(z)=0} VzeR" leR™

Each hy(z) is a constraint function that constructs the feasible region S. f;;(z) and g;;(z) and h(z) are
continuously differentiable over S C R™, S denotes the set of all feasible solutions and (f11, fiz,. .., fkp) =
f:8 = R (=g11, —g12,---,—Gkp) = —g : S — R¥ are invex, and it is assumed that f;;(z) > 0 and
gij(x) >0V, yeS i=1,2...k j=1,2,....,p

Theorem 1 Let y be any weakly efficient solution of SOFMP(3) and assume that there exists o € S such that
(Vh(y), @) > 0,1 € I(y), Vi(y),l € I(y) are linearly independent. Further, we assume that h; is strictly
invexr with respect to 7 at y on S and 7(y, y) =0. Then y is a weakly efficient solution of SOFMP(5).

Proof Since y is any weakly efficient solution of SOFMP(3) and Vh;(y), | € I(x) are linearly independent,

KKT conditions are satisfied. Assume that y is not efficient for SOFMP(5). This implies that there exist y*
feasible for SOFMP(5) such that

P
v (3 2t
=1 Iki

= (v)

= f1;(v) " fo;(y) Jri (y)

S KELAE By B P ng]y
=(0,0,...,0)

Since \; >0 Vi,

It is given that y* is feasible and p; >0, plh(y*) <0 V . From this point of view  ul hi(y*) < ul hi(y).
It is assumed that each h; V1 is strictly invex with 7 at y.

i Vhu(y)ity*, y) < 0. (7)

From (6) and (7):

k P
Ty DAV (D 52_]_ W 1t vhy) <o
i=1 =174
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This inequality contradicts the fact that

ZW Zf”y Tl hi(y) =

gm y

This proves that y is a weakly efficient solution of SOFMP(5). O

Theorem 2 If real valued functions f;;(x) and —g;;(z) are invex with respect to the same n(xz,y) Vi =

, J=12...,p, xy€S then 3V_, 1is (@)
9i3 (x)
Ny, y) =0 according to Kim [18]. If y is any weakly efficient solution of SOFMP(5), then y is also a weakly

efficient solution of SOFMP(3).

1,2

y 2, e, is an invex function with respect to 7N(x,y) and

Proof Since f;; and —g;; are invex with respect to the same n(z,y) V z,y€ S, ?:1 !J;ﬂ, vV =

ij
1,2, ...k, j=1,2,---,p, is invex with respect to 7(x,y) and 7(y, y) = 0. Assume that y is not efficient
for SOFMP(3), and then there exists a feasible solution y* of SOFMP(3) such that

* *

fl] fk] * flj y f2] y fkj(y)
Zglj ; ngj Zgljy Zgwy’m’;gm‘

As we know, Z;’:l @, 1=1,2,...k, 7=1,2,...,p is invex with respect to 77 at y and 7(y,y) = 0. Then

gi]
we have
—~ f1;(y) =~ f2(y) = fii(y)
\Y \Y \Y%
TV | 2 gy | TV | gy | e TV | 20 )
P P P P P P
f1i(y") - f15(y) f2(y") o f2j(y) fri (y™) B fri ()
= ; 915(y*) ; 915(y)’ ; 925(y*) ; 925(y)"" ’; 9 (y*) ; 95 (Y)
< (0,0 0)
fuy) ) -~ = fai(y)  fii (¥)
= \Y sy, y)V sy, y)V )
iy, y) ; Tl | W) ; e iy, ) ; pren
which contradicts that y is a weakly efficient solution of SOFMP(5). O

3. Optimality conditions for sum of fractional multiobjective programming

In this section, the necessary works of John [16], Kuhn and Tucker [19], and Mishra [20] are introduced and
conditions of sufficiency for the weakly efficient solution of the SOFMP with generalized invexity are established.
A Lagrangian for the SOFMP is introduced and some theorems based on the saddle point are also established
[18].
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Theorem 3 (Fritz John Necessary Conditions) [16]: If y is a weakly efficient solution of MOSFP(3), then

there exist \j, 1 =1,2, ...,k and pu;, L =1,2, ..., m such that
k
fii ()
+ > wVh(y
YA (S )+
> mhi(y) =0 (®)
1=1

(>\17)\27"'7)\]6’/1/1’/1/2’"'7/1'777,)20-

Theorem 4 (Harush—Kuhn—Tucker Necessary Conditions) [19]: Assume that there exist o € S such that
(Vhi(y), @) > 0,1 € Q(y), where Q(x) = {l: hy(x) =0} forany x € S. If y € S is a weakly efficient solution
of MOSFP(3), then there exists \; >0,i=1,2, ...,k and uy >0,1=1,2, ..., m such that

k m
SOAV z;‘wi +3 " Whi(y) =
i=1 ” =1
Zﬂzhl(y) =0 9)

=1

()\la)‘27"'7)‘k7,u17,u27"'7/1/771)20; ()\17A27"'>)\k)7é(0a 07 70)

Theorem 5 (Harush—Kuhn—Tucker Necessary Conditions) [19]: Assume that Vhi(y), 1 € Q(y) are linearly
independent. If y € S is a weakly efficient solution of SOFMP(3), then there exists \; > 0,i=1,2,..., k and
p >0,1=1,2, ..., m and they satisfy condition (9).

Theorem 6 (Harush-Kuhn—Tucker Necessary Conditions) [18]: If (fi;, foj, .-+, fr;) and (—g15, —G25, - -+, —Gkj)
are invex with respect to the same n(xz,y) Vi=1,2,....k j=1,2,...,p, x,y €S andif (h1, ha, ..., hp)
are invex with respect to 7 then suppose that (y, A\, u) satisfy the KKT conditions (9). Then y is a weakly
efficient solution of SOFMP(3).

Proof Suppose y is not a weakly efficient solution of SOFMP(3). Then for z € S,
Zp:fijx Zf”y Vi=1,2,....k  j=1,2..p
. x Y )y Tt ) ) RARRRl wi

i=1 gl] gl] y

As we know, f;; and —g;; V i=1,2,...,k j=1,2,..,p are invex with respect to the same 1. Then by
Lemma 2,

gzj y fij (y)
(gij(y)

) n(z,y) <O0.

From ()\1, )\2, ey )\k Z 0),

- "~ fis(y)
Z Y Z g” Y n(z,y) <O0.
j=1""
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Using the KKT conditions,

> mVhi(y)i(z,y) > 0. (10)

Since (hi, ha, ..., hy,) are invex with respect to 17,

Yo mhi(x) =Y mhi(y) =Y mVhi(y)ile, y).
=1 =1 =1
Then
Z uthl(y)ﬁ(x’ y) <0, (11)

which is a contradiction of (10). O

4. Saddle point criteria

In this section, the n-Lagrangian for a multiobjective sum of fractional programming problem SOFMP(3) is
defined and a new definition of a weak vector saddle point for the introduced 7-Lagrangian function in a sum

of fractional multiobjective programming is given.

Definition 5 An n-Lagrange function is said to be a Lagrange function for the sum of fractional programming

multiobjective programming.

Lyt = () | S L0 (o) o) (3 L) ) (12

Definition 6 A point (y,) € S x R is said to be a weak vector saddle point for the 1-Lagrange function
Lﬁ ’Lf

1. Ly(y, m) # Ly(y, m) ¥ € R,

2. Lﬁ(x, ) & L;;(y, ) Vaelbs.

Theorem 7 We assume that fi; and g5, ¥V i=1,2,..k, j=1,2,...,p, are invex with respect to the same
n at y with n(y, y) =0 and some constraint qualification (CQ) holds at y for SOFMP(5). If (y, ;) is a weak
vector saddle point for Lg, then y is a weakly efficient solution in SOFMP(3).

Proof Suppose (y, ) is a saddle point for the Lagrangian Lz. Then by definition from 6(1), we have

Li(y, u) # Li(y, ),  since, n(y,y) =0, (13)

pihi(y) < m"mly), € RY.
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Now assume that y is not a weakly efficient solution in MOSFP. Then there exists y* € S such that for all
i=1,2, ...k

Zfzg y (14)

2o

ng
Since y € S and ; € R, T hi(y) <0. In equation (13), let ;=0 V 1

m" h(y) > 0.

Hence,
" h(y) = 0. (15)
Since Z§:1 &, 1=1,2,3...k, j=1,2,3,...,p is invex with respect to 77, and then from equation (14)
ij
Z flj y (16)
1 9ij (y)

Thus, by equations (15) and (16) and using the definition of L; , we get

. - f _ f _
Ly(y*, m) = Z gij gy/ +m h(y), 70 Z b y + " hu(y)
J

= f1;(v) ~ fr;(y)
<\ 7w, vV | D g?(y) + @ ), 71, VD gf +m " hu(y)
j=17Y j=17%

This is the contradict of definition by 6(2). Hence, y is a weakly efficient solution in SOFMP(3). O

Theorem 8 Let y be a weakly efficient solution in SOFMP(3) at which the constraint qualification is satisfied.
Further, we assume that h is invex with respect to 1 at y and 7(y, @) is a weak vector saddle point for the

77-Lagrange function in a sum of fractional multiobjective programming (SOFMP).
Proof Since y is a weakly efficient solution for SOFMP, by Theorem 4, KKT conditions hold. Assume that
Zle A\ = 1. Since Ry(z) is invex with respect to 77 at y and f; € R, it follows that the inequality

m (@) — " h(y) > @V (2)i(z, )
holds for all € S. Then, from the KKT conditions,
k o P f
() = m h(y) = =D N VDS ().

=1 9ij
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By assumption 7(x,y) = 0, the inequality

k k
SNV Z g“ z i(x,y) + @ h(z) > Y A" Z g” z Y, y) + " h(y)
i=1 1] Z]

=1

holds for all = € S. Since \; > 0.V i, Zf i = 1 and by the definition of the 7j- Lagrange function, it follows
that, for all z € S,

N Ly(x, ) > A Ly, f)- (17)

Assume that Ly(z, ;) < Lg(y, ) for all 4y € R7*. Thus, we obtain

f1; () p _ SR s f1i(y)
+p; h(y), m(y, ¥)V == |+ h(y) <0y, y
Zglj ! ( ) ( ) j;gkj(y) : ( ) Zglj y
- T fkj y _T
+a h(y), -, Z + e h(y)
gkg y
and
N Li(y, ) < N'Li(y, m) ¥V € RY. (18)

Assume that Lg(y, @) < Li(y, ) for all yy € RT. Then AT Lz(y, i) < AT Li(y, ) vV € R This

contradicts (18), and hence
N Li(y, ) < MN'Ly(y, p) ¥V peRY. (19)
Inequalities (17) and (19) mean than (y, i) is a weak vector saddle point for the 77- Lagrange function in a

sum of fractional multiobjective fractional programming (MOSF) (3). O

5. Conclusions

In this paper, optimality conditions for the sum of fractional multiobjective optimization problem are established
with generalized invexity. The modified approach is used to establish all the results and the equivalence of the
modified problem with the original problem is proved by two theorems. A Lagrangian for the SOFMP is
introduced and some saddle point-based results are established.
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