Turkish Journal of Mathematics Turk J Math
(2015) 39: 970 — 989

© TUBITAK
TUBITAK Research Article doi:10.3906/mat-1502-48

http://journals.tubitak.gov.tr/math/

Some concrete operators and their properties

Mehmet GURDAL"*, Miibariz T. GARAYEV?, Suna SALTAN'
!Department of Mathematics, Siileyman Demirel University, Isparta, Turkey
2Department of Mathematics, King Saud University, Riyadh, Saudi Arabia

Received: 17.02.2015 . Accepted/Published Online: 09.07.2015 ° Printed: 30.11.2015

Abstract: We consider integration and double integration operators, the Hardy operator, and multiplication and

composition operators on Lebesgue space Ly [0,1] and Sobolev spaces ngn) [0,1] and W,§"> ([0,1] x [0,1]), and we
study their properties. In particular, we calculate norm and spectral multiplicity of the Hardy operator and some
multiplication operators, investigate its extended eigenvectors, characterize some composition operators in terms of the
extended eigenvectors of the Hardy operator, and calculate the numerical radius of the integration operator on the real
L, [0,1] space. The main method for our investigation is the so-called Duhamel products method. Some other questions

are also discussed and posed.

Key words: Double integration operator, multiplication operator, composition operator, Sobolev space, Duhamel

product, numerical radius

1. Introduction and background

The present paper studies properties of some classical operators, including the Volterra integration operator,
double integration operator, multiplication operator, Hardy operator, and composition operator.

Our main method for the proofs of the obtained results is the Duhamel products method, which was
essentially used in investigation of various questions of analysis, including differential and integrodifferential
equations, the boundary value problems of mathematical physics, operator theory, and Banach algebras in the
works of Nagnibida [27], Fage and Nagnibida [11], Dimovski [9], Tkachenko [34], Malamud [25, 26], Domanov
and Malamud [10], Bojinov [1], Wigley [306, 37], Karaev [17], and Karaev et al. [19].

Let £(X) be the Banach algebra of all bounded linear operators on a Banach space X. A subspace
E C X is called a cyclic subspace of an operator T € L (X) if

span{T"E :n=0,1,2,...} = X,
where span denotes a closed linear hull; that is:
span{T"E :n=0,1,2,...} = clos{p(T) E : p € P (the set of polynomials)} .

An element = € X is said to be a cyclic vector for the operator T, if

*Correspondence: gurdalmehmet@sdu.edu.tr
2010 AMS Mathematics Subject Classification: 47B38.
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clos{p(T)z:peP}=X.

In this case an operator T is said to be a cyclic operator.

The spectral multiplicity u(T) of T : X — X is the following nonnegative integer or the symbol oo :
w(T) :=inf{dim E : clos{p(T)E : pe P} = X}.

It is clear that T is a cyclic operator if and only if p (T') = 1. The set of all cyclic vectors is denoted by Cyc (T).

It is necessary to note that spectral multiplicity is an important invariant of operators. Clearly, the notion
of the cyclic vector is important in connection with the general problem of existence of a nontrivial invariant
subspace, because an operator T € L (X) has no nontrivial invariant subspace if and only if every nonzero
vector x € X is a cyclic vector for T. Cyclic vectors are important in weighted polynomial approximation

theory.

Let an) = an) [0,1] denote the Sobolev space, which is a Banach space of continuous functions on
the unit segment [0, 1] for which f(®) ¢ L,[0,1] . The Duhamel product of the functions f,g € W,S”) [0,1] is
defined by (see Wigley [37]):

x x

(F09)(@)i= 5. [ 1o =090t = [ £~ t®de+ £ 0)9(0). 1)
0 0

One can use results from operational calculus to show that W,§”> [0,1] is a commutative and associative algebra

with respect to the Duhamel product ® with a unit f (z) = 1. Moreover, it is known (and easy to verify) that
(an) [0,1] ,®) is a Banach algebra (see Karaev [17]).

Recall that the classical convolution product * is defined in Wén) by the formula
(F9)@)i= [ fa gt f.g€ WL, )
0

It is classical that (ngn), *) is a Banach algebra without unit. The function f € WZS") 0,1] (1<p<o0)isa

x-generator for the Banach algebra (Wé”)7 *) if

span{f,fxf,fxfxf, ...} = WPS").

The x-generators of the Banach algebras (C'[0,1],*) and (C™ [0,1],%) are investigated in [12] and [19],
respectively.
Consider an operator A : X — X such that A is bounded and linear. If B € £(X), it can be happen
that there is nonzero operator C' such that
BA = AC. (3)
If we denote by Ec the set of all B for which there exists an operator C satisfying (3), then it is easy to see
that £4 is an algebra. Furthermore, one can define the map ®4 : E4 — L(X) by ®4 (B) = C. When C = AB,
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for some complex number A € C, equation (3) becomes
BA = )AB. (4)

Furthermore, if A has a dense range and ker A = {0}, one can easily see that ® 4 is a uniquely defined algebra
homomorphism. It is clear that a pair (B, ) in (£ (X)\ {0}) x C satisfies (4) if and only if A is an eigenvalue
for ®4 and B is an eigenvector for ® 4. Following Biswas et al. [2], an eigenvalue of ®4 will be referred to as

an extended eigenvalue of A. The appropriate eigenvector of ® 4 will be referred to as an extended eigenvector
of A.
The notion of extended eigenvalues and extended eigenvectors of operators is closely related, for example,

with the theory of invariant subspaces and with the theory of so-called Deddens algebras (see Karaev [18] and
Lacruz [20, 22, 21]). More detailed information about “extended spectral theory” can be found in the works of
Biswas et al. [2], Domanov and Malamud [10], Karaev [18], Malamud [25, 26], Lacruz et al. [21], Lauric [23, 24],

Cassier and Alkanjo [6], Alkanjo [1], Cowen [7], Bourdon and Shapiro [3], Tong and Zhou [35], and Shkarin [30].

Recall that for a bounded linear operator 71" acting in the Hilbert space H its numerical range and

numerical radius are defined by
W(T) :={(Tx,z):x € H and |jz| =1}

and
w(T) :=sup{|(Tz,z)| : v € H and |z| = 1},

respectively. It is well known that W (T) is always a convex set in the complex plane C, o (T") (the spectrum) C

w (T)a

1

L <o 207 < Gy

dist (A, 0 (T)
and

1
SITI < w(T) < T,

and hence the numerical radius defines an equivalent norm in the Banach algebra £ (H) (see, for instance,
Halmos [141] and Gustafson and Rao [13]). Thus, one of the interesting and important problems of operator
theory is the determination of the numerical range of the concrete operator and calculation of its numerical
radius.
The main motivation in this paper is to show the role of the Duhamel products method in various
questions for the different kinds of classical operators and thus demonstrate the “universality” of this method.
Here we calculate the norm and spectral multiplicity of the Hardy operator V,, defined on the Lebesgue

space Ly [0,1] by the formula
Vi @)=a" [ o)
where n € N, n > 1, is a fixed number. Clearly,
Vi =MynV = Myni1 H,

where Mym, Mym f (x) := 2™ f () is a multiplication operator; V, V f (z) := [ f (t) dt, is the classical Volterra
integration operator; and H, Hf (r) := fow f(t) dt, is the classical Hardy operator on the space L, [0,1]. We

Tz
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also investigate the extended eigenvectors of the Hardy operator V,, (Section 2). The characterization of some

composition operator is also studied (Section 3). Moreover, we describe *-generators of the Banach algebra

(Wp"), *) (Section 4). The extended eigenvectors of the integral operator Kj, z, defined on Wén) [0,1] by

Kln%f(m) ::/0 lngf(y) dya

is also investigated (Section 5). We also estimate the numerical radius of the Volterra integration operator V'
on the space Ls[0,1] of real-valued functions (Section 6). In Section 7, we give two different proofs for the
spectral multiplicity of the multiplication operator on the space C (I") of continuous functions on the unit circle

I' of the complex plane C. Some open questions are also posed in the Section 8.

2. On the norm, spectral multiplicity, and extended eigenvectors of Hardy operators

For any fixed integer n > 1, let us consider the Hardy operator V;, defined on the Lebesgue space L, := L, [0, 1]
(1 <p < ) by the formula

Vif (2) = x"/oxf(t)dt, fer, (6)

In this section, we calculate the norm and spectral multiplicity of V,, and study extended eigenvectors of this
operator. Recall that the composition operator C, on L, is defined by (Cyf) (z) = (f o ¢) (x) for a suitable
measurable function ¢ : [0,1] — [0, 1].

Theorem 2.1 For any fized n > 1, let V,, be the Hardy operator defined on L, by formula (6). Then we have:
(@) IVall < 5t

(b) Vi, is a Volterra operator (that is compact and quasinilpotent) on L, [0,1]; in particular, V,, = 0

(n — o).
(c) (V) =

Proof (a) Indeed, for any f € L,, we have:

o [ sl = [ [ 10
[ ([irona) s ([ o) ([ e
e ([

e ([ ora) ([ va)')

— 1 ' p —
- [

which shows that ||V, || < F/ﬁ’ as desired.

IVaflly = (= o
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(b) For any A € C\ {0} the eigenvalue equation of V;, amounts to the differential equation g’ (z) =
2"g (x) with initial condition ¢ (0) =0 where g (z) = [ f (t)dt with f as the eigenvector. The solution of this
0

integrodifferential equation is g (z) = f («) = 0, which implies that V,, has no nonzero eigenvalues. Since V,
is compact, this implies that o (V;,) = {0}, and this implies that V,, is quasinilpotent. Since V;, is compact,

this shows that V,, is a Volterra operator.

(c) We have:
V=V (v,1) = vt (ﬂ/ 1dt> = yh=lgntl
0
T x2(n+1)
— Vk72 (ann+1) _ Vk72 xn/ tn+1dt _ Vk:72
1 1
_ Vi3 (v 20D = Vk—3,3(n+1)
2 (07 () = g
— 1 k—4x4(n+1) - =
(n+2)2n+3)(3n+4) "
— 1 xk(n—i—l)
n+2)2n+3)Bn+4)...(k—1)n+k) ’
and hence
1
vkl = Mot (g > 1 7
"t it 2)(2n+3)Bntd).. (k—Dn+k) " (k=1), @
which implies by Miintz approximation theorem that
Span {V,fl k> 0} = Ly;
that is, p(V;,) = 1. The theorem is proved. O

Our next result characterizes in terms of extended eigenvectors a special class of the composition operators
Cy, on L,[0,1] (1 <p < 4o00) (for the related result, see [19]). We set C := Ci; that is, Cxf (z) = f (A\z)
for all f € L,[0,1].

Theorem 2.2 Let A : L,[0,1] — L, [0,1] be any nonzero bounded linear operator. Then A = C) for some
A€ (0,1) if and only if:

(a) A1 =1;

(b) there ewists an integer k > 1 such that A is an extended eigenvector of the operator VF cor-

responding to the extended eigenvalue \"tTVE ¢ (0,1), where V,, is the Hardy operator on L, defined by
Vo f =a™ [ f(t)dt.
Proof <. Let AV} = \"+DkVEA Then
A (Vk:)m _ )\(nJrl)k:m (Vf)mA,
or

AV:m _ )\km(nJrl)VnkmA
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for all m > 0. Thus, by considering that A1 = 1, we have

for all m > 0. Then by using formula (7), we obtain that

1

Aka(nJrl)
n+2)2n+3)Bn+4)...((km —1)n+ km)

— 1 )\km(n+1)$km(n+1)
n+2)2n+3)Bn+4)...((km —1)n+ km)

or

Al’km(n+1) — )\km(n+1)ka(n+1) _ (Ax)km(n+1)

for all m > 0, which by virtue of the Miintz theorem implies that Af (x) = f (Ax) = Cxf (z) for all f in L,.
This shows that A = C.

= . It is obvious that Cx1 = 1. Let us prove assertion (b). We shall prove actually a more strong
assertion that for every k > 1 C, is an extended eigenvector of the operator V,* corresponding to the extended

eigenvalue \*("+1) € (0,1), i.e

C)\Vk )\k(n+1)vk0 (8)

Indeed, by induction we obtain for any £ >1 and f € L,

ka( ) phnt(k—1) /If( )d p(k—=1)n+(k—2) /9: +1f( )d
R f(x) = - t)dt — - t"FLf () dt+
(k=1 (n+1)""Jo k=2 (n+1)"Jo
k—2)n+(k—3 i
N p(k=2)n+(k—3) / 20 £ (1) di—
(k—3)(n+1)F"Jo
k—3)n+(k—4 x
__alimed / B30+ £ (@) dt + ...
(k=) (n+ 1)1 Jo

xn

(k—1)!(n+1)*

(1)t 1/0 {141 £ (1) gt

Then we have
VyOrf (x) = Vi f (M)

knJr k—1) (kfl)nJr(ka) T I
= (At) dt — / £ F (M) dt
(k — )k 1/ 7 (k=2)!(n+1)"Jo f 020

bt (= 1)k+1 o= (n+ 1) / $(k=1) (“H)f()\t)
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for all f € L,. Since 0 <t < z, by denoting n = At we have that 0 < n < Az and dt = %. By considering

these in the last equality, we obtain:

kn+(k—1) Az d $(k71)n+(k72) Az n+1 d

VECHS (2) = —— = / 7 =

M) (k=1 (n+1)"" Jo o0 (k=2 (n+1)""Jo R
(k—Din+1)F 1 Jo AFI0FD T

()\x)k’rri’(k*l) Az

= d .
(k —1)! (n+ 1)F L b+ Ge—0+1 g f(n)dn

()\x)(k—l)n"r(k—Q)

Az
B et dn+ ..+
(k—2)!(n+ 1)’“‘1 \(k=1)n+(k—2)+n-+2 /0 n" T () dn

Az)" Az
)k ( / (k=D)(n+1) £ () g
+(-1) (hD)l(n g D" A= DDt g U f(n)dn

f(n)dn—

AREAD T ( — D) (n+ 1) o

k=21

)" Az
+ (=) e 1)?@) AT /O ptm D (n)}

Az
/0 T () dn 4 ...+

1

— k
= WCAVn f (@),

and thus C\VF f = \F(+DVEC, f for all f € L, which proves (8). The theorem is proved. O
Note that for any y € [0, 1] the equation z™ = y is solvable in the unit segment [0,1]. In particular, for
any n € (0,1) there exists A = A, € (0,1) such that n = A"™!. Therefore, Theorem 2.2 shows in particular
that (0,1) C ext(V,,) where ext (V,,) denotes the set of extended eigenvalues of the operator V,,.
The set of all extended eigenvectors of V,, corresponding to the extended eigenvalue A is denoted by

{Vn};\ . Then the following is an immediate corollary of the above Theorem 2.2 and Theorem 4.1 of paper [19].

Corollary 2.1 If A € (0,1) is an extended eigenvalue of operators V,, := MV and M, +V on L,

(1 <p<o0) (where M, is a multiplication operator and V' is an integration operator), then
Cr e {Vu}in{M, +V},.

Note that an implication = in Theorem 4.1 of [19] is proved by using a sufficiently deep result of
Malamud (see [25, 26]).

Here we give an immediate proof of this implication.

Proposition 1 Let A € (0,1), p > 1 be any integer and Cy is a composition operator on LP (1 < p < 00)
associated to X defined by Cyf (x) = f (A\x), f € L,[0,1]. Then

Cy (aVP + BME) = NP (aV?P + BME) Cy (9)
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for every a, 8 € C with |«| + |B] # 0.

Proof Indeed, for every polynomial q(z) = chgq ¢;x7 we have:
Cx [aV? + BM] q (2)
=aCy\VPq(z) + BOXMq (x)

x _ p—1
aCl\y /0 (q(:pt)l)!q (t)dt + BCy (2Pq (x))

Az p—1 degg
- Qe =" N~ i )
*a/o (p—1)! ;qﬂ]dtww) g (Az)

,\mpl degq
~ o), SO0 Y gt

+ AP (B2 (Crq) (x))
)@P 1 .degq o
T / OV L Z gt dt
3=0
+ AP (BM7Cxq ()
o Pt o . degg A
ey D IR i DU Al
p =0 =0 0
+ A (BM7Crq ()
o p—1 _ — deg g 4 (}\x)i+j+1
— 71 K3 —1
(p—l)!;( ) G (A2) ];) itj+1
+ AP (BM7Crq ()
a p—1ldeggq ‘ g
= (p—1)! Z Z (—1)Zcp 171_1_]4_1)\”\ (1) Ntj+1 pp—1—ipitj+1
=0 j=0
+ AP (BM7Cxq ()
a p—1ldeggq .
= T Z Z (-1)" C’p 1724_] 1 NP X gP 4T 4 AP (BMPCirq (2))
" i=0 j=0
pldegg . gL
— @ 1\t e p—1—1 )\ z p P
" o & 2 (T G O e £ N (BMECa )
p_l deggq i+j+1
__ @ i i p—1—i (Az) » »
= oD Z:o( 1)’ Ci_y (M) ; e CHC)
o Bt o 14_degq o
— o D G T Y g [ (BMECaa (o)
" i=0 j=0
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o zpP”l 4 ‘ .  degg )
RN / Y CpqaP I (=) AT DN N T g () dt + NP (BMECh (@)
T J0 oo =0

— Vo /0 : %q(xt) dt + P (BMPChq (z))

P N t)p_l P P
=A a/o =11 (Cxq) (t) dt + NP (BMECxq) (z)

= M (aVP + BMP) Cyq,

which obviously gives (9). The proposition is proved. O

3. Extended eigenvectors of the Volterra double integration operator

Let ngn) ([0,1] x [0,1]) denote the Sobolev space of functions in two variables defined in the unit square

[0,1] x [0,1], where 1 < p < oo and n > 2. In the space W,Sn) ([0,1] x [0,1]), we consider the Volterra
integration operator in two variables,

Wf)(z,y) = /OZ /Oy f(t,7)drdt.

Denote by E,, the subspace of the space W,S") ([0,1] x [0, 1]) consisting of functions that depend on the product
xy. It is easy to see that

E.y = span {(xy)k :k=0,1,2, }

and E,, € Lat (W); that is, WE,, C E;y. Set Wy, 1= W|E,,, ie.

(Way f) (zy) = /O ' /O ’ f(tr) drdt.

The study of this operator is important at least in view of its following relation with the integral operator
R
(i) &) 1= [ 10w 21 () dy
0

on W,g") [0, 1] with the kernel function K (z,y) = log { :

xy
Wy f (2y) = / log ¥ 1 (v) dv

v

(see [17]).
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In the space WIS") ([0,1] x [0,1]) we define the Duhamel product as follows:

(f®9)(w,y): aﬁm//g by Pt r)drde
N //3968 flz =ty —71)g(t, 7)drdt+
00
/ )g(t, y)dt+
Y

0
+/aﬁ0y—7<aﬂm+fmmg@w»
0

This formula implies that if f,g € F,,, then

Ty

xr Yy 82
(f®g)(zy) = - fl(x =) (y —7))g(tr)drdt + f (0) g (zy)
glaxay

z Y

// (=) (5= 1)+ (2 = Oy = 7) " (2 = ) (9 = 7)) er)drats

0

+f(0) g (zy). (10)

Formula (10) easily implies that 1 ® g (xy) = g (2y) ® 1 = g (zy) for all g € Egy,

k
Wh o) = 0y @) (2 1), (1)
and the “Duhamel operator” Dy defined by
(Dyg) (zy) == (f ® g) (zy) (12)

is bounded in E,,. More generally, it can be also proved by the arguments of paper [17] that (E,,, ®) is the
Banach algebra.

Here we shall study the extended eigenvalues and extended eigenvectors of the double integration operator
Wy on the space E,. Namely, we describe in terms of the Duhamel operator and composition operator the

extended eigenvectors of the operator Wy,.

Recall that if 6 : [0,1] x [0,1] — [0,1] x [0,1] is a measurable complex-valued function, the composition

operator Cy is defined by the formula

The composition operator C(,,,), where A € (0,1), will be denoted simply as Cy.

The main result of this section is the following.
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Theorem 3.1 Let A € C, A € L(E,)\{0}, and let Wy, be the Volterra double integration operator on

E., C W,E”) ([0,1] x [0,1]). If X € (0,1) then AW,, = AWy, A if and only if an operator A has the form
A= DAlC',\, i.€.

T Yy

(49 w0 = o [ [ G (@@= ) = ) O (aw) v

0

where Day is the Duhamel operator in Eg, defined by formula (18) and (Cif) (zy) = f(A(zy)) is a

composition operator in E,.

Proof We shall use some arguments from [18]. Indeed, suppose that AW,, = A\W,,A. Then it is clear that
AW, = N"WL A

for each n > 0; that is,

AW [ (xy) = AW, Af (zy)

for each f € E,. In particular,

AW 1= \"W, Al (13)
for each n > 0. Since
T n
Wi S () = 0 @ f o (14)

for all f € E;y and n > 0 (see formula (11)), we obtain from (11) and (14) that
(n!) (n!)

A(zy)" = (M (zy))" ® A1, n > 0. (15)

i.e.

It follows from (15) that
Ap (zy) = p (A (zy)) ® Al

for every polynomial p in zy. Since polynomials in zy are dense in the space E,, and (E,,,®) is a Banach

algebra, we have from the last equality that
Af (zy) = Al @ f (A (2y)) = AL @ Cxf (zy)
=Da1COx\f (2y)

o2 [/
~ Dxdy O/O/(Al) ((z =) (y = v)) Orf (wv) dvdu

for all f € Eyy.

We now show that every operator of the form A = D4,C) satisfies the equation

AW, = AW, A.
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Indeed, we have for each f € Ey, that:
(AWoy f) (zy) = (DarCa\Way ) (2y) = Dar Way f) (A (zy))
= Al ® (Way f) (A (zy)) = Al ® ((A(2y)) ® f (A (zy)))
=A(zy) @ (Al ® f (A (zy))) = A(zy) ® Dar1Cxf (2y)
= Aoy ® DarC f (zy)] = AWy DarCy f (zy)
= MW, Af (zy).

Theorem 3.1 is proved. O

Corollary 3.1 The composition operator Cy with 0 (z,y) = 6 (xy) satisfies the equation CoWyy = AWy, Cy,
where A € D\ {0}, if and only if 0 (xy) = X (zy).

Proof By using assertion of Theorem 3.1 and the obvious fact that Cyl = 1, we have that CoWy = AW, Co
if and only if

x

5 Yy
Cof (xy) = =2 ' / / f Q) dudv = f (Aey) = Caf ()
0 0

0x0

for all f € E,,, which proves that Cy = C), i.e. 6 (zy) = A(xy). The corollary is proved. O

4. x-generators of the Banach algebra (W,ﬁ") [0,1], *)
Recall that the Sobolev space WZS") [0,1] (1 <p<oo) is a Banach algebra with respect to the classical
convolution product * and the Duhamel product ®. The following lemma is also known, which gives a ®-

invertibility criterion for the elements of the Banach algebra (WIS”) [0,1] ,@) (see, for instance, Karaev [17]).

Lemma 4.1 Let f € W,Sn) [0,1]. Then f is ®-invertible if and only if f(0) # 0.

Actually, this lemma shows that f € W,Sn) [0,1] generates (W,ﬁ") [0,1] ,®) if and only if f (0) # 0.

)

For any function k € W™ [0,1], let us define the usual convolution operator Kj on W;ﬁn) [0,1] by the

formula
(Kif) (2) = / k(e — )£ (1) d. (16)

Our following result gives some equivalent characterization of x-generators of the radical Banach algebra

(an) [0,1], *) .

Theorem 4.1 Let f € W,En) [0,1] and f(0) # 0. Then f is a x-generator of the algebra (ngn) [0,1],*) if
and only if
span {1, F,KF, IC?-F, = Wé”) [0,1],
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where F (z) := [ f(t)dt and Ky is an operator on WIS") defined by (16).

Proof Since F’ (z) = f(x), we have Ky = Dp; that is, Kyg = Dpg for all g € WIS”) [0,1], where D is the
Duhamel operator defined W]Sn) [0,1] by Drpg = F & g. In particular,

Kif=Drf =3 [ ra-nF@a

/Omf’(xt)F(t)dtJrf(O)F(x)

= DyF,

where Dy is an invertible operator in W1§"> [0,1] (see Lemma 4.1). Thus,
[ =Dyl (171)
and
f#f=D;F. (172)
Further, we have:
frfxf =K} =Ks(Ksf)=Ks(DsF)
—Kf (Kp + F(O) ) F
= (KsKp + f(0)Kyp) F
=Ky +£(0)I) (K F)
=Dy (KyF),
and thus
ffxf=Ds(KsF); (175)
[rfxfxf=K}f=Ks(K}f) =KDy (KsF)
=DsKy (KsF)
=Dy (K}F),
and thus
Frfxfxf=Ds(KIF). (174)
By induction we deduce that
nf=D, (/c;HF) (Vm >1). (17ms1)

Now, from formulas (17,,11), m > 0, we have:

span{f,f*f,f = f=f,...} = span {’Dfl,DfF, Dy (K¢ F),Dy (IC?F) ,}
= closDyspan {17 F, Kt F, IC;F, } .
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From this, by considering that the condition f(0) # 0 means invertibility of the corresponding Duhamel

operator D (see Lemma 4.1), we deduce that

span {f, f* f. f f* fo..} = WM [0,1]

if and only if
span {l,F, K+F, IC?F, } = Wp(”) [0,1],

which proves Theorem 4.1. O

5. On the Volterra integral equations in the Sobolev space W;S") [0,1]

In this section, we consider the Volterra integral equation
x
[ ra-nsa=g). (18)
0

where k € ngn) [0,1] is the kernel function k (z,y) depending on z —y and g € ngn) [0,1] is a given nonzero

function. It is well known from the theory of integral equations that every equation (18) has a solution in the

Sobolev space Wé") [0,1]. Let us denote
Gy = {u € Wi [0,1] : u is a solution of (18)} .

It is clear that g ¢ Gg, because o, (Ki) =0 and o (Kj) = {0} (that is, K}, is quasinilpotent in W,g") [0,1]).

Let us denote (Gy), := {u € Gy lullym = 1} . Thus, the following problem naturally arises.

Problem 1 To calculate dist (g,(G,),) -

In this short section, we prove the following theorem, which estimates dist (g, (gg)l) in terms of the

kernel function k. The proof is based on the Duhamel product method.

Theorem 5.1 Let g € W,Sn) [0,1]\ {0} be any function, and consider equation (18) in the Sobolev space
W,g") [0,1]. Then

1
inf  dist (g,(Gg),) > -
geW, "\ (0} o)) |1+ Jy k@ an ™|

)

wim

where f~'® denotes the ®-inverse of the function f € Wp") [0,1], and ® is the usual Duhamel product in
Wi (o, 1].
Proof We set F () :=—1+ [k (t)dt. Then the equation

kxf=g
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can be rewritten as
d x
& Fe-0rwasr@ =g,

or F® f = g— f. Then, by considering that F (0) = —1 # 0, by Lemma 4.1 in Section 4, there exists a
function ® € WIS") [0,1] such that ® ® F' = 1. Hence,

P@r®f=0® (- f);
that is, f = ® ® (g — f). Therefore, for any f € (G,),, we have

L=l = 12® (9 = Pllyyeo < [l llg = Fllypem (19)

(because ngn) [0,1] is a Banach algebra with unit 1 with respect to the Duhamel product ® (see [17])). It
follows from inequality (19) that

1
lo— 111> 1 (20)
[l
for each f € (Gy), . Since ® = F~'®, the last inequality (20) implies that
1 1
||g - fH 2 —1® = . 1®
1w [[(=1+ fy R @) at) Hw(m
for all f € (Gy),, and hence
1
dist (g, (Gg),) > - : (21)
T —1®
H(—l + [ k(t)dt) H .
Wp
Since g € W,Sn)\ {0} is an arbitrary function, inequality (21) means that
inf  dist (g,(G,),) > !
in ist (g, > — )
geW M\ (0} e rway |
which proves the theorem. O

6. On the numerical radius of operator V'

Here we will consider the Lebesgue space Ly = Lo [0,1] of real-valued functions in the unit segment [0,1]. Let
V, Vf(x) = fox f(t) dt, be the Volterra integration operator in this space. Recall that the description of the
numerical range of operator V' acting in the complex Hilbert space L [0, 1] isknown, and it is also known that
V|| = 2 (see, for example, Halmos [14]). In this short section we calculate the numerical radius w (V) of the

™

operator V acting in the real space Lo [0,1].
Theorem 6.1 Let V be the Volterra integration operator on the real space Lo [0,1]. Then w (V) = L

bR
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Proof Let f € Ly[0,1], |[f|l; =1, be an arbitrary real valued function. Then we have:

|<Vf,f>|=‘</0wf(t)dt,f>‘= 1(/0wf(t)dt>f(x)dfﬂ
([ roa)o( 1) - G200
(o)
2o

0

1/2

()]

1., 1
— Iz =1
Thus, [(Vf, f)| < % for all f € Ly[0,1] with | f||, = 1, which shows that w (V) < 1.
On the other hand, since 1 € Ly [0,1] and ||1, = 1, we have:
T 1 1
(V1,1) = </ 1dt,1> = (z,1) :/ xdr = —,
0 0 2
and therefore, since 3 = [(V1,1)| < w (V) < 3, we obtain that w (V) = %, which proves the theorem. O

7. On the spectral multiplicity of the shift operator
Let I" be a unit circle of the complex plane C, and C (I") be the space of continuous functions on I'. Let T' be
the shift operator defined on C (I") by

Tf (eit) —itf (eit) :

or

Tf(&)=¢F(8), feC(l),
where ¢ := e, t € [0, 2m).
It is well known that p(7T") = 2, and the proof of the assertion that p (7') < 2 is the main step in the

proof of this equality (because it is relatively easy to show that the operator T has no cyclic vector). In this

section, we give two different proofs of the following proposition.

Proposition 2 Let T be the shift operator defined on C (L) by Tf(£) =&f(£). Then u(T) < 2.

Before giving the proofs of this proposition, let us state some auxiliary results on 7T -invariant subspaces
in C (') (see Hasumi and Srinivasan [15]).

Let m be, just as earlier, the Lebesgue measure on I'. The weak® closure of analytic polynomials in
L% (dm) is denoted by H* (dm). We denote by Z (X) the space of functions in C (T") that vanish on a subset
X of T. Let E be a closed subspace of C' (I'). The following two results are due to Hasumi and Srinivasan (see
[15, Theorems 1 and 2).
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Lemma 7.1 TE =F if and only if E = Z (X) for some closed subset X of T

Lemma 7.2 If TE C E but TE # E, then E = 0H* (dm) N Z (X), where 6§ € L (dm) with |0| = 1

m—a.e., and X is a closed set in T' with m (X) = 0.

Proof [First Proof of Proposition 2]We put
I'y =T'n{zeC:Imz >0}

and
I'_:=T'n{zeC:Imz < 0}.

Let S be a closed subset of I'\I'}. such that m (S) > 0. Then there exists f € C(T") such that f(I'}) = {1}
and f(S) = {0}. Now, let K be a closed subset of I'\I'_ such that m (K) > 0. Then there exists g € C (I")
such that g (I'-) = {1} and g (K) = {0}. It is easy to see that f and g are linearly independent. Let us show
that

clos{p (&) f+q(£) g : p and g runs over all polynomials} = C (T")

(i.e. span{e™ f,e™g:n,m=0,1,2,... } = C(T)). Assume on contrary that
Eg g :=clos{p(&) f+q(&)g:pand ¢ runs over all polynomials} # C (T') .

Since Ey 4 # {0}, it is a nontrivial T-invariant subspace. Clearly, {Ef 4 C Ey 4. Since null (f) Nnull (g) = 0,
it follows from Lemma 7.1 that £Ey, # Ef, (that is, Ef 4 is a simply invariant subspace for 7). Then, by
Lemma 7.2, there exists a measurable function 6 € L (dm) and a closed subset X in I' such that |0 =1
m—a.e., m(X) =0 and Ef, = 0H> (dm) N Z (X). Thus, we have that null (f) N null (g) # 0, which is a
contradiction. The proof is completed. O

Recall that the rational multiplicity of spectrum pg (A) of the operator A € L£L(Y), where Y be a

Banach space, is defined as follows:
pr(A) :==min{dim E : span (Ry (A)E: A€ C\o (A)) =Y},

where Ry (A) = (Al — A)™" is the resolvent of A and o (A) stands for the spectrum of A. The subspace
E C Y with the property

span{Ry (A)E: A e C\o(A4)} =Y
is called the rational cyclic subspace for A.

The following result belongs to Herrero [10].

Lemma 7.3 Let A€ L(Y) and C be a subspace of Y. There exists a subspace C' D C, dimC’ < dimC + 1
such that
span {A"C" :n > 0} = span{R) (A)C : A€ C\o (A)}.

In particular,

1(A) < pr(4)+ 1L (22)
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Proof [Second Proof of Proposition 2|Since o (T') =T', we have the following:
(a) If |A\| <1, then

RA(T)f=(A-T) " f=(A=e") " f=—c(1=Xe )" f
— <_eit i eint>\n> f
n=0

forall f e C(T).
(b) If |A| > 1, then

for all fe C(T).
Now by putting f =1 and considering that C =D - C, from these formulas we obtain that

span{Rx(T)1: A e C\I'} =C (I,

which shows that pg (T') = 1, and hence by virtue of inequality (22) (see Lemma 7.3), we deduce that p(T") < 2,

which completes the proof.

8. Open problems

Let —00o < a < b < oo and let v and w be locally integrable nonnegative weight functions on (a,b). Let us

consider the Volterra integral operators

KJ @)= w) k(o) W)y () dy, 7€ (a,b), (23)

in Lebesgue spaces. Of course, besides other independent interests, these operators also play an important role
in applications to spectral theory, integral and differential equations, and embeddings of Sobolev spaces (see,

for instance paper [32] by Stepanov and Ushakova, and references therein).

A generalization of the Volterra integral operator (23) is the Hardy—Steklov type operator:

b(x)

Ki @ =we) [ ke f @ e 29
with border functions a (z) and b (z) satisfying the following conditions:

(i) a(z) and b(x) are differentiable and strictly increasing on (0, c0) ;

(ii) a(0) =b(0) =0, a(z) < b(z) for 0 < z < 00, a(x0) = b(c0) = 00, and a continuous kernel
kE(z,y) >0on R:={(z,y) x>0, a(z) <y <b(x)}.
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In the limiting cases a (x) =0 or b(x) = oo, operator (24) is reduced to the Hardy type operators with
only one variable boundary a (x) or b(z) (for more information about Hardy—Steklov operators see Stepanov
and Ushakova [33]).

Let ¢ be a fixed nonnegative measurable function on (0,00) that is not equivalent to 0. The multidi-
mensional Hardy operator H,, . is defined by

(Hoof) @) =0l [ @)y, = <R, (25)
||
for all functions f € Lfo‘ (R™), where n € N and B, is the open ball in R™ centered at the origin of radius
r > 0. For basic facts about operator (25), see, for instance, Burenkov and Oinarov [5], Persson and Samko
[28], and Samko [29], and references therein.

Note that there are many different necessary and sufficient conditions for L, — L,, 0 < p,q¢ < o0,
boundedness of operators (23), (24), and (25) (see, for instance, [5, 28, 29, 31, 32, 33] and their references).
In particular, there exist sufficient conditions ensuring L, — L, boundedness of operators (23)—(25) . Thus, for
such bounded operators (23)—(25) on L, (0 < p < 00), it would be very interesting and important to solve the
following problems:

Problem 2 To calculate spectral multiplicities of operators (23)—(25) .
Problem 3 To investigate extended eigenvalues and extended eigenvectors of operators (23)—(25) .

Problem 4 For p =2, to investigate the numerical range and numerical radius of operators (23)—(25).
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