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Abstract: In the present paper, we study some approximation properties of the Szasz type operators involving Charlier
polynomials introduced by Varma and Tasdelen in 2012. First, we establish approximation in a Lipschitz type space
and weighted approximation theorems for these operators. Then we obtain the error in the approximation of functions

having derivatives of bounded variation.
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1. Introduction

In 1950, Szdsz [20] introduced the following linear positive operators:
Sulfia) = ey Tl g (K (L1)
n\J;T)=¢€ — 1, .
= k! n

where z € [0,00) and f(z) is a continuous function on [0,00) whenever the above sum converges uniformly.
Many researchers have studied approximation properties of these operators and modified Szdsz operators by
involving different types of polynomials. Jakimovski and Leviatan [13] defined a generalization of Szész operators
including the Appell polynomials and gave the approximation properties of these operators. In [21], Varma et
al. considered the generalization of Szasz operators involving Brenke type polynomials and studied convergence
properties by using the Korovkin type theorem and the order of convergence with the help of classical method.

Recently, Altomare et al. [3] introduced a new kind of generalization of Szdsz—Mirkajan—Kantorovich
operators and obtained the rate of convergence by means of suitable moduli of smoothness. Several researchers

also defined different types of generalizations of these operators and studied their approximation properties; we

refer the reader to those papers (cf. [5, 4, 7, 8, 15, 17]).
In [22], Varma and Tagdelen constituted a link between orthogonal polynomials and the positive linear opera-
tors. They considered Szész type operators including Charlier polynomials. These polynomials [11] have the

generating functions of the form

¢ u 00 " tk
et<1—> :ZC,(C)(u)y, It| < a, (1.2)

a
k=0
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where C\(u) = f: <k>(—u)r<1)T and (m)o =1,(m); =m(m+1)---(m+j —1) for j > 1.

r a
r=0

For C,[0,00) := {f € C[0,00) : |f(t)] < Me" for some v > 0,M > 0 and ¢ € [0,00)}, Varma and

Tagdelen [22] defined the following Szdsz type operators involving Charlier polynomials
(a—1)nz oo (a)
_ 1 C"(—(a—1)nz) ,(k
Lo(fiza)=et{1-= b =, 1.3
(riz.a) = (1-1) I N € (13)

where @ > 1 and z € [0,00). For the special case a — oo and = — % instead of z, these operators reduce to
the operators (1.1). They studied uniform convergence of these operators by applying the Korovkin theorem

on compact subsets of [0,00) and the order of approximation by using the classical modulus of continuity.

This paper is structured as follows. In Section 2, we present some moment estimates and a result needed
to study approximation of functions with derivatives of bounded variation. In Section 3, we discuss the main
results of the paper wherein we establish approximation in a Lipschitz type space and weighted approximation
theorems for the operators L,,. Lastly, we obtain the rate of convergence for the functions having a derivative

of bounded variation on every finite subinterval of [0, c0), for these operators.

2. Preliminaries

Let e;(z) =2%,i=0,1,2,---

Lemma 1 [22] For the operators Ly (f;x,a), we get
(i) Ln(eo(t);x,a)=1;

(i) Lp(e1(t);z,a) =z + %;

T 1 2
(ZZZ} LH(GQ(t);xva) - x2 + E <3 + a_1> + ﬁ

Lemma 2 For the operators L, (f;x,a), we have

3

2
| U AU Y S 5
(i) Lnles(t)iz,a) =2°+ n(6+a—1>+n2((a—1)2+a—1+5 +n3

3 2
) L@ 6 x 30 11
M = —_— 1 — T 1
(”) En(e4(t),x,a) "+ n( O+a_1>+n2(3 +a_]_+(a_]_)2

SR U L B,
n3 a—1 (a—1)2 (a—1)3 nt’
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Proof From the generating function of the Charlier polynomials given by (1.2) we have

= B30 (—(a — 1)na) 1\ (emhne 3 1 3
— 1—- = 3.3 2, 2 2
Z X e( a) [nx —|—J;n<6—|—a_l)+ xn<(a_1)2+a 1—}—5)4—5}

k=0 -

oo — —
e (—(a—1 1\ lembne 6 30 11
Z e (—(a Jnz) = e(l — ) [n4x4 + x3n3 <10 + ) + x?n? (31 + + 2)
P k! a a—1 a—1 (a-1)
31 20 6
1
+ n:v<67+ p— + (a—17 + (a—1)3) + 5],
from which the lemma is immediate.
O
Let e?(t) = (t —x)%,i=0,1,2---
Lemma 3 For the operators L, (f;z,a), we have
. . 1
(i) Ln(ef(t);z,a)= E;
(ii) Lo(eg(t):za) = —"F 4 2.
n\“2 IRl - ’I’L(CL - 1) TZQ,
T 49 20 6 z? 46 3 15
) Luetttrno =5 (1 2 - ) (0 Gy )
Proof Using Lemmas 1 and 2, the proof of this lemma easily follows. Hence, the details are omitted. O

To study the rate of convergence of functions having a derivative of bounded variation, let us rewrite the

operators (1.3) as

Lalfisa) = [ 1) g (Ko w.0)} o, 2.1)
0 aw
where
(a—1)nz ~(a) (L
Zeil 1—1 Cp (=(a 1)nx)’ if0<w< oo,
Kn(z,w,a) = = a k!
- 0, if w=0.

From Lemma 3, for x € (0,00) and sufficiently large n, we have

Lol ()] ,) < (Laleg (0, ) < 20T, (22)

where A(a) is some positive constant depending on a.

We also get, for r > 2 and fixed = € [0, 00),
L,(e5.(t);xz,a) =0Mn™"); n— 0. (2.3)

Lemma 4 For all x € (0,00) and sufficiently large n, we have
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, 0<t <z

. — ti z,w,a)} dw L AMajz
(Z) ﬁn,a(xvt)_/o Jw {Icn( » )}d < (I*f)z n

g >~ 0 1 Aa)x
— = — < —
(i) 1 —19pq4(x,2) /z B0 {Kn(z,w,a)} dw < G2 n x <z <00,

where \a) is a constant as described in (2.2).

Proof First we prove (i).

to tir—w\® 0
Unalz,t) = /0 0 {Kn(z,w,a)} dw < /0 < pr— > 0 {Kn(z,w,a)} dw
1
< — )%
S _t)2£n((w x)%z,a)
< 1 AMa)z
- (x—=t)? n
The proof of (ii) is similar, and hence it is omitted. O

Theorem 1 [22] Let f € C[0,00) N E. Then

lim £,(f;z,a) = f(x),

n— oo

and the operators given by (1.3) converge uniformly in each compact subset of [0,00) where
E = {f:[O,OO)—)R,|f($)|SM6AI,AER and MeR"}.

In what follows, let C3[0,00) be the space of all real valued bounded and uniformly continuous functions

f on [0,00), endowed with the norm ||f|[s,(0.0) = sup [f(2)].
7 )

z€[0,00

3. Main results

3.1. Degree of approximation

Let ay,as > 0 be fixed. We consider the following Lipschitz type space (see [18]):

|t —=|"

(t+ a122? + agx)?

Lipg\‘}haz)(r) = {f € C’B[O,oo) @) = fle)| <M ix,t € (0,00)}7
where M is a positive constant and 0 < r < 1.

Theorem 2 Let f € Lipg\zl’az)(r) and r € (0,1]. Then, for all x € (0,00), we have

Cnal@) )

a122 + asw

| L(f;2,a) — f(x) |< M(
where Cna(x) = Ln(e3(t); 2, a).
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2 2
Proof Applying the Hélder’s inequality with p = - and g = Cy we find that
(a—1)nz oo (a) 24 r/2
1 C.(—(a—1 k B
| La(fiz,a) — f@) | < {elQa> y Gt m”f(n)ﬂ@ }
k=0
k 2
(a—1)nz oo (@), < — :L'> r/2
< M{e_1< B 1) Z Y (a' 1)nx) i n i } .
a Pt k! (ﬁ 4+ a12? + agx)
(a1,a2) 1 1

Since f € Lipy,"*'(r) and

,Vz € (0,00), we have

<
2
\/% + a12? + aqx vaiz? + axx

| Lo(fiz,a0) — fz)| < M)g{el (1 . 1><a1>m i C9(—(a— 1yna) (k ) x>2}r/2

<
(a122 + asx a pors k! n
EVEYCRY
- a12? + asw
This completes the proof of the theorem. O
Next, we obtain a local direct estimate for the operators defined in (1.3) using the Lipschitz-type maximal
function of order r introduced by Lenze [16] as
~ t) —
Op(f,x) = sup M, z €[0,00) and r € (0,1]. (3.1)

t#z, t€[0,00) |t - I|T

Theorem 3 Let f € C’B[O,oo) and 0 <r < 1. Then, for all x € [0,00), we have

1Lo(fi2,0) — f(2)] < T (f, 2) (Cnal@)) .

Proof From equation (3.1), we have
|£n(f,.’£, a’) - f($)| < ‘:}T(fa .’E)L:n(|t - $|T; Z, a)'

2 2
Applying Holder’s inequality with p = — and ¢ = o W get
r —r

|Ln(f2,0) = f(@)] < @r(f,2)(Ln((t — )% 2,0))F < Be(f,2)(Cnal2))?.

Thus, the proof is completed. O
3.2. Weighted approximation
Let B,[0,00) be the space of all real valued functions on [0,00) satisfying the condition |f(z)| < Myp(x),

where My is a positive constant depending only on f and ¢(z) = 1+ 2% is a weight function. Let
C,[0,00) be the space of all continuous functions in B,[0,00) with the norm |[|f|, := sup @)l and
z€[0,00) ¢(Z)
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C7[0,00) := {f € C,[0,00) : lim f ()] is ﬁnite}.

w00 p(x)

The usual modulus of continuity of f on [0,b] is defined as

wy(f,0) = sup  sup [f(t) = f(z)].

|[t—z| <8 z,te[0,b]

Theorem 4 Let f € C,[0,00). Then we have

Hﬁn(fa '7(1) - fHC[O,b] S 4Mf(1 + bz)(n,a(b) + 2wb+1 (f7 Cn,a(b))a

ab 2

where Cn,a(b> = m + ﬁ

Proof Let x € [0,b] and ¢t > b+ 1. Then ¢t — 2 > 1, and hence

[£(t) = f(2)]

IN

Mp2+t*+2%) = Mp{2+22> + (t —2)* +2z(t — 2)}

IN

My(t — )% (3 + 2z + 22%)

IN

AMp(1 + 2%)(t — 2)% (3.2)
For x € [0,b] and ¢ € [0,b+ 1] we have

10~ F@)l <wnn(file—a) < (14 5 ann(rio), (33)

Thus, from (3.2) and (3.3) for all z € [0,b] and ¢t > 0, we have

50~ F@)] < 11+ e -2+ (14 5 Yo (£.0).0 >0,

Hence, applying Cauchy—Schwarz inequality, we get

|L.(f;2,a0) — f(x)] < 4Mf(1—|—x2)£n((t—x)2 x,a) + wpr1(f, 0 <1—|— —L,( x;x,a))

< AMg(1 +x2)cn,a( )+ w1 (f,0 ( \/Cna )
< 4Mf(1+b2)Cn,a( ) + W1 f7 ( \/Cna >
Choosing § = /(pn,q(b), we get the desired result. O

Theorem 5 Let f € C3[0,00). Then we have

lim [[£a(f:a) — fll, = 0. (3.4)
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Proof From [9], we know that it is sufficient to verify the following three equations:
lim [|£,(em; - a) —emle =0, m=0,1,2. (3.5)
n—oo

Since L, (eg;x,a) =1, the condition in (3.5) holds true for m = 0.

By Lemma 1, we have

1
r+——-x
n

<

S |-

1+ 22

||L‘n(el? -,a) - el‘lcp = sup
x>0

Thus, lim ||£,(e1;-,a) —e1]l, = 0. Similarly, we get
n— oo

1 2
i34 — )+ 2 -2
n a—1 n?

||£n(62;-,a)—€2||¢ = i;%l-l-l”z

< 1 34 1 +2
- n (a—1) n?’

which implies that lim [|£,(e2;, a) — eal|, = 0. This completes the proof.
n— oo

O
Next we give a theorem to approximate all functions in C,[0, 00). This type of result is discussed in [10]
for locally integrable functions.
Theorem 6 For each f € C,[0,00) and 5 >0, we have
. [Lo(f;2,0) — f(2)]
1 =0.
oo ioney (1 +22)1+8
Proof For any fixed zy > 0,
|Ln(f;2,a) — f(z)] L0 (f;2,0) — f(z)] |L0(f;2,0) — f(z)]
<
B e = S (R B A (R
|L, (1422, a)]
< N Ln(f) = Fllerowe + 11 lle SIP 2
|f ()]
T T
=: Il+12+.[3, say. (36)

Since |f(z)| <||f||,(1 + %), we have

1£(2)] 11£1l, £l
I f— —_— < < .
ST a8 = 2D T e T (L4 a3)?

r>x0

Let € > 0 be arbitrary. In view of Theorem 1, there exists ni; € N such that

1L, (1+t%2,a0) — (1 +2?)| < ;,Vn > nq,
3|1 f1le
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or
L,(1+t%z,a0) < (14+2%) + < ,Vn > ny.
3171y
Hence,
|L,(1+ %2, 0)| 1 5 €
1 — |,Vn >
11l €
———— 4+ -,Vn > ny. 3.7
(T+a2p T3 =M 3.7
[Ln(1+ 1% 2,0)| Iflle €
Hence, ||f|\<pls;]i)(J (15 29 < (1+x%)ﬁ+§’ Vn > ng.
2 flle | €
Thus, Io + I3 < ——5— + = > n.
us, I+ I3 < (I +a2)? +3, Vn > ny
Now let us choose zg to be so large that ﬂ < <
(1+22)8 "6
Then,
2e
L+ 13< g, Vn > nq. (38)
By Theorem 4, there exists ny € N such that
€
I = La(f) = f lleo,e0 < 3 Vn > na. (3.9)

Let ng = max(ni,ns). Then, combining (3.6)—(3.9):

wpy [nlfi0) = S@)
z€[0,00) (1 +$2)1+5

<e€, VYn>ngp.

This completes the proof. O

3.3. Rate of approximation

In this section we obtain the estimate of the rate of convergence for the operators L£,, for functions with deriva-
tives of bounded variation. In recent years, several researchers have obtained results in this direction for different
sequences of linear positive operators. We refer the reader to some of the related papers (cf. [1, 2, 6, 12, 14, 19],
etc.).

Let f € DBV,[0,00), v > 0 be the class of all functions defined on [0, 00), having a derivative of bounded
variation on every finite subinterval of [0,00) and |f(¢)| < MtY, ¥V t > 0.
It turns out that for f € DBV,[0,00), we can write

ﬂm=42wm+ﬂw

where g(t) is a function of bounded variation on each finite subinterval of [0, c0).
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Theorem 7 Let f € DBV,[0,00). Then for every x € (0,00), r € N(2r > v) and sufficiently large n, we have

"(z+) = f'(2— a)z ) ?
|Ln(f;2,a) — f(z)] < fla+) = f( )H)\() +l

f'lzt) + f’(w—)‘

2 n n 2
e+ Jn [Vn Jz+5 1/2
K2 i, Aa) / / Aa)z
A ACARED DAVACARAT I o
T—& k=1 z—%

@)~ f@) — af e A CODRD |y MO,

where

fi(t) = 0, t=uz,

{f/(t)—f’(er), z <t < o0,
f@) = flla=), 0<t<ua.

\/f(f:;) is the total variation of f. on [c,d] and C(vy,z,7,a) is a constant depending only on v, =, v, and a.
Proof By the hypothesis, we may write

o = 3(ren )+ e (£ - £ st
+.00(10 - 3 (Fan +760) ). (3.10)

where

En(f;xva) - f((E)

I
Q.)
H~

R

o+

Q

=
kﬁ
=
=
=
|
=
N—
I
S—
8
&h
=
S~—
I
“\H
—~
&
2|
N
—~
>
3
8
\.P%
&
—

QU

=

_ /(/f du> xta}dt+/ </f du)at (b a) b dt

= —Fi(n,z,a) + Fa(n,z,a), say.

By using equation (3.10), we get

Anaa = [ [ (e re) « mw g (£en - e )smt - o
#0u0) (£/0) = 5 (£ 4 00)) ) a5 oty
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Since f ))du = 0, we have

Fi(n,x,a) = ;(f’(z+)+f’(x)> /OI(:ct)aat{lC (x,t,a }dt+/ (/ Io(u du) Kn(x,t,a)}dt

f% <f'(x+) - f’(x)) /OaC |z — t|% {Kn(x,t,a)}dt. (3.11)

Proceeding similarly, we find that

Fo(n,.q) — ;<f o) + 'z )[O(t—x)gt{/c (xta}dt+/ (/ . (u du) Ko (2,8, a)} dt
;( )/:o |t—m|%{l€n(x,t,a)}dt. (3.12)

Combining (3.11) and (3.12), we get

Llfiva = 1) = g(fen+ ) [e-a g o)

w3 (rwn = @) [Tl o) d

_/Oz</tzf;(u)du); (xta}dt+/ (/f du> Ko, t,a)} dt.

Hence,

\Ln(fs2,a) = f(2)]

f’(w+);f’(:v—) Lo(|t —z|;2,q)

+ OI (/: f;(u)du>§t n(z,ta }dt‘ (/ falu du) (z,t a)}dt‘ (3.13)

On an application of Lemma 4 and integration by parts, we obtain

/j(/jﬁw)du); n(z,t,a)}dt = /(/f du)atnaxtdt /f Vo, t)d

Thus,

f'(a+) = /(@)

<
- 2

n(tfx;xaa” +

/Ow</tzfqlc(U)du>;{ICn(x,t,a)}dt' < /Ow|f;(t)|ﬂnya(xvt)dt

/O L) [ D)+ /7L £ (8)] 00 (2, )t

vr

IN
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Since fi(z) =0 and 9, o(z,t) <1, we get

JERAGE / 100 = @ aeirs [\
xr— r— x*T

IN
a\ =
\

||
Sl
<=
o

Tr—

Similarly, applying Lemma 4 and putting ¢t =z — %, we get

= t
<
JRRTACTER "

INA
\
<
=
I

Consequently,

/OI (/tw f;(u)du>§t{lcn(x,t,a)}dt‘ < % \/ () + Afla) [:ﬁ] \”“/ (). (3.14)
5 =g
Also, we have
N (/t f;(u)du>;{nn(x,t,a)}dt’

< [ [T ([ ) = vt
+ /: (/: f;(U)du);{iCn(x,t,a)}dt’
< | [Cu0-1@)g oy c1ren] [T -0 g Ko
+ |  )du| 1~ 0 20)] ¢ / PO = O )i (3.15)

We may write

2x w-‘rin 2x
/ PO = O ol O))dt = / TN ~ o, 1)+ / L0 = 0y o 1)t

er%
=: Il +IQ (say). (316)
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Next, we estimate I5.
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(1 =94z, t)) <1, we have

:v+in
L = / T — L@ — D, 1))t

IA
a\a
+
:‘“
s <
S
N—
&

- \ (). (3.17)

Applying Lemma 4 and putting ¢t = z + I we have

2x
L =/ PN = Do (2, )t

r

< A(Z)x / v 10~ £

< Ao Ty L o

- A /fx\:/uu)d

< 2O

< Aﬁl“)[:é]mi/im (3.18)

Putting the values of I; and I3 in (3.16), we get

2x T m+% )\(a o+ %
I e e A AR SO OY

In view of (2.

(f2)- (3.19)

2), (3.15), (3.19), and Lemma 4, we get

00(/ f;(u)du>;ﬁ{lCn(x,t,a)}dt’ < M Oot'yg{lCn(x,t,a)}dt+|f(x)| Ooa{lCn(m,t,a)}dt

2x at 2 at

[f(22) = f(z) — 2 f ()]

Aa)z }1/2 Aa)

+
nr

a0l

NERVATAREGE SRVIT) (320)
T k=1
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Since t < 2(t — ) and = <t — x when t > 2z, applying Holder’s inequality, (2.2), and (2.3), we obtain

M [0S Kty @) [ 5 ) di
9y Ot 9p OF
e 0 x 9
< M2 /21 (t— ;p)”’a {Kn(z,t,a)}dt + % /0 g {Kn(x,t,a)} (t — x)%dt
[e%s) a v/2r )\(a)
< M2 t— ) —{K,(z,t,a)} dt =
< vz ( [Ta-o fKaabd) @)
C(y,z,r,a) Aa)

< T—Hﬂxﬂﬂ (3.21)
Combining (3.13), (3.14), (3.20), and (3.21), we get the required result. O
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