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Abstract: For a finite commutative ring S (resp., a finite abelian group S) and a positive integer k > 2, we construct
an iteration digraph G(S,k) whose vertex set is S and for which there is a directed edge from a € S to b € S if

b = a®. We generalize some previous results of the iteration digraphs from the ring Z, of integers modulo n to finite
commutative rings, and establish a necessary and sufficient condition for G(S, k1) and G(S, k2) to be isomorphic for any

finite abelian group S.
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1. Introduction

In 1992, motivated by [0], Szalay investigated properties of the iteration digraph representing a dynamical
system occurring in number theory [12]. Subsequently, Rogers’ published paper [7] concerned the graph of the
square mapping on the prime fields, which was a topic appended as a kind of postscript to his talks on discrete
dynamical systems. In recent years, there has been growing interest in the iteration digraphs associated with
the ring Z,, of integers modulo n, the quotient ring of polynomials over finite fields, and the ring of Gaussian
integers modulo n, etc. (e.g., see [1, 3, 4, 11, 13, 14, 15]).

We describe this iteration digraph below. Let S be a finite commutative ring (resp., a finite abelian
group). The graph G(S,k) (k > 2 is a positive integer) is a digraph whose vertices are the elements of
S and for which there is a directed edge from a € S to b € S if b = a*. In this paper, we generalize
some previous results of iteration digraphs from Z, to finite commutative rings and establish a necessary and
sufficient condition for G(S, k1) and G(S, kz2) to be isomorphic for any finite abelian group S'.

A component of a digraph is a directed subgraph that is a maximal connected subgraph of the associated
undirected graph. If « is a vertex of a component in G(S, k), we use Comg(«) to denote this component.

Suppose « is a vertex of G(S,k). The in-degree of «, denoted by indegg(a), is the number of directed
edges entering «. We will simply write indeg (o) when it is understood that « is a vertex in G(S5,k).

Cycles of length t are called t-cycles, and cycles of length one are called fixed points. For an isolated

fixzed point «, the in-degree and out-degree (i.e. the number of edges leaving «) are both one. Suppose that

a is a vertex in G(S,k); « is said to be of height h > 0, if h is the minimal nonnegative integer such that k"
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is a cycle vertex. If the maximal height of all vertices in a component is A, then we say that this component
has height A. Attached to each cycle vertex o of G(S, k) is a tree T's(a) whose root is a and whose additional
vertices are the noncycle vertices 8 for which Bki = « for some positive integers i, but ﬁkFl is not a cycle

vertex.
Further, if R is a ring, let U(R) denote the unit group of R and D(R) the zero-divisor set of R. For

a € U(R), o(«) denotes the multiplicative order of o in R. If R = Z,,, then we write ord,« instead of o(«).
Moreover, we specify two particular subdigraphs G1(R, k) and Ga(R, k) of G(R,k), i.e. G1(R,k) is induced
by all the vertices of U(R), and G2(R, k) is induced by all the vertices of D (R).

This paper is organized as follows. After this introduction, we obtain some results in Section 2 on cycles
and components of G(R, k) for finite commutative rings R. These results generalize the work [15] on the digraph
associated to the square mapping. In Section 3, we employ the digraphs products to explore the symmetric
digraphs and obtain results parallel to those of Somer and Kiizek [10]. Section 4 gives a necessary and sufficient
condition for G(H, k1) and G(H,kz2) to be isomorphic, where H is a finite abelian group. This result extends

the work in [1] for the multiplicative group of a prime field F,,.

2. Cycles and components

The exponent exp(H) of a finite group H is the least positive integer n such that ¢" = 1 for all g € H.
By the finite group theories, it is easy to show that if H is abelian; then there exists an element g € H such
that o(g) = exp(H). In papers [9, 10, 11], the Carmichael lambda- function A(n) played the key role in the
structure of G(Zn, k). In fact, the function A(n) is equal to exp(U(Z,)). Throughout this paper, we simply
write A(R) instead of exp(U(R)), where R is a ring.

It is well known that if R is a finite commutative ring with identity 1, then R can be uniquely expressed

as a direct sum of local rings:
R=Ri®---®Rs, s=>1 (2.1)
where R; is a local ring for i =1,...,s.

Lemma 2.1 ([5, Theorem 2]) Let R be a finite local ring with identity element 1 that is not necessarily
commutative. Let M be the unique mazimal ideal of R. Then |R| = p™, |M|=p"=V7  M" = {0}, and
char(R) = p*, where char(R) is the characteristic of R, p is a prime, n, r, k are positive integers, and
1<k<n.

Note by Lemma 2.1 that if n =1, then R is the field Fpr with |F,-| =p".

Since the unit group of a finite commutative ring is a product of some cyclic groups, we give some results

concerning the iteration digraphs of cyclic groups that have been shown in paper [3].

Lemma 2.2 Let k > 2 be an integer. Let C,, = (a) be a cyclic group with o(a) =n. Suppose ged(n, k) = d.

Then in G(Cy, k) we have the following conclusions.
1. For a® € C,,, indeg(a®) > 0 if and only if d|z.

2. If d|z, then indeg(a®) = d.
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3. G(Cy, k) has exactly one component if and only if ¢ |k for any prime factor ¢ of n.

A digraph is regular if all its vertices have the same in-degree, while the digraph G(R, k) is said to be

semiregular if there exists a positive integer d such that each vertex of G(R, k) has either in-degree 0 or d.

Theorem 2.3 For any finite commutative ring R and k > 2, G1(R, k) is reqular or semiregular. In particular,
if UR) = Cp, X -+ X Cy, , where C,, is a cyclic group with order n;, and ged(n;, k) =d; for i € {1,...,t},
t > 1. Then for a € U(R), indeg(a) =0 or dy---d;.

Proof Let o = (ay,...,a;) € U(R), where a; € C,, for i € {1,...,t}. If indeg() > 0; then indeg, (a;) >0
for i € {1,...,t}, and hence

indegp(a) = indege, (a1) x -+ x indegg, (ar) =dy---di

by Lemma 2.2. Therefore, if d; = -+ = dy = 1, then indegr(e) = 1 and G1(R, k) is regular. Otherwise,
G1(R, k) is semiregular. O
Let T'; be a subdigraph of G(S,k;), i =1,2. We say that I'y 2 T'y if there exists a mapping f from the

vertex set of I'y to that of I's for which f satisfies the following conditions:
1. f is one-to-one and onto.
2. f sends vertices of height h into vertices of the same height h.
3. f is edge-preserving, that is, [f(a)]*? = f(a*?) for a € T;.

Similarly to the proof of Theorem 29 of [3], we have the following theorem.

Theorem 2.4 Let R be a finite commutative ring. Let 8 € U(R) be a cycle vertex of G(R, k) for k > 2. Then
the tree Tr(1) is isomorphic to the tree Tr(S).

Proof Let i > 0 be an integer. Let 3; be the unique vertex in G1(R, k) that is in the same cycle as 5 and

such that ﬁfi = 3, i.e. B; is the cycle vertex i vertices before 5. We define the mapping f from Tg(1) into
Tr(B) by f(a) = aBy for any vertex o with height A > 1 in Tr(1). It is easy to show that the mapping f is

one-to-one and onto. Further,
[f()]F = (aBn)* = "B} = a* By = f(a¥),

where = Pp—1 18 derive the uniqueness of 3, while f(a”) = a”B,—1 because the height of o” 1s h —1.
h 5,’? B is derived by th i f 5 h'lf(k) kﬂ b hh'ghfk'hl

Thus the mapping f is edge-preserving and hence the tree Tr(1) is isomorphic to the tree Tr(5). O

Theorem 2.5 Let R be a finite commutative ring. Let u be the largest divisor of A(R) relatively prime to
k>2.

1. The vertex « is a cycle vertex in G1(R, k) if and only if ged(o(a), k) =1.

2. The vertex « is a cycle vertex in G1(R, k) if and only if o(a) | u.
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Proof (1)If o lies on a t-cycle, then ¢ is the least positive integer such that o' = a.. Therefore, o(a) | (k' —1)
and clearly ged(o(a), k) = 1. Conversely, if ged(o(a), k) = 1, then there is a least positive integer ¢ such that
k' =1 (mod o(c)), and hence o'

(2) Let AM(R) = wv. Then for any prime factor ¢ of v, we have ¢|k. If ged(o(e),k) = 1, then
ged(o(a),v) = 1. It is obvious that o(«)|u since o(a) | A(R). Conversely, if o(a)|u, then ged(o(a), k) = 1.
Therefore, by (1) above, case (2) holds. O

= «. Thus « lies on a t-cycle.

Theorem 2.6 Let R be a finite commutative ring and k > 2.
1. The element 0 is an isolated fixed point in G(R, k) if and only if R is a direct sum of fields.

2. The identity 1 is an isolated fixed point in G(R, k) if and only if ged(A(R),k) = 1.
Proof Let R be asin (2.1).
(1) Suppose o = (ai,...,as) € R satisfies o* = 0. Then 0 is an isolated fixed point in G(R, k) if and
only if indeg z(0) = 1, if and only if af = 0 and indegg,a; = 1, if and only if R; is a field for i € {1,...,s}.
(2) Suppose that ged(A(R), k) = 1. Then ged (A(R;), k) =1 for each i € {1,...,s}. Then for a € U(R;),
ged(o(a), k) = 1. By Theorem 2.5, « lies on a ¢-cycle in G(R;, k) for some ¢ > 1. Therefore, indegr(1) = 1.
O

The converse is clear.

Theorem 2.7 Let R be a finite commutative Ting and k > 2.
1. Gi(R,k) is regular if and only if gcd(A\(R),k) = 1.
2. G1(R,k) is semiregular if and only if gcd(A(R), k) > 1.
3. G2(R, k) is regular if and only if R is a direct sum of s > 2 fields with gcd(A(R),k) =1, or R is a field.

4. G(R,k) is regular if and only if R is a direct sum of s > 1 fields and ged(A(R), k) = 1.

Proof By Theorems 2.3 and 2.5, we derive (1) and (2).

Now suppose that Go(R, k) is regular. Let R be asin (2.1). Then for o € D(R), we have indegr(a) = 1.
If there exists i € {1,...,s} such that R; is not a field, without loss of generality, we assume that R; is not a
field. Then there exists 0 # a € D(R;) such that a* = 0. Therefore, a = (a,0,...,0) € D(R). Then o* =0,
and hence indeg p(0) > 1, which implies that G5(R, k) is not regular, a contradiction. Thus we assume that
each R; is afield for i € {1,...,s}, s > 1. If s =1, clearly Ga(R, k) is regular. If s > 2 but ged(A(R), k) > 1,
then there exists a prime p such that p|A(R) and p|k. Therefore, we have an element b, € U(R,) for some
te{1,...,s} with o(b;) = p. Hence b} = b = 1. For convenience, let t =1 and 3 = (1,0,...,0) € D(R). It
is clear that indeg () > 1 since (b1,0,...,0)* = 3. Therefore, G2(R, k) is not regular, a contradiction, and
so we derive that gcd(A(R),k) = 1. The converse of case (3) is clear.

Finally, note that G(R, k) is regular if and only if both G1(R,k) and G3(R, k) are regular. Therefore,
case (4) follows from cases (1) and (3). O
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By Theorem 2.3, for any finite commutative ring R and k > 2, G1(R, k) is either regular or semiregular,
and, by Theorem 2.7, we characterize all regular digraphs G2 (R, k). However, the semiregularity of Gao(R, k) is
not easy to obtain (e.g., see Theorem 4.4 of [9] and Theorem 4.2 of [13]). In the following theorem, we present

a condition when G2(R, k) is semiregular.

Theorem 2.8 Let R be a finite commutative local ring with unique mazimal ideal M and char(R) = pt for
some odd prime p. If 2|k, then Go(R, k) is semiregular if and only if oF =0 for a € M.
Proof Suppose that Gy(R, k) is semiregular. If there exists b € M such that b¥ = ¢ # 0, then indeg(c) > 1.

k = c. We see that whenever y* = ¢ for y € M, then (—y)* =c

Consider the solutions in R of the equation x
since 2| k. Moreover, if —y =y, then 2y = 0, which contradicts the fact that the characteristic of R is odd.
Thus —y # y. Further, 0 is not a solution of z*¥ = ¢, and so the number of solutions of this equation is even,
i.e. indeg(c) is even. On the other hand, 0 is a solution of the equation ¥ = 0. Similarly, whenever z* = 0 for
0# 2 € M, then (—2)F =0 with —z # 2. Therefore, the number of solutions of the equation * = 0 is odd.
Consequently, indeg(0) is odd. Hence, indeg(0) # indeg(c). Therefore, G2(R, k) is not semiregular, which is a

contradiction. This implies that for a € M, a* = 0. The converse is obvious. O

Theorem 2.9 Let R be a finite commutative ring. If Go(R, k) contains a t-cycle (t = 2), then G1(R, k) also
contains a t-cycle.

Proof Let R be asin (2.1). If Go(R, k) contains a t-cycle (¢ > 2), then it is obvious that s > 2. Suppose
that o = (aq,...,as) lies on a t-cycle of Go(R, k), where a; € D(R;) or U(R;). Then a; lies on a t;-cycle of

G(R;, k) for i € {1,...,s}. For convenience, we can suppose that a; =--- = a,, =0, where s—1>m > 1,
while a; € U(R;) for j € {m+1,...,s}. It is evident that lem[t1,...,t;] =¢. Since t; =--- =1t,, = 1, we have
lem[ty,q1,...,ts) =t. Let = (b1,...,bs), where by = --- = b, =1, while b; = a; for j € {m+1,...,s}.
Clearly, 5 € U(R) and 3 lies on a t-cycle of G1(R, k). O

Recall that the Carmichael lambda-function A(n) is defined as follows: A(1) = A(2) = 1, A(4) =
2, A2F) = 2872 for k > 3, A(pF) = (p — 1)pF~! for any odd prime p and k > 1, A(ph-..ph) =
lem[A(pfY), ..., A(pkr)], where py,...,p, are distinct primes and k; > 1 for i € {1,...,r}. Let L(G(R,k))
denote the length of the longest cycle in G(R, k). In the following theorem, we obtain r]?g%( L(G(R,k)) via

A(n), where n = A(R).

Theorem 2.10 Let R be a finite commutative ring. Then max L(G(R,k)) = AM(A(R)).

Proof By Theorem 2.9, L(G(R,k)) = L(G1(R,k)). Further, let u be the largest divisor of A(R) relatively
prime to k. Then there is an element g € U(R) with o(g) = u. By Theorem 2.5, g lies on a t-cycle. Then
u| (k' —1). Let v € U(R) be a cycle vertex. Then by Theorem 2.5
on a m-cycle. Then m is the least positive integer for which k™ = 1 (mod o(y)). Since o(7)|u, we have
o(7)|u|(k* —1). Hence, m |t and so we can conclude that L(G1(R,k)) = ord,k.

Let n = A(R). By the properties of the exponent of finite groups, it is well known that there is a positive
integer z € U(Z,) such that ord,z = A(n). Hence, by the argument above, L(G1(R,z)) = ord,z = A(n) =
AMA(R)) since ged(z,n) = ged(z, A(R)) = 1.

again, o(y)|u. Assume that v lies
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Now let k& > 2 be an arbitrary integer. Then L(G1(R,k)) = ord,k, where u is the largest divisor of
A(R) relatively prime to k. Thus ¢ is the least positive integer such that k! = 1 (mod ). Moreover, since
k € U(Z,), we have k**) =1 (mod u). Therefore, we derive that ¢ |A(u). Note that u|A(R). Thus we have
t| A(u) | M(A(R)). The assertion now follows. O

3. Digraphs products and symmetric digraphs

Given two digraphs I'; and I's, let T’y x I’y denote the digraph whose vertices are the ordered pairs (aj,as),
where a; is an arbitrary vertex of I'; for ¢ = 1,2. In addition, there is a directed edge in I'; x I'y from
(a1,a2) to (b1,bs) if and only if there is a directed edge in I'y from a; to by and there is a directed edge
in Ty from ag to be. In general, if S = S; @ --- @ S, where S, Sy, ..., S; are rings (or groups), then
G(S,k) 2 G(S1,k) x - - x G(Sy, k). In this section, we employ the digraphs products as the key tool and obtain

results parallel to the work of Somer and Kfizek, et al.

Lemma 3.1 Let I'v, I's, I'T, and I'5 be digraphs with I'y =TT, I'o =215, Then I'y x 'y 2T xI';.
Proof Let f, be the digraph isomorphism from I',, onto I}, , where m = 1,2. We define the mapping F
from I'y x I'y into I'T x I'; by

F((a,b)) = (fi(a), f2(b)),

where (a,b) is an arbitrary vertex of Ty x 'y, @ € T’y and b € T's. It is easy to check that F is a digraph
isomorphism from I'y x I's into I'f x I';. O

Let M > 2 be an integer. The digraph I' is said to be symmetric of order M if its set of components
can be partitioned into subsets of size M, each containing M isomorphic components. Paper [10] investigated

the symmetric digraphs of G(Z,, k). Now we generalize some results and improve their proofs from [10].

Theorem 3.2 Suppose that R = Ry ® Ry, where Ry and Rs are finite commutative rings. Let k > 2 and
M > 2 be integers. Let J(Ri,k) be a disjoint union of exactly M distinct components of G(Ri,k) such
that these components are all isomorphic. Let L(Rg,k) be a disjoint union of components of G(Ra,k). Then
J(Ry1, k) x L(Ra,k) is a disjoint union of components of G(R,k) = G(R1,k) x G(Ra,k) that is symmetric of
order M .

Proof Suppose that the M isomorphic components in J(R;, k) are Jy,...,Jy with J; =& J; for i,t €
{1,..., M} and each cycle in J(R1,k) is an s-cycle. Let L be any component of L(Rs,k) with a d-cycle.

M
Then J(Ry,k) x L= |J(J; x L). Clearly, there are exactly
i=1

sd

lem[s,d] ged(s, d)

components in each subdigraph J; x L for i € {1,...,M}. By Lemma 3.1, J; x L = J, x L for i,t € {1,..., M},
which implies that for each component A,;, in J; x L, where r = 1,...,gcd(s,d), there exists a component
Ay, in Jy x L so that A; , =2 Ay ,. Hence, Ay, 2 Ay, =--- = Ay . Therefore, J(R1,k) x L is symmetric of
order M, and hence J(R1,k) X L(Ra,k) is symmetric of order M . O

Theorems 5.1 and 5.7 of [10] determined the symmetric digraph of order M associated to Z,, for various

integers M > 2 when n was given. Similarly, we have the following results for finite commutative rings.

877



WEI and TANG/Turk J Math

Theorem 3.3 Let R = Ry ® Ry, where Ry and Ry are finite commutative rings.

1. Suppose that R; is a local ring with unique maximal ideal M such that |R;| = 2|M|=2", n > 1. Then

G(R, k) is symmetric of order 2 if one of the following conditions hold.

(a) n<2<kand 2|k.
(b) n=3 and 4|k.

(c) n>4 and 2" 2 |k.

2. Suppose that R; is a local ring with unique maximal ideal M such that |R;| = p|M| = p™, p is an odd
prime, n > 1. Suppose further that (p—1)|(k—1) and p"~!|k. Then G(R, k) is symmetric of order p.

3. Suppose that Ry = Fptl @ @Fpts , where pi,...,ps are primes, t1, ..., ts and s are positive integers.
1 s

S
Suppose further that [] (pl —1)|(k —1). Then G(R, k) is symmetric of order pf' ---pts.
i=1
4. Suppose that Ry = Ry & ]Fpt1 @ ®F;., where Ry is a local ring with unique maximal ideal M,
: ¢
|Ro| = po|M| = pfj, po is an odd prime, n > 2, t;, ..., t, and s are positive integers, pi,...,ps are

primes such that py # p; and pg )[pf —1 for i € {1,...,s}. Then there is a positive integer k such that

S

k=1 (mod (po— 1) [[(p}* = 1)), k=0 (mod pj~"). (3.1)
i=1

ts
s -

Moreover, G(R, k) is symmetric of order pop} ---p
Proof (1) If n =1, then Ry = Fy. Therefore, G(R;, k) is symmetric of order 2 for k > 2. If n = 2, then
Ry = Z4 if char(Ry) = 2. Otherwise, if char(R;) = 2, then by Theorem 3 of [5], R; is isomorphic to the ring

of upper triangular matrices R* over Fs, where

e={(3 )G GG )

Obviously, R* = Z,[z]/(x?) and R* is commutative. Hence, for o € Ry, either ¥ = 0 or of = 1 if 2|k.
Thus G(Ry, k) has precisely two components, one with fixed point 0 and the other with fixed point 1, and both
components are isomorphic. By Theorem 3.2, part (a) of case (1) holds.

Now suppose n = 3 and 4|k. Clearly o* = 0 or of =1 for a € Ry since |M| = |U(R;)| = 4. By
Theorem 3.2, part (b) of case (1) holds.

We now prove part (c) of case (1). Suppose that n >4 and 2"~2| k. By assumption, |M| = |U(R;)| =
2n~1 and by Lemma 2.1, M™ = {0}. Note that k > n since n > 4 and 2"~ 2|k. We see that o* = 0 for
a € M. Furthermore, by the work of Gilmer in [2], if |S| = 2!, where S is a local ring and ¢ > 4, then U(5) is
not a cyclic group. Thus U(R;) = Cany X + -+ X Can. , where s 2 2, 1 < n; <n—2, Can; is a cyclic group with
order 2™ for ¢ € {1,...,s}, and ny + -+ 4+ ns = n — 1. Therefore, the exponent A(R;) of U(R;) is equal to
2"t for some t € {2,...,n — 1}. Tt follows that 52"_2 =1 for g € U(R;). Moreover, since 2"~2 |k, we have
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B*¥ =1 for B € U(Ry). Thus G(Ry,k) has precisely two components, and both components are isomorphic.
Theorem 3.2 establishes part (c) of case (1).

(2) By hypothesis, |U(R1)| = p"~!(p —1). Therefore, U(Ry) = H; x Hy, where H; and Hy are abelian
groups, |Hy| = p"~! and |Hy| = p — 1. Thus, Y - 1, and hence of = 1 for a € H; since p"~!|k.
Therefore, G(H;,k) has exactly one component and indegy, (1) = p"~!. On the other hand, for 3 € H,,
BP~1 = 1, and hence g% = B*"18 = B since (p — 1)|(k — 1). Thus we can conclude that each vertex of
G(Ha, k) is an isolated fixed point. By the definition of diagraphs products, we have

Gi1(Ry, k) = G(U(Ry), k) = G(Hy, k) x G(Ha, k).

Therefore, G1(R1,k) has precisely p — 1 components, each of them is of height 1, and each cycle vertex is a
fixed point with in-degree p"~!. Moreover, by Lemma 2.1, M™ = {0}. Since p"~!|k, we derive that k > n.
Thus for v € M, ¥¥ = 0, and so indegg, (0) = |M| = p"~!. Hence we can see that G(Ry,k) has precisely p

components, and these components are all isomorphic. Therefore, case (2) follows by Theorem 3.2.

(pi' = 1) | (k—1), we have (p; —1) | (k—1)

K2

(3) It is obvious that a? ~' =1 for a € F i\ {0}. Since

i=1
for i € {1,...,s}. Hence, o* = o*7la = a for a € Fp? \ {0}. Therefore, each vertex in G(szi,k) is an
isolated fixed point. Thus, each vertex in G(Ry,k) is an isolated fixed point, and, by Theorem 3.2, case (3)
holds.

(4) By assumption, ged (po,pfi —1)=1fori=1,...,s. Hence, by the Chinese Remainder Theorem,
it is indeed possible to find a positive integer k such that (3.1) holds. Further, by the proof of (2), G(Ry, k)
has precisely pp components, and these components are all isomorphic. Moreover, by (3) above, each vertex in

G(]Fpt1 @ DF s, k) is an isolated fixed point. Therefore, it is evident that G(R;, k) has precisely popt" - - - pts
1 s

S

components, and these components are all isomorphic. Thus this case follows by Theorem 3.2. O

4. Isomorphic digraphs
Theorem 3.2 in paper [1] established a necessary and sufficient condition for G(Fp, k1) = G(F,, k2), where p is

a prime. In this section, we extend Theorem 3.2 of [1] to any finite abelian group. Before proceeding further,

we present the following propositions on the structure of iteration digraphs of finite groups.

Proposition 4.1 Suppose that H = Cy,, X --- x Cy,, is a finite abelian group. Let ko > k1 be positive integers.

Then G(H, k1) = G(H,k2) if and only if lem[ny, ..., ng| divides ko — k1 .

Proof Let C,, = (g;) for i € {1,...,s}. Let g = (g1,...,9s) € H. Then o(g) = lem[nq,...,ns]. Assume

that G(H,k;) = G(H, ky). Then g* = g*2. Hence, o(g) | (k2 — k1), i.e. lem[ny,...,ng]| (ks — k).
Conversely, assume that lem[ny, ..., ny]| (ks — k1). Then for 8 = (¢&,...,¢%) € H, where 1 < d; <

ni (i =1,...,s), since o(8)|o(g), we obtain £°9 = 1. Accordingly, f*>=* = 1, ie. ¥ = g¥. Thus

G(H, k1) = G(H,k3). O

Proposition 4.2 Let C,, be a cyclic group with order n and k > 2.
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1. Suppose ged(n, k) = 1. Then G(C,, k) is the disjoint union

G(Cn, k) = | (o(ordgk) U--- Uo(ordak)),
d|n

@(d)/ordqk
where o(l) is the cycle of length [ and ¢(d) is the Euler totient function.

2. Suppose that ged(n, k) > 1 and n = wv, where u is the largest divisor of n relatively prime to k. Then

G(Crsk) = | (o(0rdak, T(C,))) U - - U o(ordak, T(C,)))
d|u

p(d)/ordqk

where o(I,T(C,)) consists of a cycle of length [ with a copy of the tree T(C,) attached to each vertex,
and T'(C,) is isomorphic to the tree attached to the fixed point 1 in G(C,, k).

Proof (1) Let C,, = |J Hg, where Hy is the set of elements with order d in C,,, d|n. Since ged(n, k) =1,
d|n

we have ged(d, k) =1 for d|n. Therefore, for g € Hy, ordgk is the least positive integer such that gkorddk =g.

This implies that each element of Hy lies on a cycle of length ordgk. Moreover, since |Hg| = ¢(d), the formula

is established.
(2) Since wu is the largest divisor of n relatively prime to k, p|k for each prime factor p of v. By

Lemma 2.2, the digraph G(C,, k) has exactly one component. Moreover, C,, = C,, x C, since ged (u,v) = 1.
Hence, G(Cy, k) = G(Cy, k) x G(Cy, k). By case (1) above, each vertex of G(C,, k) lies on a cycle. Thus by
the definition of digraph products, the result follows. O

Proposition 4.3

1. Suppose that T'y = G(C’pt,pA) and I'y = G(Cpn,pAm) , where \,t, and m are positive integers and p is a
prime with p4m. Then T'; 2 Ty.

2. Suppose that k1 and kg are positive integers. If p|k; for any prime factor p of n (j = 1,2) and
ged(n, k1) = ged(n, ko), then G(C, k1) = G(Ch, ko).

Proof (1)If A >t, then gpA = gpkm =1 for g € Cp. Accordingly, I'1 =2 TI'y. Now we assume that 1 < A <.
By Lemma 2.2 (3), T'; has exactly one component, and the indegree of any vertex of I'; is either 0 or p*,
i=1,2. Let Cpt = (a). In Ty, for x € {1,...,p"}, the height of a® is h if and only if h is the least positive

h

integer for which (ax)ph =1, ie. p'|zp*. Analogously, in 'y, for y € {1,...,p'}, the height of a¥ is h if
and only if h is the least positive integer for which (ay)pAhmh =1,ie p'|yp*mh. Since p{m, we deduce
that the height of a¥ in I'y is h if and only if h is the least positive integer such that p’|yp**. Accordingly,
the number of vertices with height A in I'; is equal to that of I's for h > 1. Hence, 'y =2 5.

(2) By Lemma 2.2 (3), G(Cy, k;) has exactly one component, j = 1,2. By hypothesis, one can assume
that

¢ ‘s Y As 1 ls
n=p'---pg, kr=p7'-piimy, ke =pi---pime,
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where p; < .-+ < p, are primes, ged(n,m;) = ged(n,ma) = 1, t;, A; and [; are positive integers for i = 1,...,s.
Moreover, min{¢;, \;} = min{¢;,;} for i € {1,...,s}.

It is obvious that G(C,,, k;) = G(ijhkj) X .o X G(C’pgS,kj) for j = 1,2. Therefore, if G(Cp:i,kl) =
G(Cpf:i,kg) for i =1,...,s, then, by Lemma 3.1, one can deduce that G(C,,, k1) = G(Cp, k2).

i

Indeed, since min{t;, \;} = min{¢;,1;}, one has I; > t;, provided that A; > ¢;, and so pﬁ

k;j for j =1,2
and ¢ € {1,...,s}. Thus, it follows from Proposition 4.1 that G(Cp? k) = G(Cp:i ,ph) = G(Cp? ,k2). On the
other hand, if A\; < ¢;, then one has [; = ;. Therefore, for j =1,2, k; = pjn” (mod pf) for some n; ; with
pi 1 n;;. By Proposition 4.1 again, one has G(szi ki) = G(Cp;i ,pf‘iniﬁj). Moreover, by the result of above (1),
clearly G(C’pzi,p;\inm) = G(C’pzi,pf"") = G(szi,pf‘im,g). Accordingly, we obtain G(Op:mkl) ~G(C t,kg)

P,
O

Lemma 4.4 Suppose that
Hng(niva) = Hng(nhb)a (41)
i=1 i=1

where ny,...,ngs, a, b, and s are positive integers. If d| ged(n;,a) for some i € {1,...,s}, then d| ged(n;,b).
In particular, ged(ng,a) = ged(ng, b) for i€ {1,...,s}.
Proof Assume that

n; :ptll«i...pzw, a=pl-plt, b=ph. e
where k> 1, i € {1,...,s}, p1 <--- < py are primes, t;;, l;, h; >0 for j € {1,...,k} and i € {1,...,s}.
Without loss of generality, we prove d| ged(nq,b) if d| ged(nq,a), and it suffices to show that h; > min{l;,¢;1}
for j € {1,...,k}. By way of contradiction, we suppose that h,, < min{l,,,t, 1} for some m € {1,...,k}.

For convenience, assume that hy < min{ly,¢;1}. Then hy <y and hy < ¢1,1. Moreover, by (4.1), we have

min{ll, t171} —+ min{ll, tLQ} + -+ min{ll, tl,s}
== min{hl, tl,l} + min{hl, t172} + -+ min{hl, tl,s}~ (42)

By assumption, min{ly, 1,1} > hy = min{hq,?;1}. Furthermore, for A > 2, we have either

min{ll,tl,k} = ll > h1 > min{hl,tlvx}

or
min{ll,tl,k} = t17,\ Z min{hl,tL)\}.

Hence
Inin{ll, t1,>\} 2 min{hl, t17,\}

for A € {2,...,s}, and note that
min{ll,tLl} > min{hl,tLl},

which contradicts (4.2). Therefore, we derive that h; > min{l;,¢;1} for j € {1,...,k}. The result now holds
immediately. O

The following theorem extends Theorem 3.2 of [1] to any finite abelian group.
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Theorem 4.5 Let H = C,, x -+ x C,,, where Cy, is a cyclic group with order n; > 2 for i € {1,...,s},
s> 1. Then G(H, k1) = G(H,kz) if and only if the following two conditions are satisfied for i € {1,...,s}.

1. ged(ng, k1) = ged(ni, k2) .-

2. There exists a positive integer wu; such that n; = u;v;, u; is the largest divisor of n; relatively prime to
k1 and is also the largest divisor of n, relatively prime to ko. Moreover, for any d|w;, ordgk; = ordgks.
Proof First, we prove the necessity of this theorem. Assume that G(H, k1) = G(H, ks). By Lemma 2.2, the
in-degree of 1 in each G(Ch,, k) is equal to ged(ng, k), where m = 1,2. Hence, in the digraph G(H, k),
the in-degree of 1 is [] ged(ng, ky). Since G(H, k1) = G(H, k), we have

i=1

H ged(ng, ki) = H ged(ng, ka).
i=1 i=1
By Lemma 4.4, ged(n;, k1) = ged(ni, ko) for i € {1,...,s}. Thus the condition (1) holds and the first part of
(2) follows from (1).
Now consider the remainder part of (2). Let E;,, denote the set of length of cycles in G(Cy,;, k). By
Proposition 4.2, E;,, = {ord4k,, : d|u;}, m = 1,2. Further, let M, denote the set of length of cycles in
G(H, ky,). Then it is evident that

M,, = { lcm[tl,... ,ts] Tt € Eim’m 1€ {17...,8} } (43)

As the number of solutions in C,,, of the equation g* =1 is equal to ged(n;, k), the number of solutions in H

of the equation g* =1 is equal to [ ged(n;, k). Similarly to Theorem 5.6 of [10], we obtain the number Agm)
i=1

of t-cycles in G(H, ky,):

O O m
AE ):E chd(ni,kﬁn—l)—g dAgl) ,m=12.
1=1 d|t
d#t

Since G(H, k1)~ G(H, ks), it is obvious that M; = My and A" = AP for t € M. Let My = My = M. As
1 € M, we derive that

chd(ni, ki —1)= chd(ni, ko —1).

i=1 1=1
By induction on the length of cycles we have
I_Igcd(ni7 ki —1)= chd(ni, kb —1)
i=1 i=1
for t € M. Now if d|u;, then ged(d, k) =1 for m =1,2. Let l; = ordgky and ly = ordgke. Then I} € E;

while lo € E; 5. Since each digraph G(C,,, k) has cycles with length one, by (4.3), we see that l;,lo € M.
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Therefore, we have

chd(ni, kb —1) = chd(ni, ki —1).
i=1 i=1
Note that d|u;, u;|n;, and d|(k}* —1), clearly d| ged(n;, k* —1). By Lemma 4.4, d| ged(n;, ks —1). Thus
d| (le1 — 1), which implies that I3 |l;. Similarly, we derive that I |ly. Hence, I3 = lo, that is, ordgk1 = ordgks
for d|u;, establishing the necessity of this theorem.

Conversely, suppose the conditions (1) and (2) are satisfied. Note that C,,, = C,, x C,,, and then
G(H, k) =2 G(Cyy k) X -+ X G(Cuy,y km) X G(Cyy k) X -+ X G(Ch,, k)

for m = 1,2. Since ged(u;, k1) = ged(ug, ko) = 1, by condition (2) and Proposition 4.2 (1), G(Cl,, k1) =
G(Cly,, k2). Further, it is clear that ged(v;, k1) = ged(vi, k2) by condition (1), and p |k, for any prime factor
p of v;, m =1,2. Therefore, by Proposition 4.3, G(C,,, k1) = G(C,,, k2). Hence, by Lemma 3.1, we conclude
that G(H, k1) = G(H, k3), as desired. O
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