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Abstract: The aim of this paper is to deal with Littlewood—Paley operators with real parameters, including the
parameterized Lusin area integrals and the parameterized Littlewood—Paley g3 -functions, and their commutators on Herz
spaces with two variable exponents p(-), ¢(-). By using the properties of the Lebesgue spaces with variable exponents,
the boundedness of the parameterized Littlewood—Paley operators and their commutators generated respectively by
BMO function and Lipschitz function is obtained on those Herz spaces.
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1. Introduction and main results

The Littlewood—Paley operators, including the Lusin area integrals, the Littlewood—Paley g-functions, and
g -functions, play very important roles in harmonic analysis and PDE (see [4,12,20,25,28]). In 2009, Xue and
Ding gave weighted estimates for Littlewood—Paley operators and their commutators (see [32]). In 2013, Wei
and Tao proved Litttlewood—Paley operators with rough kernels are bounded on weighted (L%, LP)*(R™) spaces
(see [30]).

In 1960, the parameterized Littlewood—Paley operators were discussed by Hormander (see [14]) for the
first time. Now, let us review the definitions of the parameterized Lusin area integral and the parameterized
Littlewood—-Paley g3 -function.

Let S™~1 denote the unit sphere of R™ equipped with Lebesgue measure do(z') and ¢(z) = Q(z)|z| "7
X{|z|<1}, Where 0 < p <n and  satisfies the following conditions throughout this paper:

a) Q(Az) =Q(z) for all A > 0;

b) Jgn Qa")do(2") = 0;

c) Qe L(sm ).

Then the parameterized Lusin area integral S” and the parameterized Littlewood-Paley g3-function

dydt 12

Y

S () = ( I o f<y>|2tn+1>
Ty(z)
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gy ” are defined respectively by
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and

An dud 1/2
9;’ p(f)(l") = <//Rn+1 (Hli—yl) |9 * f(y)|2tff+f> )

where T'(z) = {(t,y) € RTFI Dy —x) <t} A>1.

For general p, Sakamoto and Yabuta considered the LP boundedness of S and g;’ " in [23]; Wei and
Tao gave the boundedness of parameterized Litttlewood—Paley operators with rough kernels on weighted weak
Hardy spaces in [31]. In 2009, Chen and Ding investigated the characterization of commutators for parameterized
Littlewood—Paley operators (see [5,6]).

Now let us recall the definitions of the corresponding m-order commutators of the parameterized
Littlewood-Paley operators above. Let b € Li (R"), m € N, the commutators [b™, S°] and [b™, g} ]

loc

be defined respectively by

o™, S?)(f) (@) = / /ma:)

2 %
1 Qy —2) m dydt
= / e (@) = b)) (2)dz|

y—z|<t |y - Z‘nip

and

&)
N

v g 0@ = | [ () e [ Db s 2

ly—=z[<t

On the other hand, Lebesgue spaces with variable exponent Lp(')(R") become one class of important
function spaces due to the fundamental paper [21] by Kovacik and Rdkosnik. In the past 20 years, the theory
of these spaces has progressed rapidly, and it has been widely applied in some fields such as fluid dynamics,
elasticity dynamics, calculus of variations, and differential equations with nonstandard growth conditions (see
[1,2,9,22,33]). In [7], Cruz-Uribe et al. studied extrapolation theorem, which leads to the boundedness of some
classical operators including the commutators on LP()(R™). In 2012, Wang et al. stated that higher-order
commutators of Marcinkiewicz integrals are bounded on spaces LP()(R") (see [26]). Recently, Wang and Tao
established the boundedness of parameterized Littlewood—Paley operators and their commutators generated
respectively by BMO functions and Lipschitz functions on spaces LP()(R™) (see [29]).

It is well known that Herz spaces play an important role in harmonic analysis. After the Herz spaces
with one variable exponent p(-) were introduced in [15], the boundedness of some operators and some charac-
terizations of these spaces were studied widely (see [16-18,27]).

In this paper, we will study Herz spaces with two variable exponents p(-), ¢(-). Inspired by the results
mentioned previously, it is natural to ask whether the parameterized Littlewood—Paley operators S* and g;k\’ ’
and their commutators [b™, S°| and [b™, gy ”] are bounded on Herz spaces with two variable exponents or
not. The purpose of this paper is to discuss this question. Before stating our main results, we need to introduce

some relevant definitions and notations. Let E be a Lebesgue measurable set in R™ with |E| > 0.
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Definition 1.1 [21] Let p(:) : E — [1,00) be a measurable function. The Lebesgue space with variable exponent
LPO(E) is defined by

p(z)
LPO(E) = {f is measurable : / (|f(7733)> dx < oo for some constant 1 > O} ,
E

and the space e )(E) is defined by

loc

loc

Lre )(E) {f is measurable : f € LPO)(K) for all compact subsets K C E} .

It is easy to see that the Lebesgue space LPC)(E) is a Banach space with the following Luzemburg-Nakano norm.:

p(z)
||f|Lp<-)(E)—inf{n>(): /E<|f57)|> dx §1}.

Remark 1.1 (1) Noting that if the function p(z) = po is a constant function, then LP()(R™) equals LPo(R").

This implies that the Lebesgue spaces with variable exponent generalize the usual Lebesgue spaces. Moreover,

they have many properties in common with the usual Lebesgue spaces.

(2) Let p_ :=essinf{p(z) : * € R"}, p; :=esssup{p(z) : ¥ € R"}. Then denote PY(R™) to be the set
of measurable function all p(-) with p_ >0 and py < co, P(R™) the set of all measurable function p(-) with
p— >1 and p; < o0.

Given a function p(-) € P°(R"), we could define the space LP()(R") as above.

LPO(R") = {f : | fPe € LIO(R™) for some py with 0 < py < p_ and g(z) = p(m)}
2]

Define a quasinorm on this space by (see [7])
1
1Az ey = NP NS gy

(3) The Hardy-Littlewood maximal operator M is defined by

u d
M(f)(e 23€|Q|/'f )Idy.

Denote B(E) to be the set of all functions p(-) € P(E) satisfying the condition that M is bounded on LPC)(E).
Next, we will introduce the Herz spaces with two variable exponents. Before doing that we need to

introduce the following function space, which is named the mixed Lebesgue sequence space (see [3]).

Definition 1.2 Let p(-),q(-) € PO(R™). The mized Lebesgue sequence space with variable exponents 190) (LP())

is the collection of all sequences {fj} 2o of measurable functions on R™ such that

o : A
{5 }5Z0lliac) (Lery = inf {/i >0 00y (Lr) <{Mj <1p <oo,
=0
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where
ZOO |fi ()] "
QZQ(')(LP('))({fj}jZO) = inf Hj >0: / J T dx S 1
— a(z)
Jj=0 Hj
Noticing q+ < oo, we see that
0100 (L) ({f51720) H\f 20

Let By = {33 e R”: |33| < Qk}, Cr = Bk\Bk—la keZ, Xk = XC} -

Definition 1.3 Let a € R", p(-),q(-) € P°(R™). The nonhomogeneous Herz space with variable exponent
K;‘(’_%(')(R") is defined by

K5O ®") = {F € LD @ {0} : 1]l ot gy < o0

where

_ ko 0
”fHKs(‘lQ)(-)(Rn) - H{2 |ka|}k:0 190) (LP())

. | (200 a1
:1nf{77>0: > (n o She
LaC)

k=0
The homogeneous Herz space with variable exponent K:‘(’g(')(R”) is defined by

IN

0@ = {f € LR VD : 1l gty < 20},

where

_ ka oo
Hf||K§(,_q)<~>(Rn) = H{Q |Fxkl} e o 14 (L))
ko a()
<2 Pl ) . 1}.
n L%

Remark 1.2 (1) It is easy to see that K Eq)( )(R”) =K EQ( )(R”) LPO)(R™) and if ¢(x) is a constant function,

then the Herz spaces defined above are just the Herz spaces introduced in [15].

(2) If q1(-), g2(-) € PO(R™) satisfying (q1)+ < (g2)-, then

oo

:inf{n>0 : Z

k=—o0

K (,q)l( )(Rn) C K (’%2( )(Rn) Kp(ﬁgl( )(Rn> C K (#;2( )(Rn)

In fact, if letting ¢1(-), g2(-) € P*(R™) and (¢1)+ < (g2)—, then Z?—E:; € PO(R™) and q28 > 1. Thus, by Lemma
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2.4 and Remark 3.1 in the following passage, for any f € Kg(’gl(')(R"), we have

el () « 1() Pk
i (2k |ka|>q2 < - <2k |ka|)q
k=—oo N o - n Fac
o) o 1() Pk DPx
253 25 fxal ) <1
< . o <
k=—o00 Lai()

where

. 2ko< f .
(‘125‘))_’ % < 1’ b — { min pg, Zzozo ap < 1a
( T

. keN .
: ) , 2 ”\Jm > 1. maxpy, Y opeoak > 1.
+

keN

This implies that I.(;(’gl(')(]R") C K;(’%Z(')(R”). A similar argument yields KZ‘(’%I(')(R”) C K;Y(’%z(')(]R").

Definition 1.4 [11] Let Q € LY(S™ ') for ¢ > 1. Then the integral modulus wy(8) of L7 continuity of ) is
defined by

wy(8) = sup ( /S |Q<px’>—Q(x’)ﬁda(x'))l/q, 1<g<oo

lloll<s
and
W (0) = sup [Q(pa’) — Q(a")],
lloll<s
where 0 < § <1, p denotes the rotation on R™, and ||p|| = sup |pz’ —2'|.

z'eSn—

Definition 1.5 [24] For 0 < 8 <1, the Lipschitz space Lipg(R"™) is defined by

pa(R™) = 4 f - o 1f(z) = Fy)l
sz,e(R)—{f- ||f||szﬁ—w€sD§B#y P— <oo}.

Our main results in this paper are formulated as follows.

Theorem 1.1 Suppose that pi(-) € B(R™) ,q1(-),q2(-) € P°(R") with (g2)— > (q1)+, p > n/2 and Q €
L2(S"~1) satisfying

1
/ “i@ (1+ |logd|)°ds < 0o, o > 2. (1.1)
0

If —nd12 < a < ndy1, where 411,012 are the constants in Lemma 2.2, then the operator SP is bounded from

y aaqz(') n a:‘]?(') n : aan(') n a7q1(') n
KO (KnEO®m) o kO me) (KenO®e).

Theorem 1.2 Suppose that pi(-) € B(R™) ,q1(),q2() € PYR™) with (g2)- > (q1)+, p > n/2, A >2 and
Qe L2(S"Y) satisfying (1.1). If —nd12 < a < ndy1, where 811,012 are the constants in Lemma 2.2, then the

operator gy’ is bounded from K;‘l’?_z)(‘)(R") (Kgl’?i(')(R”)) to KZ’?})(‘)(R") (K;l’?.l)(')(R”)).
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Theorem 1.3 Let b € BMO(R™) and m € N. Suppose that pi(-) € B(R™) ,q1(-),q2(-) € P°(R™) with
(@2)- > (q1)y, p > n/2 and Q € L2(S"1) satisfying (1.1). If —nd12 < a < ndy1, where 611,012 are

the constants in Lemma 2.2, then the commutator [b™,S?] is bounded from K;l’g_r")(')(R") (Ksl’g?)(')(R”)) to

oq1 () a,q1(")
Rt ®) (K0 @),

Theorem 1.4 Let b € BMO(R™) and m € N. Suppose that pi(-) € B(R™) ,q1(-),q2(-) € P°(R™) with
(@) > (q1)s, p>n/2, A\>2 and Q € L*(S™ 1) satisfying (1.1). If —nd1a < a < ndyy, where 611,012 are

the constants in Lemma 2.2, then the commutator [b™, gy *] is bounded from K;l’?_r")(')(R”) (K;Z’EI_Q)(')(R")) to

>,q1(") (on a,q1(*) (on

Kpl(') (R) (Kpl(') (R ))

Theorem 1.5 Let b € Lipg(R") , m € N, and Q € L?(S"'). Suppose that p > n/2, 0 < 3 <
min{1, n/m}, ¢i(-),q(-) € P°(R") with (g2)— > (q1)+ and p1(-),p2(-) € B(R™) be such that (p1)y < g
1/pi(x) = 1/p2(x) = mpB/n, and ps(-)(n — mpB)/n € BR™). If —nd2 < a < ndi1, where 611,022 are

the constants in Lemma 2.2, then the commutator [b™,S?] is bounded from K;‘l"(l_l)(')(R") (K;l’g})(')(R”)) to

>,q2 (1) (mon ,q2(") (pn
Kot @) (K @),

Theorem 1.6 Let b € Lipg(R™) , m € N, and Q € L?(S""'). Suppose that p > n/2, A >2, 0< B <
min{l, n/m}, qi(-),q2(-) € PO(R") with (g2)- > (q1)+ and pi(-),p2(-) € B(R™) be such that (p1)+ < 5,
1/p1(x) — 1/p2(x) = mB/n, and p2(-)(n — mB)/n € B(R™). If —nde < a < ndi1, where 611,022 are

the constants in Lemma 2.2, then the commutator [b™, gy *] is bounded from K;l’?_l)(')(R”) (K;l’?_l)(')(R")) to

a,qa(-) n o,q2(-) n
RO @) (Kot ®).

We now make some conventions. Throughout this paper, |E| denotes the Lebesgue measure of £ C R™.

Given a function f, we denote the mean value of f on F by fg =: |—}E‘ fE f(z)dz. p'(-) means the conjugate

exponent of p(-), namely 1/p(z) + 1/p’(x) =1 holds. C always means a positive constant independent of the

main parameters and may change from one occurrence to another.

2. Preliminary lemmas

In this section, we need some conclusions that will be used in the proofs of our main results.

Lemma 2.1 [21] (Generalized Holder’s Inequality) Let p(-), p1(-), p2(-) € P(R™).
(1) For any f € LPO(R™), g € LP O)(R™),

[ 17@g(@)ide < Gyl il ey 9l ey
where Cp, =1+1/p_ —1/p;.
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(2) For any f € LP*O)(R™), g € LP*O)(R™), when 1/p(x) = 1/p1(z) + 1/pa(z), we have

I1f@)g(@) | Lo> @ny < Cpr ol Fll Lo @y 91l Loz s
where Cp, p, = (1+1/p1_ —1/p1,)Y/P-.

Lemma 2.2 [10,19] If p;(-) € B(R™) (i = 1,2), then there exist constants d;1,0;2,C > 0, such that for all balls
B C R"™ and all measurable subsets S C B,

HXB||LP1‘(')(R")< 1B] ||XS||LP2<'>(R7L)< <|S|>6i1 ”XS”LM-)(Rn)<C(|S’|>§i2
Ixsllpeior@ny = IS IxBll ooy @ny —  \IBI IxBllLro @y —  \IBI

Lemma 2.3 [17] If p(-) € B(R™), then there exists constant C > 0, such that for all balls B C R™,
1
@HXBHLP(')(R")”XB”LP’(')(]R") <C
Lemma 2.4 Let p(-),q(-) € PO(R™). If f € LPOIO(R™), then

min (||f| (fp(.m(.), Il f] qL;(-)q<->) < H|f|q(')H < max (||f| (f;(.)q(.), £ (i;mq(-)) :

Proof Since p(-),q(-) € P°(R"), it is easy to see that p(-)q(-) € PO(R™). If || f|| Lecracr < 1, then

Lr()

p(z)q(z)

o) \ P@
/ <|f< 2)| >> dm:/ @l e
R™ ||f||LP(-)q(~) " ||f||‘1(1

Lr()a()

\f(x)| )P(m)Q(m) B
= /R" <f||m<4>q<-> dr=1
p(z)q(z
/ ( [f ()| )
R™ ||f||Lp(->q<~> R" ||f||q<r

On the other hand,

Lr()a)
p(x) tI(:v
< =1.
- R” Hf”LP( a()
From these, it follows that
1 acy < qu HLP(,) <A G crao-
In a similar way, we can prove that if || f||z»)e¢y > 1, then
1M < 17| < 110
The proof of Lemma 2.4 is finished. O
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Lemma 2.5 [17] Let b € BMO(R™); m is a positive integer, and there exist constants C > 0, such that for
any k,j € Z with k > j,

1
(1) Cb|| ™ < sup ————
B lIxBllLro @y

(2) 1(b—bB,)" X Bl Lre> @ny < Ck = 3)™ [0 X B | Lo (r-

1(b—bB)™ X8l Lo ny < ClBIIT;

Lemma 2.6 [10] If p(-)1 € B(R™), then there exist constants 0 < § <1, C > 0, such that for all Y € Y, all
nonnegative numbers tg and all f € L}, (R™) with fo #0 (Q €Y),

loc

o
XQ <C Z tQXxQ ;
Lr() (R") QEY Lr() (Rn)

|
Zt@’fc;)

QeY

where Y denotes all families of disjoint and open cube in R™.
Lemma 2.7 [8] Let f € Lipg(R™), 0< <1, 1 <p<oo, By CBy. We have

1/p

(1) 1 flinsny ~ 500 e by 10 = o)

(2) ‘fB1 - fBz| < C”f”LipB(R") B2|5/"

Lemma 2.8 Let b € Lipg(R™); m is a positive integer, and there exist constants C > 0, such that for any
k,7 € Z with k > j,

(1) CHbNE, @y < 1Bl IxB1 Lo @ 10 = 08)™ X8| Lo @ny < CIDIT,, gy
(2) (b= b5,)"xB, |l Lrr @y < CI1BE|™ ™Mb T, ey IX B | o) (mny -

Proof For (1), applying Lemmas 2.1 and 2.3, we have, for any ball B,
B [ o) = e
B

<C|B|="™P/" (b= b5) " x5 oo @ IXE | Lo ey

<CIBI™™ x5 2o o

(0 = 05)"xBll Loe) (gn)-

On the other hand, we can take a cube Qp: B C Qp C /nB.
By Lemma 2.6, there exists a constant 0 < § < 1 independent of B such that for all f € L} (R"),

loc
P s
If1°x@s ey @ny < Clfsl’lIx@sllLee) @ny-

Now we put f(x) = (b(z) — bp)"™/°xp. Noting m/é > 1, we have
[foul” = 11Qp™ /B [b(z) — bp[™dz]’ < O|BI™™|[b|I ), -

It follows from Lemma 2.2 that

HX\/EBHLP(-)(Rn) |\/ﬁB\
—”XB” ) (R™ S C HXBH ) (Rn S C”XBH ) (R7Y -
X8l Lre) @m) LrOI®n) | B LrO(R™) Lr() (R™)

||XQB||LP(')(R”) >
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Thus,
1(b = b5)" x5l Loe @m) < CIBI™ ™[] E )

IxB HLP(')(R")'

Therefore, (1) holds.
Next, we consider (2). By Lemma 2.7 and the result (1) in this lemma, for all k,j € Z with k > j, we

have
(b —b8,)"xBy | Lr) (&)
<C||(b = bB,)"xB | Lre>) @ry + Cll (0B, — bB;) " X By | Lo &)
<O|Br|™ ™ 1Bl Fipy oy |X BN 1) )
Therefore, (2) also holds. O

Lemma 2.9 [29] Suppose that p(-) € B(R"), p >n/2, A >2 , and Q € L*(S" 1) satisfying (1.1). Then there
exists a constant C > 0 independent of f such that

1S2 (e @y < ClfllLeer®nys gy P(Dllrer @ny < CUFIlee gny-

Lemma 2.10 [29] Let b € BMO(R"™) and m € N. Suppose that p(-) € BR"), p > n/2, X > 2 , and
Q€ L2(S"Y) satisfying (1.1). Then there exists a constant C > 0 independent of f such that

1™, SPT) Lo @ny < CHBIEE L | Lre ey
1™, g% "YU Lo @ny < CROIE N o (rn)-

Lemma 2.11 [29] Let b € Lipsg(R") , m € N, and Q € L?(S™"'). Suppose that p > n/2, A > 2, 0 <

B < min{l, n/m} , and p(-) € P(R") be such that py < ;5. Define q(-) by 1/p(z) — 1/q(x) = mB/n. If

q(-)(n —mpB)/n € B(R™), then there exists a constant C > 0 independent of f such that
6™, SN pacr @ny < ClONTip, ny 1F 200 @2y

6™, 93 P Lar @ny < CION i, ey LF L Lo @y -
3. Proof of main theorems

Before starting the proofs of our results, we state a simple inequality as a remark that will be used in the

following proofs first.

Remark 3.1 Let k€N, a >0, 1 <pi < oo. Then

. 00 D
Pk
§ Ay, < § ag y
k=0 k=0
where

ke

{ migpk, ) o 0k <1,
Px = oo

max E _aap > 1.
kENpk’ k=0 %k
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It is easy to check that
SP(F)(x) <29y P(f)(@), ™, S)(F)(x) < 2™, g3 )(f) (@), for meN.

Therefore, it is enough to consider the operators gf\’ ? and [b™, g:’ 1 in the proofs of our results. That is to

say, it suffices to prove Theorem 1.2, Theorem 1.4, and Theorem 1.6.

Proof of Theorem 1.2 We will just give the proof in the case of K;‘(’_%(')(R"). The same proof is also valid
for the nonhomogeneous case.

Let f € Kgl’?.l)(')(R”). We write

fl@)y= > flxi@) = Y fi@)
j=—00 j=—00
By the definition of the norm in KS(,J(.)(R”)’
|| 2¢lgx o xa
*, p _ .
95 ()l g 30 gy = 0F 47> 0 > < . > Lo, St
k=—o0 La2()
Since
ka| % P q2(") gka| §oo * Pl q2(+)
H(2 193 <f>xk|> ( PR <f]>xk>
U L% M1 + M2 + 113 LZ;E;
ka k—3 *, P . az2(")
<C (2 |Zj:_oog)\ (fj)Xk|>
mi P1()
Laz()
)
oka ki‘Q g*, P f Yk g2
Lol (2 il
Uiv) p1()
La2()
2kcx 00_ s P . & a2
LC |EJ,/¢+29>\ (f5)xk| 7
ms p1()
La2()
where
k-3 o
mi = |4 2% Z 9y " (f)xx] ;
j==—oo k=—o l<I2(')(LP1(‘))
k2 >
ma =S 2% > gy P(fi)xx] :
j=k=2 k=—o0lljaz () (Lr1())
ms = ||< 25 Z 9y " (f)xx]
J=k+3 k=—o0 542(-)([,131('))
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and
n=mn11+ 2+ Mms.
Thus,
= | £ 2kegr 2 ()l \ 21
o) [
n r1()
k=—o00 La2()
That is,

gy p(f)||Ka,?z)<~>(Rn) < Cn = C(m1+ ma +ms).
p1(

This implies that we only need to prove 111, 12 , 13 < C’Hf||KQ,L(H)(.>(Rn) Denote 79 = ||f||Ka,?1)(.)(Rn).
p1(- p1(:

We consider n;o first. Applying Lemma 2.4, we obtain

k+2 a2(-)
i (2’““IZJ YN (fJ)Xk|>
koo o 563
00 ko k+2 (@3)k
< Z 2 |Z] k— 29)\ (.fj)Xk|
k=—o00 "o Lr1()
(Qé)k
0 k+2 ka| %5 P
2% gy P(fi)xkl
<C 2PN NJIJART
k;m j§2 "o Lr®
where
(@) 2o sh2 L gr ol | 2 -
( 1) q2)—, Mo Lpl(('; =~ 4,
@ = - a2
@) oo k42 gn o) 20 -
a2)+> 0 Pr1(-) ’
La2()
From Lemma 2.8, it follows
k+2 q2(+)
i (2’““& Tho O (fj)Xk|>
e ™ 28

[e9) k+2 2ka|fj
<C
00 a3)k
2ka|fX | (g2
<<y ]
k= —o0 Lm(-)
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»y < 1. Hence,
Lai()

) . ka
Since f € K;’g.l)( J(R™), it is easy to see that H%

oo 2ka|ka‘)q1(')
< 2 JXk]
Lr1() T 1 and Z H( "o

k=—oc0

by Lemma 2.4 and Remark 3.1, we see that

oo o *, a2(")
> <2k Porariry p(fj)Xk|> ’

Mo

k=—o00 LZ);E;
) é%i
00 ko q1() || Gan)+
<c (2|ka> .
k=—o00 "o Lgi()
0o q1(-) K
Qka
SC{ 3 <|f><k|) } <C
Mo p1()
k——o0 La®)
1
Here (p1)+ < (PQ)f < (Q%)k and g, = rknel&l ((Zf))i ’

Consequently, we have 115 < Crjp < C”f”Ka,ql(')(Rn)'
p1(+)

Now let us turn to 771. Using Minkowski’s inequality, we have

i@ =( [ [ () | [t

—z|<t |y - Z|n7p

<c [ 155(2)] /w/ R 1/2d
. z
> an FA% o ly—z|<t t+ |$ — y| |y _ Z|2n72p t2p+n+1
] t An 1Qy — 2)|>  dydt V2
< ; d
_C/Rn | £5(2)] (/0 /y—z|§t (tJr = y|) ly — 2[2n—20 {2onl z
" 1/2
o t Uy —2)|>  dydt
. dz.
wo [ e </| [ =) e Sy

Let 2 € Cy, z € Cj, j < k—3; then we have t+ |y —z| > |z —y|+ |y — 2| > |z| —|z]| > %|z| Hence, we see that
/|z|/ ( ¢ ))\n |Q(y—z)|2 dydt
o Jy—z<e \t+ [z -yl ly — 2|22 t2o4nt1
! Qy—2)2  dydt
gc/ |x|ﬂn/ 20y )P _ vt
0 ly—zl<t |y — 2| pisp

<C el —An ! 2p—n—1d 0 / 2d ! dt
=/, || 07" r sH' @) U(y)m

[z
SC”QHiﬁ(snﬂ)/0 \x|_>‘"t/\n—2n_1dt

2 1/2
dydt
tn+1

<Clz|~2".

133



WANG and TAO/Turk J Math

and

/oo/ ( t ))\n |Q(y — Z)‘2 dydt
lz| J]y—z|<t t+ |z — y| ly — Z|2n—2p Zotntl
<[ / )P dydt

o] Jly—z|<t |y - Z|2" 2p $2p+n+1

> 2p—n—1 /\|2 / dt
< o o T dr - €2(y")] da(y)m

<C[|QU2 2 (s0- 1)/” =21y

<Clz| 2.

Combined with the above estimates, we obtain

P(f)(@) < Clal "1 £l 22 @ny-

jeo o, 1\ 91 ()
Thus, from Lemmas 2.1-2.4 and H (W) < 1, it follows that

rGal)
q2(+)
f: <2’““|ZJ-OOQA (fj)X/c|>
koo " 89
_ q2(+)
< i ke S22 L2l ey |
- k—=—o00 Mo r1(-)
- La2()
_ (@3)k
< i 2k 5573 el il ey Xl ||
a k=—o00 "o Lr1()
[e%S) k—3 (qg)k
_ fi
<C Yo (2t Y|t Gl 00 1kl o o
k=—o0 jm—oo 10Nl LPrO) ()
QQ)k
o k—3
<C Z ok(a—n) Z Ixi Ixs; ll o0 (R™) |Bk|
k=—o0 jm—oo Il 0 1l LP1) (R7) IxBll oy o (R
[e's) k—3 , |2]af | q1(+) (<11)+ (q2)k
<0 3 4 Y gt ( )
k=—oc0 | j=—00 Mo Lr1()a1() (Rn)
where
)
2 E gy Pl \
, (QQ)_7 < Mo mg-; S 17
() = N R
( ) 2’m|21—7m£]k p(fj)Xk-‘ a() >1
@)+ 0 P1() ’
La2()
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If (q1)+ < 1, then by Remark 3.1 and the fact (p1)4+ < (p2)- < (g3)x , we have

5 (ymijg; f’(fj>xk>”('>

e g S
=
0 k-3 - () 1)+
e 27 /)
<3 T ki <|J
k=—oc0 | j=— o LPI(')QI(')(R")
o0 : () o o
|2janj|) k—j5)(a—ns
<C = JAgl 9(k—j)(a—ndi1) <C
B Z ( 10 o Z -
j=—00 Lr1()a1 () (Rn) k=j+3
o (@3)k
where ¢, = %161&1 (q12)+ .

If (1)+ > 1, then (¢2)x > (q2)— > (q1)+ > 1. Thus, for o < ndyy, it follows from Holder’s inequality and
Remark 3.1 that

i (2’6“ S gy ()l > )

ko " 39
0 k-3 i q1(+) a1+
<¢ 30 Y atiemin@) /2 (|2mf><j>
oo | j=—oo "o LP1(O)a1 () (Rm)
]k
k—3 Tan) 4
% Z 9(k—j5)(e—nd11)((q1)+)"/2
j=—0o0
qx
> 299 f | q1(*) o o 5 ,
<!y (3) e G OB NIEY e
Jj=—00 "o Lr1()a1 () (Rn) k=j+3

2
where ¢, = min %.
keN (a)+

This implies that

M1 < Cno < Cllf goar ) gny-
p1()

Finally, we estimate 713. Applying Minkowski’s inequality, we have

i@ = [ s <t+|;—y>A . /lym mfju)dz

n 1/2
> t Iy —2)* dydt
<C - d
: Rn'fj(z)'</o [oe i) s o

9 1/2
dydt
t"'H
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27 An 2 1/2
t Ry —2)]*F  dydt
<C ; d
. Rnb“”<A [ ) ) o

i t An Iy —2)*  dydt e
+ C’/ , / / < ) dz.
o |f] (Z)| ( 2 Jly—z<t n |.T y| |y Z|2n—2p $2p+n+1

Let € Cy, z € Cj, j > k+3; then we have ¢t + |y — 2| > [z — y| + |y — 2| > |z| — |z| > 2|z|. Hence, by a

similar argument in the estimate 711, we obtain

/2" / ( t )*" @y — 2)2  dydt
o Jly—z<t \t+ |z =y |ly — z[2n—2p 2ot
J
P [y — =) dyd
= 2] — 12n—2p 72ptn—Antl
0 ly—z|<t 1Y — 2| piep

27
SC”QH%2(Sn—1)/ |Z|7>‘"t)\n72n71dt
0

<C2~n,

and

/Oo/ ( t )A” Ry — =) _dydt
2 Jly—z|<t \t+ |z —y| ly — z|2n—2p t2p+n+l

</w/ 2y — 2)> _dydt
>~ y ly—z|<t |y _ Z|2n—2p t2p+n+1

SC2_2jn-

Combined with the above estimates, we obtain

gy P (f)(@) < 277 f ]l o memy-

< 1, it follows that

gopy 1\ 91()
Thus, from Lemmas 2.1-2.4 and H (w)
Lr1()a1(:)

To

[e%e] @ e o] *, 2()
Z <2k |Zj:k+3g)\ p(fj)Xk>q

e " L5
| (2 s 27 el |

<oy | (P15

k=—oo Mo P1()

Laz2()
(@3)k

<C Z 2ke Z A HXj||LP'1(~)||Xk||LP1(')

k=—o0 j=k+3 o Lr1() (Rm)
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(@3)k
o0 o0
o in [ Xy X Bl Lpr ) (R™)
oy (o0 5 o)l hleo®),
e —oo k3 Mo [lLriC)(rm) IxB; [l Lercr (R™)
w0 | @ -
%) %) i 1( a1) 4+
<C Z Z 9(k=j)(at+ndi2) (|2ijj|) )
k=—oo | j=k+3 "o Lr1 (Va1 () (Rn)

where
()

252 ey Pl \

" (42)- ‘( BT no <1,

2 )k = a2() Lo
2ka|z;‘;k+3 g:Y p(fj)Xkl

(QQ)Jm ‘( o 1() > 1
La2()

Noticing that (g2)— > (¢1)+ and « > —ndia, by a similar argument about 71, we have

Mz < Cno < Cllf| goar ) gny-
p1(-)
This completes the proof of Theorem 1.2. O

Proof of Theorem 1.4 In this proof, we only prove the case of Ks(’%(')(R”) as before. The same proof is also
valid for the nonhomogeneous case.
Let b€ BMO(R), f € K2O(R"). We write
. fax@) 2 Y fi()
j=—00 j=—o0

By the definition of the norm in Kg(’g(‘)(R”),

m * . > Qka bma g Xk a2()
97 63 "1 oy = >0 3 | (FEE Al <l
p1() s n p1()
=—00 La2()
Since
. o b g a2(+)
H(zkaubm g PI(f )Xk|>q2” e <2k |52 ™ gy p](mxu)
K ol 21 e
ko k+2 *, P q2(+)
Lo (2 |2 52 k—2lb™s g3 ]ml)
22 r1()
La2()
2k 300, L™, gy 1l )
+C J ,
723 r1()
La2()
here,
21 = |4 2% Z 1(f) x| ;
Jj=—00

k=—o00 542(-)([,131('))
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k2 *°
T2 = 2ka| Z ’ g)\ fj)Xk‘ ’
J=k—2 k=—o0llja2() (Lp10))
oo
23 = |4 27 Z 1) x|
j=k+3

k=—oc0 ltm(-)([,m(-))

and

1N =nN21 + N22 + Na23.

A similar argument of the proof Theorem 1.2 yields
[I[6™, 9;’ p](f)”;'(slwc(z_z)(‘)(Rn) < Cn=C(n21 +n22 + 123)-

Hence, it is enough to prove 721, N22 , 72z < C”bHT||fHKa,?1)<-)(Rn) Denote ng = ”fHK“’fl)(')(Rn)'
p1( p1(
We estimate 792 first. Noting that [b™, gy’ ”] is bounded on L{(-)(R™) (Lemma 2.10), as argued about

712 in the proof of Theorem 1.2 , we immediately get

00 a) k42 x, q2(+)
Sl (AL TR e
Laz2()
That is ma < Ol < CIIZ oy

Now let us turn to 7o1. Let 2 € Ck, j < k—3, supp f; C C;. By the estimation of ¢}’ “(f;) in the

proof of Theorem 1.2, we have
P(fi)(@) < Cla[ 7" 1 fill Lo gn)-
From this, it follows

™, g3 "1(f3) (@) = lgy P[(b(z) = &)™ f](2)] < Clae| " (b() = 0)™ fjllLr @)

Thus, using Lemma 2.4, we obtain

5~ <2’W|2j 8 o™, g3 P](fj>xk|>‘”“

b an o1 (e
b oo ol|0] Lq;g;
%) ko —n m q2(+)
<y ke | 572 JalTII(b() = B)™ fll o ey Xk
I Mol bl p1 ()
La2()
o o —n m (@3)k
<y k| 52 1B C) = ) fll eyl |
- o[l Lm0
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oo (qg)k
<C ), |2 \' A Ikl s
k=—oc0 Jj=—00 770” H L*(R™)
qi)k
= fil
+C Y 1] o 10 = 03)" X B[l ea ;
oo j=—oo Il M0 1l L1 (Rn) | ||*
here
@ 2k 53 g2 )l | 20 -
) 92)-> ool pi() =
)k = TR
( 2) ( ) 2ka‘zli;ioo[bm’ g;, Plxk] q2(-) 1
92)+> TR p1()
Laz()
Applying the generalized Holder’s inequality and Lemma 2.5, we know that
o m *, q2(+)
i (2’“ DO p](fj)Xk)
bl|m o
e — o0 o]/l Lq;g_i
(@3)k
S If
<0 > |2 J |b”mn( 03)"™ x5, ot o Ikl s o
k=—o0 j=—o0 LP1(R")
) ((Ig)k
If \m
+C Y S il oo G = )™ x| s
k=—o00 L1 (R™)
[e%e) (qg)k
<C Z ok(a—n) Z )™ By ‘||XBJ'||LP,1(') M
B ke —oo j=—oo HXBIC”LP/l(’) Mo |l Le1C) (rm)
Furthermore, by the same argument as 777 in the proof of Theorem 1.2, we have
oo « *, QQ(')
Z <2k |Z]—700[ > I p](fj)Xk|>
b||m »
R nollol: e
2
%) k—3 |f | q1(+) (4111)+ (a2)s
<0 5 [ 5 Gt | (L)
k=—oco \j=—oo o LP1C) (R7)
a() ”
— 27 j e = \m —7)(a—n
o, £ (=) 2 (k- b ), <,
<C Jj=—00 Lp1(-)t11(-)(]Rn) k=343
- - 25 s\ ) = mo(k—j 5 2 N
cl 3 (T) S (k— jymet-ie-nan@)e/2 L s,
j=—o00 Lm(‘)(u(')(]Rn) k=3j+3
<C.
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2
where ¢, = min (a3)k
keN (QI)+

This implies that

ot < Ol < CIBIZ A gm0
p1(-

Finally, we estimate n3. Let z € Cy, j > k+ 3, supp f; C C;. By the estimation of g}’ “(f;) in the

proof of Theorem 1.2, we have
gy (fi)(x) < Ozijn”fj”Ll(]R")-
From this, it follows

™, g3 P1(f3) (@) = lgx Pl(b(x) — )™ fi)(x)] < C277(|(b(-) = b)™ fill L ().

Thus, when a > —ndio, as the similar way to estimate 791 before, we see that

i (2’“4 3% aslt™, gy p](fj>xk|>‘”")

bl|m e
k=—o0 770” H Lq2§‘;
00 [ oo —Jn m (qs)k
<C Z 2k |Zj:k+32 / H(b()_b) fj||L1(R")Xk| ’
o= o |l I
(a3)k
s} s} ] b—bk, mg.
<C Z 2ka Z oin |< b)mfjl ||XkHLP1(')
k=—o00 j=k+3 mol[b]2 LY(R")
3k
- ko N ogn || LSl (6 = bk) " xB I Lrr
+C Z 2 Z 2 ||mek
k=—o00 j=k+3 Mo L1 (wrn) X
S S g llzero || 14 “
a in Am XB r1(-) j
<C Y2 YT 2k - ) |Bj|ﬁ Ll
k=—00 j=k+3 XB;llLer) || Mo |l Le1 () (rn)
3
i i Geiptetnsin) || (N @y e
<C (j — k)m2tk—latnon ( > <C,
k=—oco \j=k+3 "o Lr1O) (R7)
here
¢)
DD NI (67 PUT A
. (g2)-, ||< nolTBIT ) <1,
(g5)k = NIE
@) ke g ol \ B -
22)+> nol[bll P1()
La2()
Hence,
123 < Col[bI[i < CIDIE I oo oy -
p1(+)
This finishes the proof of Theorem 1.4. O
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Proof of Theorem 1.6 In this proof, we only prove the case of K a(g( )(R") as before. The same proof is

also valid for the nonhomogeneous case.

Let b€ Lipg(R"), 0< <1, fe K ’E“)( J(R™). We write

Yo flag@) & Y fi)

j=—o0 j=—c0

By the definition of the norm in K;‘(’_‘g(')(R"),

= (25, gy xR
m * P . ) — 3 . <
||[b i g)\ ](f)HK:Q"(IQ)()(]Rn) lnf {n> 0 : Z ( n pa() T 1 :
k=—o0 La2()
Since
. a *, q2(+)
H(Mbm I )xk|>%“ 2k Do p](fj>xk|>
n 7131 p2(")
La2()
ko k+2 *, P a2(+)
Lo (2 |5k olb™, gy ]Xk|>
732 p2()
La2()
ko oo m *, P . az(
LC (2 |Zj:k+2[b » 9x ](fJ)Xk|> ’
133 pa()
La2()
here,
ns1 = |4 2% Z P1(f) x| ;
j=—o0 k=—oolljaz () (Lp2())
k2 >
32 = 2k:o¢| Z ’ g)\ fj)Xk‘ ’
j=k—2 k=—o0llja2() (Lp20))
n33 = |9 2" Z ™, gx P10 x|
J=k+3 k=—o00llja2() (Lr2())
and

1N =131+ N32 + N33.

A similar argument of the proof Theorem 1.2 yields

6™, gy p](f)”[‘(;lv?g)(*)(Rn) < Cn=C(n31 + n32 + 133)-
)

We are now going to estimate 731, 732, and 733. Denote 1y = ||f||Ka,q1<.>(Rn
r1(+)
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We estimate 732 first. Noting that [b™, g}’ ?] is bounded from L7(-)(R™) to L5(-)(R™) (Lemma 2.11),

as argued about 712 in the proof of Theorem 1.2 , we immediately get

S <2ka|z§ﬂf b ,gz’f’Kfnxz«)”(') e

m
770” HLipﬂ(]R") ngg;

k=—o0

That is 732 < CUOHbHTim(Rn) < C”b”ﬁpﬁ(u@n) f”I‘(a)‘(h)(‘)(Rn)'
Py (-

Now let us turn to n3,. Let x € Cf, j < k—3, supp f; C C;. By the estimation of 72, in the proof of

Theorem 1.4 and the generalized Holder’s inequality, we have

S <fﬂ§L_CA ,g;ﬂuwxm>”“

=3 W, 5
- (@3
a—n mf |
<C ) [2kem Z ‘b” ! x5l 20
k=—oc0 Mol Lips (R7) L1(Rn)
- a3k
L C Z |fy [(b— bjL’I”XBk lLr20)
P P ey I, @
oo (qg)k
a—n ‘f 1 m
<C 3 |2t EI - a0 = 8, o Il
k=—oo jm—oo I 0 ey ) W91l Lips (R7)
~ _ (g3)k
|f (b — ;)" xB |l Lr=0)
+C Z 2k( =L HXB]'HLP/l(‘) || m Lol )
k=—o00 j=—o00 LpP1C)(R™) | Lipg(R™)

here

o - mx q2(+)
2k SR 6™, gy P1(F)xk] <
(qQ)—a o™ > ]-7
Mo Lip 5 (&7 P1(")
( 2) _ La2()
42k k k—3 q2(")
(42) 2" 2 ™ 9y Pl <1
q2 + nOllb‘IZLipﬁ(]Rn) p1()
Laz()

Noting the fact that if 1/pi(z) — 1/p2(x) = mS3/n, then (see [13])

C1|BI™™ x5l o2 @y < IXBI Lorergny < Col BI™ ™[ X B o2t ny-
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Therefore, together this and applying Lemmas 2.2-2.4 as well as Lemma 2.8, we know that

S (ﬁa};_ﬂg ,g;ﬂunxm>”

k=—o00 nOHb”Lipﬁ(R") LZ§§:;

. 5 (@3)k
<o Y (2w 3 |14 B e g Mzl
k;m J;oo o Lo (&) |Bk|mﬁ/n i LP1 kIl LP1

(a3)k
2 \ \f
+C Z Qk(a n) Z =L ||XB]'||LP/1(‘)||XBIQ||L1’1(')
k=—o00 Lr1C)(R™)
. (@3)k
<C Z ok(a—n) Z By, |HXB ||Lp1<> @
k=—o00 j=—00 |XB"||LZ’1() o llLeac)(re)
2
0o k-3 |f | q1(-) (411)+ (a2)x
e 3 | 3 st | (1)
k=—o00 \j=—o00 o LP1() (R™)

Furthermore, by the same argument as 711 in the proof of Theorem 1.2, we immediately get

i <2WIZ]——O@[ ’gﬁ’p](fj)xﬂ)@(.) <C.

770” ||Lip[g(R") Lg;é;

k=—o00

This implies that
ms1 < Cmo Bl i, ey < ClONZip ny |1l 01 0 ny
p1(-

Finally, we estimate ns3. Let x € Cy, j > k+3, supp f; C C;. By the estimation of 7,3 in the proof

of Theorem 1.4 and the generalized Holder’s inequality, we have

53 (ﬁﬂiﬁimﬂmﬂgiﬂUﬁxM>%o

m
k=—oo Mollb i, () 152
- b | (@3)k
m
_ fi
<C Z Qka Z 27In ”bH ’ ||Xk||LP2(')
k=—o0 j=k+3 o110 Lips (rm) L1(R™)
= = T R
_ _in |15 b—b1)"XBy || L2t
+C Qk(a n) 9—in J k ,
k;oo j—;rS M gy IO, ey
here
o] oo m q2(+)
(g2)_. H 2* \z]»:k+3[bm, g5 ”J(f»m) : <1
P1
(qg)k — 0 La2()
LD D GNP A
(q2)+ H R " >1
La2()
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Observe that 1/p1(z) — 1/p2(z) = mpB/n implies 1/ph(x) — 1/pi(x) = mB/n. Hence, when a > —ndaz, as

argued about n3; before, we obtain

5 <2m| S aslt™, gy p](fj>xk|>””

770Hb||Tipﬁ(Rn)

ke=—o00 L0
(qS)k
oo oo
< Y (2 ST amimpy) IXB | Lr20) ’ 1f51
- e — oo j=k+3 ! ”XBJ- HLPz(‘) To Lr1C) (R™)
1 (a3)x
o [ S pi)and <|fx,>‘”<" c
<C g(k—j)(a+ndze) || [ 11X51 <C.
a ; Z Mo , -
k=—o0 \j=k-+3 LP1()(Rn)
and
N33 < Cnolll| T, mny < CHbHZZpﬁ(Rn)||f||K§1=r(z_1)<~>(Rn)-
Summing up the estimations of 731, 732, and 733, it follows
m *, P m
”[b y 9 }(f)HK:;?)()(Rn) < CHb”Lipﬁ(R")||f‘|K;‘i‘(l})(')(Rn)'
This accomplishes the proof of Theorem 1.6. O
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