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Abstract: We introduce conformal anti-invariant submersions from almost Hermitian manifolds onto Riemannian
manifolds. We give examples, investigate the geometry of foliations that arose from the definition of a conformal

submersion, and find necessary and sufficient conditions for a conformal anti-invariant submersion to be totally geodesic.
We also check the harmonicity of such submersions and show that the total space has certain product structures.
Moreover, we obtain curvature relations between the base space and the total space, and find geometric implications of

these relations.
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1. Introduction

One of the main methods to compare two manifolds and transfer certain structures from a manifold to another
manifold is to define appropriate smooth maps between them. Given two manifolds, if the rank of a differential
map is equal to the dimension of the source manifold, then such maps are called immersions and if the rank of a
differential map is equal to the target manifold, then such maps are called submersions. Moreover, if these maps
are isometric between manifolds, then the immersion is called isometric immersion (Riemannian submanifold)

and the submersion is called Riemannian submersion. Riemannian submersions between Riemannian manifolds
were studied by O’Neill [18] and Gray [10]; for recent developments on the geometry of Riemannian submanifolds

and Riemannian submersions, see [4] and [3], respectively.
On the other hand, as a generalization of Riemannian submersions, horizontally conformal submersions
are defined as follows [2]: suppose that (M,g,,) and (B,g,) are Riemannian manifolds and F: M — B is a
smooth submersion; then F' is called a horizontally conformal submersion, if there is a positive function A such
that
X9, (X,Y) = g, (F.X,F.Y)

for every X,Y € I'((kerF,)%). It is obvious that every Riemannian submersion is a particular horizontally
conformal submersion with A = 1. We note that horizontally conformal submersions are special horizontally
conformal maps that were introduced independently by Fuglede [9] and Ishihara [15]. We also note that a
horizontally conformal submersion F : M — B is said to be horizontally homothetic if the gradient of its
dilation A is vertical, i.e.

H(gradX) =0, (1.1)
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where H is the projection on the horizontal space (kerF*p)J-. For conformal submersions, see [2, 5, 6, 7, 8, 12].

One can see that Riemannian submersions are very special maps compared with conformal submersions.
Although conformal maps do not preserve distance between points contrary to isometries, they preserve angles
between vector fields. This property enables one to transfer certain properties of a manifold to another manifold
by deforming such properties.

A submanifold of a complex manifold is a complex (invariant) submanifold if the tangent space of the
submanifold at each point is invariant with respect to the almost complex structure of the manifold. Besides
complex submanifolds of a complex manifold, there is another important class of submanifolds called totally real
submanifolds. A totally real submanifold of a complex manifold is a submanifold of which the almost complex
structure of ambient manifold carries the tangent space of the submanifold at each point into its normal space.
Many authors have studied totally real submanifolds in various ambient manifolds and many interesting results

were obtained; see ([1], page: 322) for a survey on all these results.

As an analogue of holomorphic submanifolds, holomorphic submersions were introduced by Watson [21] in
the seventies by using the notion of an almost complex map. This notion has been extended to other manifolds;
see [8] for holomorphic submersions and their extensions to other manifolds. The main property of such maps
is that the vertical distributions and the horizontal distributions of such maps are invariant with respect to an
almost complex map. Therefore, the second author of the present paper considered a new submersion defined
on an almost Hermitian manifold such that the vertical distribution is anti-invariant with respect to the almost
complex structure [20]. He showed that such submersions have rich geometric properties and they are useful
for investigating the geometry of the total space. This new class of submersions, which is called anti-invariant
submersions, can be seen as an analogue of totally real submanifolds in the submersion theory. Anti-invariant

submersions have also been studied for different total manifolds; see [1, 14, 16, 17].

As a generalization of holomorphic submersions, conformal holomorphic submersions were studied by

Gudmundsson and Wood [13]. They obtained necessary and sufficient conditions for conformal holomorphic
submersions to be a harmonic morphism; see also [5, 6, 7] for the harmonicity of conformal holomorphic
submersions.

In this paper, we study conformal anti-invariant submersions as a generalization of anti-invariant Rie-
mannian submersions and investigate the geometry of the total space and the base space for the existence
of such submersions. The paper is organized as follows. In the second section, we gather the main notions
and formulas for other sections. In section 3, we introduce conformal anti-invariant submersions from almost
Hermitian manifolds onto Riemannian manifolds, give examples, and investigate the geometry of leaves of the
horizontal distribution and the vertical distribution. In section 4, we find necessary and sufficient conditions
for a conformal anti-invariant submersion to be harmonic and totally geodesic, respectively. In section 5, we
show that there are certain product structures on the total space of a conformal anti-invariant submersion. In
section 6, we study curvature relations between the total space and the base space, find several inequalities, and

obtain new results when the inequality becomes the equality.

2. Preliminaries

In this section, we define almost Hermitian manifolds, recall the notion of (horizontally) conformal submersions

between Riemannian manifolds, and give a brief review of basic facts of (horizontally) conformal submersions.

Let (M,g) be an almost Hermitian manifold. This means [22] that M admits a tensor field J of type
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(1,1) on M such that, VX, Y € I'(T' M), we have
J2 =1, g(X,Y) = g(JX,JY). (2.1)

An almost Hermitian manifold M is called a Kahler manifold if
(VxJ)Y =0, VXY e T(TM), (2.2)

where V is the Levi-Civita connection on M .
Conformal submersions belong to a wide class of conformal maps and so we are going to recall their

definition but we will not study such maps in this paper.

Definition 2.1 ([2])Let ¢ : (M™,g) — (N™, h) be a smooth map between Riemannian manifolds, and let

x € M. Then ¢ is called horizontally weakly conformal or semiconformal at x if either

(i) dp, =0, or

(it) dp, maps the horizontal space H, = {ker(dp,)}* conformally onto TN, i.e. dp, is surjective
and there exists a number A(x) # 0 such that

hdpe(X), dee(Y)) = Az)g(X,Y) (X, Y € Ha). (2.3)
Note that we can write the last equation more succinctly as

(" h) e |2yt = M) g ‘HIX’HI .

A point z is of type (i) in Definition 2.1 if and only if it is a critical point of ¢; we shall call a point of
type (ii) a regular point. At a critical point, dp, has rank 0; at a regular point, dp, has rank n and ¢ is a
submersion. The number A(z) is called the square dilation (of ¢ at x); it is necessarily nonnegative; its square
root A(z) = \/A(x) is called the dilation (of ¢ at z). The map ¢ is called horizontally weakly conformal or
semiconformal (on M) if it is horizontally weakly conformal at every point of M. It is clear that if ¢ has no
critical points, then we call it a (horizontally) conformal submersion.

Next, we recall the following definition from [12]. Let F: M — N be a submersion. A vector field F
on M is said to be projectable if there exists a vector field E on N, such that F,(E,) = E’F(w) forall x € M.
In this case E and F are called F—related. A horizontal vector field Y on (M, g) is called basic, if it is
projectable. It is a well known fact that if Z is a vector field on N, then there exists a unique basic vector field
Z on M, such that Z and Z are F—related. The vector field Z is called the horizontal lift of Z.

The fundamental tensors of a submersion were introduced in [18]. They play a similar role to that of the

second fundamental form of an immersion. More precisely, O’Neill’s tensors T" and A defined for vector fields
E,F on M by

ApF = VYV, yHF + HV 3, ,VF (2.4)
TuF = HVy,VF + VVy o HF (2.5)

where V and H are the vertical and horizontal projections (see [8]). On the other hand, from (2.4) and (2.5),
we have
VoW =Ty W + VW (2.6)
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M M
Vo X = HVy X + Ty X (2.7)
ViV = AxV +VVyV (2.8)
M M
VAY = HVYY + AxY (2.9)

for X,Y € I'((ker F,)*) and V,W & T'(ker F,), where Vy W = VVgW. If X is basic, then ”HV&IX =AxV.
It is easily seen that for x € M, X € H, and V € V, the linear operators Ty, Ax : T,M — T, M are

skew-symmetric, that is
_g(TVEa G) = g(E7TVG) and — g(AXEa G) = g(Ea AXG)

for all E,G € T, M. We also see that the restriction of T to the vertical distribution T |ker £, xker 7, 1S €xactly
the second fundamental form of the fibers of F'. Since Ty is skew-symmetric we get: F' has totally geodesic

fibers if and only if 7"= 0. For the special case when F' is horizontally conformal we have the following:

Proposition 2.2 ([12]) Let F : (M™,g) — (N™, h) be a horizontally conformal submersion with dilation A

and X,Y be horizontal vectors; then
1 9 1
AXY = VX Y] = Ng(X,Y) grady(55)}- (2.10)

We see that the skew-symmetric part of A |(4erp, )t x (kerr,). Mmeasures the obstruction integrability of
the horizontal distribution (kerF,)*.

We now recall the following curvature relations for a conformal submersion from [11] and [12].

Theorem 2.3 Let m > n > 2 and (Mm,g,VM,RM), (N”,h,VN,RN) be two Riemannian manifolds with
their Levi-Civita connections and the corresponding curvature tensors. Let F: (M, g) — (N, h) be a horizontally

conformal submersion, with dilation X : M — R and let RY be the curvature tensor of the fibres of F. If
X, Y, Z, H are horizontal and U, V,W,G wvertical vectors, then

g(R" (U, V)W, Q) = g(RV(U, V)W, G) + ¢(Tu W, Ty G) — g(Ty W, Ty G), (2.11)
g(R™ (U V)W, X) = g(Vy T)v W, X) — g((Vyy T)u W, X), (2.12)
g(R"(U.X)Y,V) = g((Vy A)x Y. V) + g(AxU, Ay V) (2.13)

— g(VXT)uY, V) — g(TvY, Ty X)

1
+Ag(AxY,U)g(V, grady(13));
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o(R" (X,Y) 2, H) = %h(RN()V(, V2, H) + i[g(V[X, 20, V[Y, H)) (2.14)

- g(V[Y, Z]vV[Xv H]) + QQ(V[Xv Y],V[Z, H])]

+ 210X, 2)0(9Y rad(). H) — o(Y, Z)g(X grad (). H)

o, H)g(VY grad(55), 2) — g(X, H)g(Vy, grad(55), 2)]
200X (. 2) — oY, H)(X. 2) || mad(5) |
F9(X(5p)Y ~ Y (55)X, H(55)Z — Z(55)H)]

We also recall the notion of harmonic maps between Riemannian manifolds. Let (M, gar) and (N, gn)
be Riemannian manifolds and suppose that ¢ : M — N is a smooth map between them. Then the differential
of . of ¢ can be viewed a section of the bundle Hom(T M, 'TN) — M, where ¢ TN is the pullback
bundle with fibers (¢~'T'N), = T,y N, p € M. Hom(TM,p 'TN) has a connection V induced from the

Levi-Civita connection V¥ and the pullback connection. Then the second fundamental form of ¢ is given by
M
(Vo) (X,Y) = VEpu(Y) = u(VxY) (2.15)

for XY € I'(TM), where V¥ is the pullback connection. It is known that the second fundamental form is
symmetric. A smooth map ¢ : (M, gn) — (N,gn) is said to be harmonic if trace(Ve.) = 0. On the other
hand, the tension field of ¢ is the section 7(¢) of I'(¢~'TN) defined by

m

T(p) =dive, = Z(Vgo*)(ei, ei), (2.16)

i=1

where {ey,...,en,} is the orthonormal frame on M. Then it follows that ¢ is harmonic if and only if 7(¢) = 0;
for details, see [2].

Finally, we recall the following lemma from [2].

Lemma 2.4 (Second fundamental form of an HC submersion) Suppose that F : M — N is a horizontally
conformal submersion. Then, for any horizontal vector fields X,Y and vertical vector fields V, W, we have

(1) (VF)(X,)Y)= X(InMNFEY +Y(n\)F.X — g(X,Y)F.(gradIn \);

(i)) (VE)V.W)= —F(TyW);

(i) (VE)(X, V)= —F(V¥V)=-F.(AxV).

3. Conformal anti-invariant submersions

In this section, we define conformal anti-invariant submersions from an almost Hermitian manifold onto a
Riemannian manifold and investigate the effect of the existence of conformal anti-invariant submersions on the
source manifold and the target manifold. However, we first present the following notion.

Definition 3.1 Let M be a complex m-dimensional almost Hermitian manifold with Hermitian metric g and

almost complex structure J and N be a Riemannian manifold with Riemannian metric g'. A horizontally
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conformal submersion F : (M™,g) — (N™,¢') with dilation X is called a conformal anti-invariant submersion

if the distribution ker F. is anti-invariant with respect to J, i.e. J(ker F.) C (ker F,)*.

Let F: (M,g,J) — (N,g') be a conformal anti-invariant submersion from an almost Hermitian manifold
(M, g,J) to a Riemannian manifold (N, g’). First of all, from Definition 3.1, we have J(ker F,)*Nker F, # {0}.
We denote the complementary orthogonal distribution to J(ker F,) in (ker F,)* by p. Then we have

(ker F,)* = J(ker F,) @ p. (3.1)

It is easy to see that g is an invariant distribution of (ker F,)*, under the endomorphism .J. Thus, for
X € T((ker F,)*), we have
JX = BX +CX, (3.2)

where BX € I'(ker F,) and CX € I'(z). On the other hand, since F,((ker F,)*) = TN and F is a conformal
submersion, using (3.2) we derive 5¢'(F.JV,F.CX) = 0, for every X € I'((ker F,)*) and V € T'(ker F\),

which implies that
TN = F,(J(ker F,)) @ Fi.(p). (3.3)

Example 3.2 Fvery anti-invariant Riemannian submersion is a conformal anti-invariant submersion with

A =1, where 1 is the identity function.

We say that a conformal anti-invariant submersion is proper if A # 1. We now present an example of a proper
conformal anti-invariant submersion. In the following R?>™ denotes the Euclidean 2m-space with the standard
metric. An almost complex structure J on R?™ is said to be compatible if (R?>™,J) is complex analytically
isometric to the complex number space C™ with the standard flat K&hlerian metric. We denote by J the

compatible almost complex structure on R?™ defined by
J(at,...,a*™) = (=a®" 1, —a®™, ..., a", a?).
Example 3.3 Let F be a map defined by

F Rr* — R?
(x1,29,x3,24) (e*s sin x4, €73 cos x4).

Then F is a conformal anti-invariant submersion with A = e*3 .

Lemma 3.4 Let F be a conformal anti-invariant submersion from a Kdhler manifold (M, g,J) to a Rieman-
nian manifold (N, g'). Then we have
g(CY,JV) =0 (3.4)

and
g(VXCY,JV) = —g(CY, JAxV) (3.5)

for X,Y € I'((ker F,)*) and V € I'(ker F.).
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Proof For Y € I'((ker F,)*) and V € I'(ker F.), since BY € I'(ker F) and JV € I'((ker F,)*), using (2.1),
we get (3.4). Now, using (3.4), (2.2), and (2.8), we obtain

g(VXCY,JV) = —g(CY, JAxV) — g(CY, JVV L V).

Since JVVyV € T'(Jker F,), we obtain (3.5). O

We now study the integrability of the distribution (ker F,)* and then we investigate the geometry of the
leaves of ker F,, and (ker F,)*. We note that it is known that the distribution ker F, is integrable.

Theorem 3.5 Let F be a conformal anti-invariant submersion from a Kdhler manifold (M,g,J) to a Rie-

mannian manifold (N, g"). Then the following assertions are equivalent to each other;
a) (ker F,)* is integrable,

b) g (VEF.CX — VEF.CY,F,JV) = g(AxBY — AyBX,JV)
—g(Hgradln X\, CY)g(X, JV)
+g(Hgradln A\, CX)g(Y,JV)
—2¢(CX,Y)g(Hgradln X, JV)

for X,Y € T'((ker F,)*) and V € T'(ker F,).
Proof TFor Y € I'((ker F,)*) and V € D'(ker F,), we see from Definition 3.1, JV € T'((ker F,)*) and

JY € T'(ker F, @ ). Thus using (2.1) and (2.2), for X € T'((ker F,)*) we get
9(X.Y],V) = g(Vx JY,JV) = g(Vy JX, V).
Then from (3.2) we have
9(1X.Y].V) = g(VXBY,JV) + g(VxCY.JV)

— 9(Vy BX,JV) — g(Vy CX, JV).
Since F' is a conformal submersion, using (2.8) and (2.9) we arrive at

J([X.Y],V) = g(Ax BY — Ay BX, JV) + - ¢ (F.(VECY), F.JV)

3¢
1 M
~ 539 (F(Vy CX), LIV,

Thus, from (2.15) and Lemma 2.4 (i) we derive
g([X,Y],V)=g(AxBY — Ay BX,JV) — g(Hgradln \, X)g(CY, JV)
—g(Hgradln A\, CY)g(X, JV) + g(X,CY)g(H gradln A, JV)

1
+53 d(VEF.CY,F.JV) + g(Hgradln \,Y)g(CX, JV)
+g(Hgradln\,CX)g(Y,JV) — g(Y,CX)g(H gradIn X, JV)

1
- ﬁg/(V{iF*CX, F.JV).
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Moreover, using (3.4), we obtain

g([X,Y],V)=g(AxBY — Ay BX,JV) — g(Hgradln A\, CY)g(X, JV)
+ g(Hegradln A\, CX)g(Y,JV) —29(CX,Y)g(H gradIn \, JV)
1
- ﬁg’(vimcx —VEFE.CY,F,JV),
which proves (a) < (b). O

From Theorem 3.5, we deduce the following, which shows that a conformal anti-invariant submersion

with integrable (ker F, ) turns out to be a horizontally homothetic submersion.

Theorem 3.6 Let F be a conformal anti-invariant submersion from a Kdhler manifold (M,g,J) to a Rie-

mannian manifold (N,g'). Then any two conditions below imply the third:

(i)  (ker F.)* is integrable
(1i) F is horizontally homothetic.
(iii) ¢ (VEF.CX — VEF.CY,F.JV) = Xg(AxBY — Ay BX,JV)

for X,Y € T((ker F,)*) and V € T'(ker ).
Proof For X,Y € I'((ker F,)*) and V € I'(ker F,), from Theorem 3.5, we have

g([XvY} 7V) =49

—~

AxBY — AyBX,JV) — g(HgradIn \,CY)g(X, JV)

+9g

—~

Heradln A\, CX)g(Y,JV) —2g(CX,Y)g(H gradIn A, JV)

|-

J(VEF.CX —VEF.CY,F.JV).

2

>

Now, if we have (i) and (ii7), then we arrive at
—g(Hgradln A\, CY)g(X,JV) 4+ g(Hgradln A\, CX)g(Y, JV)
—29(CX,Y)g(Hgradln A, JV) = 0. (3.6)
Now, taking Y = JV in (3.6) for V € I'(kerF) and using (3.4), we get
g(Hgradln A\, CX)g(V,V) = 0.

Hence A is a constant on I'(1). On the other hand, taking Y =CX in (3.6) for XeI'(u) and using (3.4) we
derive
—g(H gradln X, C?X)g(X, JV) + g(H gradIn A\, CX)g(CX, JV)
—29(CX,CX)g(Hgradln A, JV) = 0;
hence, we arrive at
g(CX,CX)g(Hegradln A\, JV) = 0.

From the above equation, A is a constant on I'(J(ker Fy)). Similarly, one can obtain the other assertions. O
We say that a conformal anti-invariant submersion is a conformal Lagrangian submersion if J(ker F}) =

(ker F,,)*. From Theorem 3.5, we have the following.
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Corollary 3.7 Let F: (M,g,J) — (N, g’) be a conformal Lagrangian submersion, where (M, g,J) is a Kahler

manifold and (N,g') is a Riemannian manifold. Then the following assertions are equivalent to each other;

(i)  (ker F,)* is integrable.
(i) AxJY = AyJX
(111) (VF)(Y,JX) = (VF)(X,JY)

for X,Y € T'((ker F,)1).

Proof For X,Y € I'((ker F,)*) and V € I'(ker F,), we see from Definition 3.1, JV € I'((ker F})') and
JY € I'(ker F,). From Theorem 3.5 we have

9([X,Y],V) = g(AxBY — AyBX, JV) — g(Hgradln A, CY)g(X, JV)
+g(Hgradln \,CX)g(Y,JV) —29(CX,Y)g(H gradIn X, JV)

— 529 (V¥ F.CX = VXF.CY, F.JV).

Since F' is a conformal Lagrangian submersion, we derive
9([X,Y],V) = g(Ax BY — Ay BX,JV) = 0,

which shows (i) < (i7). On the other hand, using Definition 3.1 and (2.8) we arrive at
1 1
g(AxBY,JV) —g(AyBX,JV) = ﬁg’(F*AXBY, F.JV)— Fg’(F*AyBX, F.JV)

1
(F.(VyBY),F,JV)——g (F.(Vy BX), F,JV).

— / /
—ﬁg FQ

Now, using (2.15), we obtain

1
13 {9 (F(VxBY), F.JV) - ¢ (F.(Vy BX), F.JV)}

= Fg’(f(VF*)(X, BY) +VEF,BY,F,JV)

1
— 329 (=(VF)(Y, BX) + VEE.BX,F.JV).

Since BX, BY € I'(kerF,), we derive
Loy
9(AxBY, JV) — g(Ay BX, JV) = 5 {g (VE) (Y, BX) — (VE)(X, BY), F.JV)}

which tells us that (i7) < (). O

For the geometry of leaves of the horizontal distribution, we have the following theorem.

Theorem 3.8 Let F be a conformal anti-invariant submersion from a Kdhler manifold (M,g,J) to a Rie-

mannian manifold (N, g"). Then the following assertions are equivalent to each other:
(i) (ker F,)* defines a totally geodesic foliation on M.

(i) =g/ (VEF.CY,F.JV)= —g(AxBY,JV)+ g(Heradln A, CY)g(X, JV)
—g(Hgradln X\, JV)g(X,CY)

for X,Y € T'((ker F,)*) and V € T'(ker F,).
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Proof From (2.1), (2.2), (2.8), (2.9), (3.2), and (3.1) we get

g(VXY,V) = g(Ax BY, JV) + g(HVy CY, JV).

Since F' is a conformal submersion, using (2.15) and Lemma 2.4 (i) we arrive at

g(VyY,V) = g(AxBY, JV) (Hgradln X, X)g'(F.CY, F.JV)

1

- 529
1

- Fg('H gradln \,CY)g' (F. X, F.JV)

1 1
+ pg(X, CY)g' (F.(gradIn \), F,JV) + — ¢ (VK F.CY,F,JV).

ﬁg
Moreover, using (3.1) and (3.2) we obtain
g(VXY,V) = g(AxBY, JV) — g(H gradIn \, CY)g(X, JV)

1
+ g(Hgradln A\, JV)g(X,CY) +

¥ g (VEE.CY,F.JV),

which proves (i) < (i7). O

From Theorem 3.8, we also deduce the following characterization.

Theorem 3.9 Let F be a conformal anti-invariant submersion from a Kdhler manifold (M,g,J) to a Rie-

mannian manifold (N,g"). Then any two conditions below imply the third:

(i)  (ker F,)* defines a totally geodesic foliation on M.
(i) F is horizontally homothetic.
(iii) ¢ (VEF.CY,F.JV) = —\2g(AxBY,JV)

for X,Y € T'((ker F,)*) and V € T'(ker F,).
Proof For X,Y € I'((ker F,)*) and V € T'(ker F,), from Theorem 3.8, we have

g(VYY, V) = g(AxBY, JV) — g(H gradIn X, CY)g(X, JV)

1
+ g(Hgradln A, JV)g(X,CY) + 27

"(VEF.CY,F.JV).
Now, if we have (i) and (7i7), then we obtain
—g(Hgradln A\, CY)g(X,JV) + g(Hgradln A\, JV)g(X,CY) = 0. (3.7)
Now, taking X = CY in (3.7) and using (3.4), we get
g(Hgradln )\, JV)g(CY,CY) = 0.
Thus, A is a constant on I'(J(ker F)). On the other hand, taking X = JV in (3.7) and using (3.4) we derive

g(Hegradln A\, CY)g(V,V) =0.

From the above equation, A is a constant on I'(u). Similarly, one can obtain the other assertions. O

In particular, if F' is a conformal Lagrangian submersion, then we have the following.
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Corollary 3.10 Let F : (M,g,J) — (N,g’") be a conformal Lagrangian submersion, where (M,g,J) is a
Kahler manifold and (N,g') is a Riemannian manifold. Then the following assertions are equivalent to each

other;

(i)  (ker F,)* defines a totally geodesic foliation on M.
(i) AxJY =0
(i5i) (VF)(X,JY)=0

for X,V € T((ker F,)1).
Proof For X,Y € I'((ker F,)*) and V € I'(ker F,), we see from Definition 3.1, JV € I'((ker F})1) and
JY € I'(ker Fy). From Theorem 3.8 we have

9(VxY,V) = g(AxBY, JV) — g(Hgradln X, CY)g(X, JV)

1
+g(Hgradln X, JV)g(X,CY) + — ¢ (VX F.CY,F.JV).

pg
Since F' is a conformal Lagrangian submersion, we derive
9(VxY.V) = g(AxBY,JV),

which shows (i) < (i7). On the other hand, using (2.8) we get

9(AxBY,JV) = g(Vx BY,JV).

Since F' is a conformal submersion, we have

1 M
9J(AxBY.JV) = 59 (F.(Vx BY), F.JV).

Then using (2.15) we get

g(AxBY,JV) = "((VF.)(X,BY),F.JV),

~329
which tells that (i7) < (di7). O

In the sequel we are going to investigate the geometry of leaves of the distribution ker F .

Theorem 3.11 Let F : (M,g,J) — (N,g’') be a conformal anti-invariant submersion, where (M,g,J) is a
Kahler manifold and (N, g') is a Riemannian manifold. Then the following assertions are equivalent to each
other:

(i) ker Fy defines a totally geodesic foliation on M.
(i) —=9' (Vi FJV,F.JCX) =g(Ty JW,BX)+g(JW, JV)g(H gradIn A, JCX)
for VW € T'(ker F,) and X € T'((ker F,)1).
Proof For V,W €TI'(ker F,) and X € I'((ker F,)1), from (2.1), (2.2), (2.7), and (3.2) we get

g(Vy W, X) = g(Ty JW, BX) + g(HVy JW,CX).
Since V"' is torsion free and [V, JW] € T'(ker F), we obtain

g(Vy W, X) = g(Ty JW, BX) + g(V y V, CX).
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Using (2.2) and (2.9) we have
g(Vy W, X) = g(Ty JW,BX) + g(V IV, JCX);

here we have used that p is invariant. Since F' is a conformal submersion, using (2.15) and Lemma 2.4 (i) we
obtain

1
9(Vy W, X) = g(Ty JW, BX) —

FQ(H gradln \, JW)g'(F.JV, F.JCX)

1
— z9(Hgradln ), JV)g (F.JW, F.JOX)

1 1
+ g(JW, JV)FQ’(F* gradln \, F,JCX) +

ﬁg’(VJJDWF*JV, F.JCX).

Moreover, using (3.1) and (3.2) we derive
g(Vu W, X) = g(Ty JW, BX) + g(JW, JV)g(H grad In A, JCX)
1
+ 32 q (Vi F.JV,F,JCX)

which proves (i) < (i7). O

From Theorem 3.11, we deduce the following result.

Theorem 3.12 Let F be a conformal anti-invariant submersion from a Kdhler manifold (M,g,J) to a Rie-

mannian manifold (N,g'). Then any two conditions below imply the third:

(1)  ker Fy defines a totally geodesic foliation on M.
(i¢) X is a constant on T'(u).
(iii) g (VEy F.JV, F.JCX) = —g(Ty JW, JX)

for VW € T'(ker F,) and X € T'((ker F,)1).
Proof For V,W € T'(ker F,) and X € I'((ker F}.)1), from Theorem 3.11, we have

g(Vy W, X) = g(Ty JW, BX) + g(JW, JV)g(H grad In \, JCX)

1
+ 339/ (Viw FdV, FJCX),

Now, if we have (i) and (i47), then we get
g(JW, JV)g(H gradln A, JCX) = 0.

From the above equation, A is a constant on I'(u). Similarly, one can obtain the other assertions. O

If F is a conformal Lagrangian submersion, then (3.3) implies that TN = F,(J(ker F)). Hence we have
the following.

Corollary 3.13 Let F : (M,g,J) — (N,¢’) be a conformal Lagrangian submersion, where (M,g,J) is a
Kahler manifold and (N,g') is a Riemannian manifold. Then the following assertions are equivalent to each

other;
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(i)  ker F. defines a totally geodesic foliation on M.
(i) TyJW =0

for V,W e I'(ker F}).

Proof For V,W € I'(ker F,) and X € I'((ker F,)1), from Theorem 3.11 we have
g(VJ\\;VV,X) =g(TyJW,BX) + g(JW,JV)g(HgradIn A, JCX)

1
+ 3z g (Vi F.JV,F,JCX).
Since F' is a conformal Lagrangian submersion, we get

9(Vy W, X) = g(Ty JW, BX),

which shows (i) < (it). O

4. Harmonicity of conformal anti-invariant submersions

In this section, we are going to find necessary and sufficient conditions for conformal anti-invariant submersions
to be harmonic. We also investigate the necessary and sufficient conditions for such submersions to be totally
geodesic.

Theorem 4.1 Let F : (M?>™+2" g, J) — (N™T2" ¢') be a conformal anti-invariant submersion, where (M, g, J)

is a Kdhler manifold and (N,g') is a Riemannian manifold. Then the tension field 7 of F is
7(F) = —mF, (p*" ™) + (2 — m — 2r)F,(grad In \), (4.1)

where p** = s the mean curvature vector field of the distribution of ker F, .

Proof Let {e1,....,em,Je1, ..., Jem, li1, ..., 2} be an orthonormal basis of T'(T'M) such that {eq,...,e,} is
an orthonormal basis of I'(ker Fy), {Je1,..., Je,,} is an orthonormal basis of I'(J ker F.), and {u1, ..., tiar} is
an orthonormal basis of I'(u). Then the trace of the second fundamental form (restriction to ker F, x ker F )
is given by
m
trace® F*VF, = Z(VF*)(ei, €;)-
i=1

Then using (2.15) we obtain

trace® PV F, = —mF, (u*" ). (4.2)

In a similar way, we have
L m 2r
trace*r )TV, = Z(VF*)(Jeu Je;) + Z(VF*>(M7M1')~

=1 i=1
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Using Lemma 2.4 (i) we arrive at

trace® F) TV, = Z 2¢g(gradIn A, Je;)Fi(Je;) — mF,(gradIn \)
i=1
2r

+ Z 2¢g(gradIn A, ;) Fi(p;) — 2rF.(gradIn A).
i=1

Since F' is a conformal anti-invariant submersion, for p € M and 1<i<m, 1<h<r, {ﬁF*p(Jei), ﬁF*p(Mh)}

is an orthonormal basis of Tr(,) N ; thus we derive

- 1 1
trace®r PV, = Z 29’ (F.(gradln \), XF*(Jei))XF*(Jei) — mF,(gradIn \)
i=1

2r
1 1
+) 2¢'(Fu(gradln)), 3 (i) 3 Fulps) = 2r F(grad In A)
=1

=(2—m—2r)F.(gradln \). (4.3)

Then proof follows from (4.2) and (4.3). O

From Theorem 4.1 we deduce that:

Theorem 4.2 Let F : (M?*™F27 g J) — (N™2" ¢') be a conformal anti-invariant submersion, where (M, g, J)
is a Kdahler manifold and (N,g') is a Riemannian manifold. Then any two conditions below imply the third:

(1)  F is harmonic
(16)  The fibers are minimal
(tit) F is a horizontally homothetic map.

Proof From (4.1), we have
7(F) = —=mF, (p*"F) + (2 — m — 2r)F,(grad In \).

Now, if we have (i) and (i7) then F is a horizontally homothetic map. O

We also have the following result.

Corollary 4.3 Let F be a conformal anti-invariant submersion from a Kdahler manifold (M,g,J) to a Rie-

mannian manifold (N,g"). If m+ 2r =2 then F is harmonic if and only if the fibers are minimal.

Now we obtain necessary and sufficient conditions for a conformal anti-invariant submersion to be totally
geodesic. We recall that a differentiable map F' between two Riemannian manifolds is called totally geodesic if

(VE)(X,Y) =0, forall X,Y € T(TM).

A geometric interpretation of a totally geodesic map is that it maps every geodesic in the total space into a
geodesic in the base space in proportion to arc lengths.

Theorem 4.4 Let F be a conformal anti-invariant submersion from a Kdhler manifold (M,g,J) to a Rie-

mannian manifold (N,g"). If F is a totally geodesic map then
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—VEFRY = F.(J(AxJY; + VVy BY; + AxCY3) + C(HV y JY;

+ AxBY; + HVx CY3)) (4.4)

for any X € T((ker F,)Y) and Y =Y, +Ys € I(TM), where Y7 € T'(ker F,) and Yo € I'((ker F,)*).
Proof Using (2.2) and (2.15) we have

(VE)(X,Y) = VERY + F,(JVyJY)
for any X € I'((ker F,)*) and Y € I'(T'M). Then from (2.8), (2.9), and (3.2) we get
(VE)(X,Y) = VEEY + F.(JAxJY, + BHV x JY1 + CHV x JY; + BAx BY,
+ CAxBYs + JVVy BYs + JAxCYs + BHV y CYs + CHV y CY2)

for any Y = Y; + Yy € T(TM), where Y; € I'(ker F,) and Ya € I'((ker F,)*). Thus taking into account the

vertical parts, we find
(VE)(X,Y) = VEFRY + F.(J(AxJY; + VW BYs + AxCYs) + C(HV yx JY1
+AxBY; + HV x CY2)),

which gives our assertion. O

We now present the following definition.

Definition 4.5 Let F be a conformal anti-invariant submersion from a Kdahler manifold (M,g,J) to a Rie-

mannian manifold (N,g'). Then F is called a (Jker Fy, ) -totally geodesic map if
(VE)(JU,X) =0, for U € T(ker F,) and X € T'((ker F,)™").
In the sequel we show that this notion has an important effect on the character of the conformal submersion.

Theorem 4.6 Let F be a conformal anti-invariant submersion from a Kdhler manifold (M,g,J) to a Rie-
mannian manifold (N,g"). Then F is a (Jker Fy, u)-totally geodesic map if and only if F is a horizontally

homothetic map.

Proof For U €T'(ker F,) and X € I'(y), from Lemma 2.4 (i), we have
(VE)(JU, X) = JU(InN)Fy(X) + X (I \)F, (JU) — g(JU, X)F, (grad In \).

From the above equation, if F' is a horizontally homothetic then (VF,)(JU, X) = 0. Conversely, if (VF,)(JU, X)
0, we obtain
JU(In AN Fo(X) + X(In N F.(JU) = 0. (4.5)

Taking the inner product in (4.5) with F.(JU) and since F' is a conformal submersion, we write

g(gradln X\, JU)g'(F. X, F.JU) + g(gradIn \, X)g'(F.JU, F,JU) = 0.
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The above equation implies that A is a constant on I'(1). On the other hand, taking the inner product in (4.5)
with F, X, we have

g(gradln X\, JU)g'(F. X, F. X ) + g(gradIn \, X)¢'(F.JU, F.X) = 0.

From the above equation, it follows that A is a constant on T'(J(ker F,)). Thus X is a constant on I'((ker F,)*).
Hence the proof is complete. O

Here we present another characterization of totally geodesic, conformal anti-invariant submersions.

Theorem 4.7 Let F be a conformal anti-invariant submersion from a Kdhler manifold (M,g,J) to a Rie-

mannian manifold (N,g’). Then F is a totally geodesic map if and only if

(i) TyJV =0 and HVy; JV € T(J ker F.),
(i¢)  F is a horizontally homothetic map,
(iii) VyBX +TyCX =0

TyBX +HVy CX € I(Jker F,)

for X,V € T'((ker F.)*) and U,V € I'(ker F}).
Proof For any U,V € I'(ker Fy), from (2.2) and (2.15) we have

(VE)U,V) = F,(JVy V).
Then (3.2) and (2.7) imply
(VE)(U,V) = F,(JTyJV + CHV , JV).
From the above equation, (VF,)(U,V) = 0 if and only if
F(JTyJV + CHV, JV) = 0. (4.6)
This implies Ty JV =0 and ’va JV € T'(Jker Fy). On the other hand, from Lemma 2.4 (i) we derive
(VEH(X,)Y)=X(InNF.(Y)+ Y(In M) F.(X) — g(X,Y)Fi(gradIn \)

for any X,Y € I'(u). It is obvious that if F' is horizontally homothetic, it follows that (VF,)(X,Y) = 0.
Conversely, if (VF,)(X,Y) =0, taking Y = JX in the above equation, for any X € I'(u) we get

X(InMN)F.(JX)+ JX(In M\ F.(X) = 0. (4.7)
Taking the inner product in (4.7) with F,JX, we obtain
g(gradIn \, X)A\?g(J X, JX) + g(gradIn A, JX)A\?g(X, JX) = 0. (4.8)
From (4.8), A is a constant on I'(x). On the other hand, for U,V € T'(ker F), from Lemma 2.4 (i) we have
(VEN(JU,JV) = JU(In N E.(JV) + JV(In N, (JU) — g(JU, JV)F,(grad In \).

Again if F' is horizontally homothetic, then (VF,)(JU,JV) = 0. Conversely, if (VF,)(JU,JV) = 0, putting

U instead of V in the above equation, we derive

2JU(In \)F,(JU) — g(JU, JU)F.(gradIn \) = 0. (4.9)
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Taking the inner product in (4.9) with F,JU and since F' is a conformal submersion, we have

g(JU, JU)N*g(gradIn \, JU) = 0.

From the above equation, A is a constant on I'(Jker F,). Thus A is a constant on I'((ker F,)*). Now, for

X € T((ker F,)*) and V € T'(ker F,), from (2.2) and (2.15) we get
(VE)(X,V) = F.(JVy JX).
Using (3.2) and (2.7) we have
(VF)(X,V) = F.(CTyBX + JVyBX + CHVy CX + JT,yCX).
Thus (VF,)(X,V) =0 if and only if
F.(CTyBX + JVyBX + CHVy CX + JTyCX) = 0.

Thus the proof is complete. O

5. Decomposition theorems

In this section, we obtain decomposition theorems by using the existence of conformal anti-invariant submersions.
First, we recall the following results from [19]. Let g be a Riemannian metric tensor on the manifold B = M x N
and assume that the canonical foliations Dj; and Dy intersect perpendicularly everywhere. Then g is the

metric tensor of
(i) a twisted product M x; N if and only if Dy is a totally geodesic foliation and Dy is a totally

umbilic foliation,
(ii) a warped product M x; N if and only if Dy is a totally geodesic foliation and Dy is a spheric
foliation, i.e. it is umbilic and its mean curvature vector field is parallel.

We note that in this case, from [3] we have
VxU = X(Inf)U (5.1)

for X e T(TM) and U € T(TN), where V is the Levi-Civita connection on M x N.
(iii) a usual product of Riemannian manifolds if and only if Dy, and Dy are totally geodesic foliations.

Our first decomposition theorem for a conformal anti-invariant submersion comes from Theorem 3.8 and

Theorem 3.11 in terms of the second fundamental forms of such submersions.

Theorem 5.1 Let F be a conformal anti-invariant submersion from a Kdhler manifold (M,g,J) to a Rie-

mannian manifold (N,g"). Then M is a locally product manifold of the form M, p,yr X Mer .y if

% J(VEF.CY,F,JV) = —g(AxBY, JV) + g(Hgradln A, CY )g(X, JV)
—g(Hgradln \, JV)g(X,CY)
and
—%g/(Vf}ﬂWF*JV, F.JCX) =g(TyJW,BX) + g(JW,JV)g(HgradIn A, JCX)
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for VW € T'(ker F,) and X,Y € I'((ker F,)1), where Myer p,yr and Myer ) are integral manifolds of the
distributions (ker F.)* and (ker F,). Conversely, if M is a locally product manifold of the form Mer 7y X

Mxer .y then we have

ﬁg'(V§F*C’Y, F.JV)=gHgradln \,CY)g(X,JV) — g(Hgradln )\, JV)g(X,CY)

and

1
—Fg'(Vf;WF*JV, F.JCX) = g(JW,JV)g(Hgradln A\, JCX).

From Corollary 3.10 and Corollary 3.13, we have the following theorem.

Theorem 5.2 Let F' be a conformal Lagrangian submersion from a Kdihler manifold (M, g, J) to a Riemannian

manifold (N,g'). Then M is a locally product manifold if AxJY =0 and Ty JW =0 for X,Y € I'((ker F,)*)
and V,W € I'(ker F}).

Next we obtain a decomposition theorem related to the notion of twisted product manifold. However, we
first recall the adjoint map of a map. Let F : (My,¢1) — (Mas,g2) be a map between Riemannian manifolds
(My,¢91) and (Mo, g2). Then the adjoint map *F, of F, is characterized by ¢1(x,* Fip,y) = g2(Fip, 2, y) for
x €Ty, My, y € Trp, M2 and p1 € My. Considering Ff at each p; € M; as a linear transformation

Ffpl : ((ker F*)J_(pl)a 91, ((er F*)J_(pl))) - (rangeF*(p2)792;)2((7'(171,5]&1'7‘*)(1)2)))7

. . s h * h
we will denote the adjoint of F\' by *FJ .

Let *Fl;,, be the adjoint of Fl,, : (Ty, M1, 91, ) = (Tp, M2, g2, )-

Then the linear transformation
(*Fup,)" : rangeF.(p2) — (ker F.)*(p1)

defined by (*F.p, )"y =* F.p,y, where y € I(rangeF.p,),p2 = F(p1), is an isomorphism and (F! )~! =
(P = F

*p1°

Theorem 5.3 Let F be a conformal anti-invariant submersion from a Kdhler manifold (M,g,J) to a Rie-

mannian manifold (N,g"). Then M s a locally twisted product manifold of the form M r,y X\ Mxer py+ if
and only if (ker F,)* is integrable,

1
—Fg’(V%VF*JV, F,JCX) = g(Ty JW, BX) + g(JW, JV)g(H gradIn A, JCX) (5.2)
and
g(X,Y)H = —-BAxBY +CY(In\)BX — BHgradln Ag(X,CY)
—J*F.(VEF.CY) (5.3)

for VW € T'(ker F,) and X,Y € I'((ker F,)*), where Mer pyr and My 1,y are integral manifolds of the

distributions (ker F,)* and (ker F.) and H is the mean curvature vector field of Mer 7y - -
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Proof For V,W € I'(ker F,) and X € I'((ker F,)1), from (2.1), (2.2), (2.7), and (3.2) we have

g(VuW, X) = g(Tyy JW, BX) + g(HV 1 JW, CX).

Since V"' is torsion free and [V, JW] € T'(ker F), we obtain
9(Vy W.X) = g(TyJW, BX) + g(V V. CX).
Using (2.2) and (2.9) we get
M M
(Vo W, X) = g(Ty JW, BX) + g(V 5y JV, JCX).
Since F' is a conformal submersion, using (2.15) and Lemma 2.4 (i) we arrive at

1
9(Vy W, X) = g(Ty JW, BX) —

FQ(H gradln \, JW)g'(F.JV, F.JCX)

1
— z9(Hgradln ), JV)g (F.JW, F.JOX)

1 1
+ g(JW, JV)Fg’(F* gradln \, F, JCX) + — ¢ (Vi F.JV, F.JOX).

ﬁg
Moreover, using (3.1) and (3.2) we conclude that

g(VgI/V, X) =g(TyJW,BX) + g(JW, JV)g(H gradIn A, JCX)

1 ! F
+ 29 (Viw FyJV, F,JCX).
Thus it follows that M e, p.) is totally geodesic if and only if the equation (5.2) is satisfied. On the other hand,
for V,W € I'(ker F,) and X € I'((ker F,)1), from (2.1), (2.2), (2.8), (2.9), and (3.2) we obtain
g(VXY,V) = g(AxBY + VVy BY, JV) + g(AxCY + HVy CY, JV).

Thus from (3.1) we get
9(VXY,V) = g(AxBY,JV) + g(HVxCY, JV).

Since F' is a conformal submersion, using (2.15) and Lemma 2.4 (i) we arrive at

M 1
g(VxY,V)=g(AxBY,JV) —

Fg(% gradln \, X)g'(F.CY, F,JV)

- %g(?—[ gradln \,CY)g' (F. X, F.JV)

1 1
+ 3z g(X,CY)g (F.(gradIn \), F,JV) + — ¢ (VK F.CY,F,JV).

29
Moreover, using (3.1) and (3.2) we derive
9(VXY,V) = g(AxBY, JV) — g(HgradIn ), CY)g(X, JV)

1
+g(Hgradn X, JV)g(X,CY) +

¥ g (VEE.CY,F.JV).
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Using (2.2) we conclude that Mg, p,)1 is totally umbilical if and only if the equation (5.3) is satisfied. O

However, in the sequel, we show that the notion of conformal anti-invariant submersion puts some
restrictions on the total space for locally warped product manifold.

Theorem 5.4 Let F be a conformal anti-invariant submersion from a Kdhler manifold (M,g,J) to a Rie-
mannian manifold (N,g"). If M is a locally warped product manifold of the form M, p,yr Xx Mxer F.) , then

either F' is a horizontally homothetic submersion or the fibers are one-dimensional.

Proof For V,W € I'(ker F,) and X € I'((ker F,)1), from (2.2), (2.6), and (5.1) we get

—X(In\)g(U,V) = JV(In \)g(U, JX).

For X € I'(u), we derive
—X(InMNg(U,V) =0.

From the above equation, we conclude that A is a constant on I'(u). For X = JU € I'(J(ker F})) we obtain

JU(InN)g(U, V) = JV(InA)g(U,U). (5.4)
Interchanging the roles of V' and U in (5.4) we arrive at
JV(InAN)g(U, V)= JU(IlnM\)g(V, V). (5.5)

From (5.4) and (5.5) we get

g(U,V)?

(5.6)

From (5.6), either A is a constant on I'(J ker F) or T'(J ker F}) is one-dimensional. Thus proof is complete. O

Remark 5.5 In fact, the result implies that there are mo conformal anti-invariant submersions from Kdhler

manifold (M, g,J) the form Mye p,yr Xx Mxer 7,y to a Riemannian manifold under certain conditions.

6. Curvature relations for conformal anti-invariant submersions
In this section, we investigate the sectional curvatures of the total space, the base space, and the fibers of a
conformal anti-invariant submersion. Let F' be a conformal anti-invariant submersion from a K&hler manifold
M to a Riemannian manifold V. We denote the Riemannian curvature tensors of M, N, and any fiber F~!(z)
by Ry, Ry, and R, respectively.

Let F be a conformal anti-invariant submersion from a Kéhler manifold (M, g,J) to a Riemannian
manifold (N, g"). We denote by K the sectional curvature, defined for any pair of nonzero orthogonal vectors
X and Y on M by the formula
R(X,Y,Y,X)

K(X.Y)=
&Y = X EvE

(6.1)
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Theorem 6.1 Let F be a conformal anti-invariant submersion from a Kdhler manifold (M,g,J) to a Rie-

mannian manifold (N, g’) and let Ky, K, and Ky be the sectional curvatures of the total space M, fibers, and

the base space N, respectively. If X,Y are horizontal and U,V wertical vectors, then

Ky(UV) = 2 Ky(F.JU, F, JV)—f | VI[JU, JV] ||2——{g(V]Ugrad()\2) JU)
+ a9y arad () IV} + 2 (] rad () I
+1 JU(A )V — JV(A )JU |12}, (6.2)

Ku(X,Y) = K(BX,BY) + %KN(F*CX F.CY)— Z |V[CX,cY] |?

+ 20X, OV (Vi mrad (), 0X)
—g(CY,CY)g (VCX grad( 5),CX) +g(CY,CX)g (VCX grad( 5),CY)
— g(CX, CX)g(V ey grad(53),CY))

A 6(CX.CX)(CY,0¥) ~ g(CY.CX)g(CX,CY)) | grad( ) |

+||CX( S)CY — CY(—)CX |*}+ || Tex BY ||> —g(Tsy BY, Tpx BX)

1

7
+9((Vex A)oyCY, BX)+ || Acy BX | —¢((Vey T)pxCY, BX)
— || TpxCY | +9((Vpy A)exCX, BY )+ || Acx BY ||?

— 9(VexT)py CX, BY)— || Ty CX ||? (6.3)
and

Ky (X,U) = 3z Kn(F.CX,F,JU) - = || viCcx,JU] |?
A 0(CX.CX)g(V )y mrad (). V)

+9(Vex grad(35 ) CX)}+ *{g(CX cx) | grad()\g) I?

+1 OX (55 VU — JU(L)CX |12} (Y iy 4) 0 JU, BX) || Ay BX |2

/\2
— 9(VyuT)px JU, BX)— || Tox JU |*. (6.4)

Proof Since M is a Kéhler manifold, we have Ky (U,V) = Ky (JU, JV). Considering (2.14) and (6.1), we

63



AKYOL and SAHIN/Turk J Math

obtain
1
Ky (U V)=Kp (JU, JV)=g(Rp (JU, JV)JV, JU)zﬁg’(RN(F*JU, F.JV)F,JV,F.JU)

+ i{g(V [JU,JV],V[JV,JU]) — g(V[JV,JV],V[JU, JU))

+29(V[JU, JV],V[JV, JU)}

2

A M 1
+ 5 1{9(JU, IV)g(V 3y grad(ﬁ), JU) —g(JV,JV)g (VJU grad(

5 ); JU)

AQ

+ g(JV, JU)g(V yy grad( Al ), JV) — g(JU, JU)g(V 5y grad(%), JV)}
A IV, JOYg( IV, V) = gV, TU)g (I, V) | rad( ) |

b g(TU() IV — TV ()10, JU(L) v — gLy 000}

A2 ) A2 A2 ) A2

for unit vector fields U and V. By straightforward computations, we get (6.2).

For unit vector fields X and Y, since M is a Kahler manifold and using (3.2), we have

Ky(X,Y)=Ky(JX,JY)=Ky(BX,BY)+ Ky (CX,CY)
+Kn(BX,CY)+ Ky (CX, BY). (6.5)

Using (2.11), we derive

Ky (BX, BY) = g(Ra(BX, BY)BY, BX) = g(R(BX, BY)BY, BX)
+9(TpxBY,Tpy BX) — g(Ty BY, Tpx BX)
= K(BX,BY)+ | TsxBY ||* —=g(Tsy BY, Tpx BX). (6.6)

In a similar way, using (2.14), we arrive at

Knt(CX, OY)=g(Rag (CX, CY)CY, CX)= Al (Rn(F.CX, F.OY)F.CY, F.CX)

+i{g(v [CX,CY],V[CY,CX])—g(VICY,CY],V[CX,CX])

+29(V[CX,CY],V[CY,CX])}

F{9(CX, OV )g(V ey grad(55), CX) — g(CY, C¥ )g(Vix gmad(55), CX)

+H9(CY,CX)g(Vix grad(55), CY) — g(CX, CX)g(Vey grad(55),CY))
/\4

+2G(CX, CX)g(CY, OF) ~ g(CY, CX)g(CX, CY) | arad(5y) |

+g(CX( 5)CY = CY (55 )OX CX( )CY — C’Y( )CX)}.
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Moreover, by direct calculations, we obtain

1
u(CX,0Y)= = Kyn(F.CX,F.CY) — % | V[CX,CY]|]?

A2
2
FA9(CX, OV )g(Vey grad(5), OX) — g(CY, OY )g(Vily arad(5), CX)

+9(CY,CX)g (VCX grad( ) CY)—-g(CX,CX)g (ch grad( ) CY)}

4
F{(9(OX, CX)g(CY, 0Y) — g(OY, CX)g(OX, OY) | grad(5) |

+ CX(A )Y — cy< )CX |2, (6.7)

In a similar way, using (2.13) we have
Ky (BX,CY) = g(Ry(BX,CY)CY, BX) = g((V yx A)cy CY, BX)+ || Acy BX |2
~ 9(VoyT)pxCY, BX)~ | TpxCY |[*. (6.8)
Lastly, since M is a Kéhler manifold and using (2.13) we obtain
Ka(CX, BY) = Ky(BY,COX) = g(Ry (BY, CX)CX, BY) = g((V iy A)oxCX, BY)
+ | Acx BY |* ~g((VexT)syOX. BY )~ || Toy CX ||* (6.9)

Writing (6.6), (6.7), (6.8), and (6.9) in (6.5) we get (6.3).

For unit vector fields X and U, since M is a Kéhler manifold and from (3.2), we have
Ky(X,U)=Kny(JX,JU) = Ky (BX,JU) + Ky (CX, JU). (6.10)
Using (2.13), we get
Kun(BX,JU) = g(Ry(BX, JU)JU, BX) = g((Vpx A)guJU, BX)+ || AjuBX ||?

— (VT pxJU, BX)— || TexJU |2 (6.11)

In a similar way, using (2.14) we obtain
1
Ky (CX,JU)=g(Rp(CX, JU)JU, CX):ﬁg’(RN(F*CX, F.JU)F,JU,F.CX)

%{g(v (CX, JU,V[JU,CX]) — g(V [JU, JU],V [CX, CX])

+2g(V[CX, JU],V [JU,CX)) }

—l—%{g(CX, TO)g(V a5 L) CX) — g(IU T g(Viny grad (- L) ex)

(I, CX)g(V i grad(3), JU) = 6(CX, CX)g(V iy grad(55), JU)}
)\4

+— 1 {(9(CX,CX)g(JU,JU) — g(JU,CX)g(CX,JU)) | gmd()\1 )12

+ || CX( 5)JU — JU( 5)CX 1%} (6.12)
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Then (6.4) follows by (6.10), (6.11), and (6.12). O

From Theorem 6.1, we have the following results.

Corollary 6.2 Let F' be a conformal anti-invariant submersion from a Kdihler manifold (M, g,J) to a Rie-

mannian manifold (N, g'). Then we have

KU, V)< KN<F JU,F.JV) - *{Q(VJU arad (), JU) + g(V'sy grad(—), JV)}

A2 277 277

*{II grad(5 )||2 FIIUG)IV = IV (5)JU 2} + g(Ty V. Ty U)

A2 A2

for U,V € T'(ker Fy.). The equality case is satisfied if and only if the fibers are totally geodesic and Jker F is

integrable.

Proof From (6.2), we have

Ky (U, V) = 2 KnN(F.JU,F,JV) — - || V[JU,JV] |2 f—{g(VJU grad(/\ ), JU)
4V grad(sp). JVI ] Erad () [+ U () V=1V (o) IU |2}

Using ([18], Corollary 1, page: 465), we get

. 1
KU V)+ | TyV |? —g(TvV, TuU) = 5 Kn(FJU, FJV) — Z Iv[Ju,Jv]|?

22
22
_7{9(VJU gfad(kg) JU)+9(VJV gra'd()\g) JV)}
2 {II grad(35 )II +ll JU()\Q)JV JV()\Q)JU 1%}, (6.13)
which gives the assertion. O

We also have the following result.

Corollary 6.3 Let F be a conformal anti-invariant submersion from a Kdahler manifold (M,g,J) to a Rie-

mannian manifold (N,g'). Then we have

KU, V) > )\—KN(F JU,F,JV)—° || VI[JU,JV] |2 ——{g(vw erad(—), JU)

2
+ gy grad(55), V)= | TV | +9(Ty V. TyD)

for U,V € I'(ker F.). The equality case is satisfied if and only if F' is a homothetic submersion.

Corollary 6.4 Let F be a conformal anti-invariant submersion from a Kdahler manifold (M, g,J) to a Rie-
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mannian manifold (N,g"). Then we have

. 1
Ku(X,Y) > K(BX,BY) + FKN(F*OX, F.CY) - % |v[cx,cy] |?

2

. %{g(CX, CY)g(V oy grad( 5 L) ox)

OV, CY)g(V ey grad(5). OX) + g(CY, OX)g(Vix grad(55), O )
— g(OX,CX)g(Very grad(55), OY))

)\4
+ 2 {(3(CX,CX)g(CY,CY) ~ g(CY,CX)g(CX, CY) | grad(sy) I}
— g(Tpy BY, Tpx BX) — ¢(Vey T)pxCY, BX) + g((V s x A)oy CY, BX)
|| TexCY |2 49((Viy A)exCX, BY —g((Verx T) 5y CX, BY - || Tpy CX |2

+ || AcxBY |]?

for X, Y€l ((ker F,)%). The equality holds if and only if for any X,Y € I'((ker F.)*) one has TgxBY = 0,
AcyBX =0 and either rankp =1 or gradX |,= 0.

Proof By direct calculations and using (6.3) we arrive at
Em(X,Y)= || TpxBY |* — || Acy BX ||* = || CX( 2)CY = CY (55 )CX I?
> K(BX,BY) + FKN(F*CX, E.CY) — 1 | V[CX,CY] |
/\2
+5{=9(CY,CY)g 9(Vex grad( 5): CX) +g(CY,CX)g(Vex grad(35 )CY)

—9(CX,CX)g (chgrad( ) CY)+9(CX,CY)g (chgrad( 5),CX)}

A G(CX.CX)g(CY.0F) — g(CY.CX)g(CX.OV) | grad(55) [}

9(Ty BY, Tsx BX)~g((Vey T) px CY, BX (Vg x Aoy CY, BX)
—| TexCY |2 49((Vy A)exCX, BY) —g((VexT) sy CX, BY - || TpyCX |2
+H AchY ||2 .

This gives the inequality. For the equality case
| Tox BY 2 + || Aoy BX | +20 | CX(s5)0¥ - 0¥ (S0 2=
Hence we obtain for any X,Y € I'((ker F,)*), TgxBY=0, Acy BX=0 and either ranky =1 or grad |,= 0.
O

In a similar way, we have the following result.
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Corollary 6.5 Let F be a conformal anti-invariant submersion from a Kahler manifold (M,g,J) to a Rie-
mannian manifold (N,g'). Then we have

N 1 2
Ku(X,Y)<K(BX, BY)—i—ﬁKN(F*CX, F*CY)—%{g(CX, CY)g(Vy grad(— 7). CX)

~ g(CY, 0¥ )g(Veix grad(55), CX) + 9(CY, CX)g(Very grad(55), CY)

— g(OX, CX)g(Vety grad(55), OY))

)\4
+1{(9(CX, CX)g(CY,CY) = g(CY,CX)g(CX,CY)) || grad(; )||2

+ | CX( )CY CY( )C'X I°Y+ || TexBY ||> —9(Tpy BY, TpxBX)

+ 9((Vpx Aoy CY, BX)+ || Ay BX > —g((Vey T)pxCY, BX)

+9((V gy A)exCX, BY 1+ | Acx BY [*g((VeoxT)py CX, BY - | Tpy CX |

for X,Y € I'((ker F.)*). The equality case is satisfied if and only if TpxCY =0 and [CX,CY] € T(H).

Corollary 6.6 Let F be a conformal anti-invariant submersion from a Kahler manifold (M,g,J) to a Rie-
mannian manifold (N,g'). Then we have

1
Ku(X.U) 2 5 Kn(F.CX, F.JU) ~ g | V[CX,JU] |2

A g(CX.CX)g(V )y mmad (). V)

(VCX grad( 5)s CX)}+9((VBXA) vJU, BX)
- 9((V§[UT)BXJU7 BX)— || TpxJU |?

Jor X € I'((ker F)*) and U € T'(ker F.). The equality case is satisfied if and only if A;jy BX =0, grad(yz) =0

and F is a horizontally homothetic submersion. We note that in this case X\ is a constant function if M is
connected.

Proof By straightforward computations and using (6.4) we obtain

En(X,U)~ || AjuBX ||? **{Q(CX cx) | grad()\g) I?

— CX(A )JU — JU()\ )CX |2} > —KN(F CX,F.JU)-° || VICX,JU] |2

A HI(OX, CX)g(Vy mrad(55), JU) + g(Very arad(5), CX))

+9((VipxA) juJU, BX) — g((VuT) pxJU, BX)— || ToxJU ||> .
This gives the inequality. For the equality case

| AjuBX H2+ {g(CX CX) Il grad(35 )||2 + 1] CX( 5)JU — JU( 7)CX [} =0.
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Thus we derive A;py BX=0 and grad(5%)=0, CX(55)JU-JU(5z)CX=0, which shows that F is horizontally
homothetic. O

Finally we have the following inequality.

Corollary 6.7 Let F be a conformal anti-invariant submersion from a Kahler manifold (M,g,J) to a Rie-

mannian manifold (N,g’). Then we have

(X, U) < %KN(F*CX, FJU) — %z{g(cx, CX)g(V'y grad( AZ) JU)
+9(Veox grad(35 ) CX)}
4
+ 1 {9(CX,CX) | grad( ) 112+l CX( 5)JU — JU( )CX 17}

+ 9((Vix A) v JU, BX)+ || Aju BX |2 —g((VyyT)px JU, BX)

for X € T'((ker F,)%) and U € T'(ker F,). The equality case is satisfied if and only if TexJU = 0 and
[(CX,JU] € H.
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