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Abstract: In this paper we give expressions for the generalized Drazin inverse of a (2,2,0) operator matrix and a 2 X 2

operator matrix under certain circumstances, which generalizes and unifies several results in the literature.
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1. Introduction
The concept of the generalized Drazin inverse (GD-inverse) in a Banach algebra was introduced by Koliha [21].
Let B be a complex unital Banach algebra. An element a of B is generalized Drazin invertible in the case that

there is an element b € B satisfying
ab="ba, bab=">b, and a—a®b is quasinilpotent.

Such b, if it exists, is unique; it is called a generalized Drazin inverse of a and will be denoted by a?. Then the
spectral idempotent a™ of a corresponding to 0 is given by a™ =1 — aa?®.

The GD-inverse was extensively investigated for matrices over complex Banach algebras and matrices
of bounded linear operators over complex Banach spaces. The GD-inverse of the operator matrix has various
applications in singular differential equations and singular difference equations, Markov chains and iterative
methods, and so on (see [1, 2, 3, 4, 8, 10, 14, 16, 26, 27, 28]).

The generalized Drazin inverse is a generalization of Drazin inverses and group inverses. The study
of representations for the Drazin inverse of block matrices essentially originated from finding the general
expressions for the solutions to singular systems of differential equations [4, 5, 6]. Until now, there have
been many formulae for the Drazin inverse of general 2 x 2 block matrices under some restrictive assumptions
(See [ ) ) ) ) ) ) ) ) D

Some results of the Drazin inverse have been developed in the GD-inverse of operator matrices over

Banach spaces (see [7, 11, 13, 14, 17]). Assume that both X and Y are complex Banach spaces. Denote by
B(X,Y) the set of all bounded linear operators from X to Y, and write B(X, X) = B(X). Let an operator
matrix M — (g g) , where A € B(X),D € B(Y), B € B(Y, X),C € B(X,Y).
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Castro-Gonzalez [7] derived explicit expressions of the GD-inverse of M under certain conditions, which
extended some results of [13, 14]. Cvetkovié¢ [11] also extended some results of [13, 14]. Recently, Mosié¢ [25]
gave the new formulae for the GD-inverse of 2 x 2 matrices in a Banach algebra.

In this paper, we derive new formulae for the GD-inverse of a (2,2,0) operator matrix N under certain
circumstances. Furthermore, we apply N¢ to give representations of M¢ under weaker restrictions, which

generalizes and unifies several results of [7, 11, 13, 14, 17, 25].

Since (a?)™ = (a™)? for any a € B we adopt the convention that a?" = (a?)" and a° = 1 and Z?:o x=0

-
in the case of k < 0. Moreover, we define (Z Z) = <Z 2) for a,b,c,d € B.

2. Generalized Drazin inverse of a (2,2,0) operator matrix

Let B be a complex unital Banach algebra. An element a € B is called quasinilpotent if limy,_,o [|Ja”|| = 0.

Let M2(B) be the 2 x 2 matrix algebra over B. Given an idempotent e in B, we consider the set My (B, e) =

((1 iie)Be a ilge()lgzlez e)) C M3(B). Then My(B,e) is a unital Banach algebra with respect to the norm

Lemma 2.1 Let e be an idempotent of B. For any a € B let

a21

(an a12) H = [la11 + a1z + az + axol|.
a22

_ eae ea(l —e) .
ola) = ((1 —e)ae (1—e)a(l — e)) € Ma(B; ).

Then the mapping o is an isometric Banach algebra isomorphism from B to May(B,e) such that:

1. (o(a)? = o(a);

2. if (o(a))? = (: ?), then a®=a+B+~v+94.

Proof By [9, Lemma 2.1] we have that the mapping o is an isometric Banach algebra isomorphism from B
to Mz (B, e). The rest of the proof is obvious. O

Lemma 2.2 ([1/]) Let z = (8 Z) and let y = <Z 2) for a,b,d € B. Then

md_adX d_ddO
“\o @) ¥ T X W)

X =q Z aibdd(i+2) + Z ad(i+2) bdidfr _ adbdd.
1=0 =0

where
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Lemma 2.3 Let e be an idempotent of B and let a € B be generalized Drazin invertible such that ea(1—e) = 0.

Then ea and a(l —e) are both generalized Drazin invertible, and
(ea)? =ea?, (a(l—e))?=a%1l—-¢), (ea)”=ea™

for any positive integer n.

Proof Since ea(l —e) = 0, combining Lemma 2.1 and Lemma 2.2, we have ea?(1 —e) = 0. Then

d d d d

eaca® = eaa® = ealea and eaeaca’ = ea®. Furthermore,

: _ 2 dynL _ 3 myn) L
Jim_l(ea — (ea)*ea®)" |7 = lim ||(eaa™)"|

= lim [lea"a™|* < lim [|e]*[|a"a™|* =0.
n—oo n—o00
Hence, ea is generalized Drazin invertible and (ea)? = ea?. Similarly, we can prove that a(1 —e) is generalized

Drazin invertible and (a(1 —€))? = a?(1 —e). Using ea(1 —e) = 0 we easily get (ea)” = ea™ for any positive
integer n. O

Lemma 2.4 ([22])(Cline’s Formula) For a,b € B, ab is generalized Drazin invertible if and only if so is ba.

Furthermore, if ab is generalized Drazin invertible, then
(ba)? = b(ab)*a.

The following lemma is an immediate corollary of [17, Corollary 3.3.7].

b
d

0, then x is generalized Drazin invertible, and

gd_ [ P10 $1b
“\ra+v d*4+71b)°

Lemma 2.5 Let x = <CCL ) € My (B) with a and d generalized Drazin invertible. If abc = 0, bd = 0, (bc)? =

where
¢ = B30 (be) a?CIHE),
Yy = E;?';Odd@j“")(cb)jq
T =520(ch+ d?)ical@H) 4 £ dTd¥ H ey s

—3%0,d?(cb + d2)i1/)1ad(2i+3) + B2 g Yip2a®Ta™
—l—Zi"iOdd@i“‘?’)c(aQ + bc)iaw _ E;)iodd(%-l-l)c(bc)i(bl _ wlad.

-
Now we can give our first main result. Recall that a® = (a?)” and <(CZ Z) = (Z 2) for a,b,c,d € B.
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E
F 0

FIEF™ =0 and FTFE =0, then N is generalized Drazin invertible, and

Theorem 2.6 Let N = ( > be an operator matriz with E and F generalized Drazin invertible. If

N — i B+ pT prppd o\" /o Fd ¥
~ Z\EBYET(FT — EFTEFY)EF? 0) \I —EF¢
EIFT 4%, FA2i+3) pr i+l FFd T
T\Fi— pprERt 4+ Y pACHI prpi _pRappd

Fe 0

Proof We adopt the convention that F¢ = FF?. Let e = ( 0 7

) , 0 asin Lemma 2.1, and o(N) = <CCL 3) .

Since FYEF™ = 0, we have

_(FBE F ,_ (0 0 _ (F"BF® F™\ . _ (EF" 0
“=\rre o) " \Frm o) ¢7 0 0) Lo o)

Note that a has the group inverse

0 Fd
aﬁ = (Fe FeEle> (21)

and so aa™ = 0. Using Lemma 2.3 we have (EF™)¢ = E4F™ and

@ =((5 2) G E) - (0 R G e

for any positive integer n. Hence,
EIF™ 0
d _
#o (P 0, o)

Note that (F™F)? =0, and so

0 0 FTF 0
bc:<FﬂFE F“F) and cbz( 0 0). (2.3)

Using Lemma 2.2 we get (be)? = (cb)? = 0. Since FIE*IF™ = F4(EF™)i*! = 0 for any nonnegative integer
i, we have

ab=0, bd=0, bca=0.

By Lemma 2.5 we have

e = (5 ). (24)

where
A= 32, dMFe(be)in,
So= S, d2eadit) 4 Y0 mq2itlqd2i48) _ S it gd qd(2i+2)
+ 320 d¥HD (eb)ic — dica — d*dcala.
Substituting (2.1), (2.2), and (2.3) into (2.4) and using Lemma 2.1 will give the expression of N? that we

wanted. O
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Corollary 2.7 Let N = (? O) be an operator matriz with E and F generalized Drazin invertible. If
FIEF™ =0 and FTFE =0, then N is generalized Drazin invertible, and
in _ i ErH pT pr ppd 0\ [0 Fd O\
- —~ E¥E™(F™ — EFTEFY)EF? 0 I —-EF?
L BURT 4 X Bt piripr o\ Fe\"
+Zl (EdJ (>, ) pip FTEF?) 0) (FFd —FFdEFd>
i=

(0 F "
Fr? —_FFippd
for any positive integer n.

Proof Let NY= P 4 Q + R by Theorem 2.6, where
R+ prprpRd 0\ /0 Fd \**
P= Z <E21E7r F™ — EF"EFY)EF? 0) <I EFd> ’

E'dFﬂ + Z;’io Ed(2i+3)F7rFi+1 0 T
@=\_piprEFTy S B ETRE o)

R (0 F
~\FF! —FFIEF?)"

Since FIETIF™ = FA(EF™)*1 = 0 for any nonnegative integer 4, and since FTFE = 0, we have P? =
0, RP=0, RQ =0, PQ=QP =0, and

" Ean‘n' 4 Z Ed(2i+n+2)Fi+1FTr 0 T
Q = Z Edn(z Ed(2z+1)F7,F7r Fﬂ'EFd) 0

Jj=1

for any positive integer n. Then N = Q" + R" + PR~ ! 4 Z;:ll Q’R™ 7, and by a routine computation,
we get the expression of N9 as shown in Corollary 2.7. O

The following theorem, which is a dual version of Theorem 2.6, can be proved similarly.

F 0
F*"EF? =0 and EFF™ =0, then N is generalized Drazin invertible, and

Theorem 2.8 Let N = (E I) be an operator matriz with E and F generalized Drazin invertible. If

Nd B i 0 Fd 2042 FdEFTrEQiJrQETr FdEFﬂE2i+1E7r
- i FF? —EFd GE G
oo . .
N Z FszEd(2z+1) + FAEFTE™ Z FszEd(2z+2) + Fé_ pdppmgd
=0 i=0

H+ FF*— EFY4EFT™ HE®+ EFIEFTEY — EF¢

such that
G = (FF!EF™ — EFYEF"E)E* E™,
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and
H = Z Fi+lF7rEd(2i+2) _ FFdEFTrEd.
=1

FT 0
0 0

(EF™)? = EYF™. The proof is similar in spirit to that of Theorem 2.6. Since F*EF? =0, we have

_(F'E 0\ ,_(0 F _ (FEF™ 0\ _ (EF° F*
=V o o) \o o) T\ Frr o) *T\FFre o)

Proof We adopt the convention that F¢ = FF?. Let e = ( ) Using Lemma 2.3 we have

Then

0 F

d_(—_ d f—
(bC) _O_(Cb) ) d*' = (Fe _EFd

> and dd"™ =0. (2.5)

Since FTE+1Fd = (FTE)*1F4 = ( for any nonnegative integer i, we have
abc =0, bd=0, dcbc=0. (2.6)

Combining (2.5) and (2.6), in a way exactly similar to Theorem 2.6, we get the result. O

3. Applications to a 2 x 2 operator matrix

a b

Lemma 3.1 [17, Theorem 3.2.2] Let x = (c d> € My(B) with a and d generalized Drazin invertible. If

ca® =0 and ca’b = 0 for any nonnegative integer i, then x is generalized Drazin invertible, and

d
Z‘d:<a1j;¢ C?Zl)a

where

Z;’io dd(”z)cai,

a™ Y00 a'bdd ) 4+ 57 ad+Dpdidm — abdd,

a" > Z;’;O atbddi+i+3) pqi — % Z;—io a8+ pdi g4 +2) oqi
+ N @it Dbdicai=i,

€ S =
Il

Now, based on an observation of the matrix decomposition, we apply the representations of the generalized

Drazin inverse of the (2,2,0) operator matrix to give our another main result. Recall that a® = a%a, a? = (a®)",
a b\ a c
and <c d> = (b d) for a,b,c,d € B.

A B
C D

(BCYYA(BO)™ = 0, (BO)"BCA = 0, BD? = 0, and BD'C = 0 for any positive integer i, then M is

Theorem 3.2 Let M = ( ) be an operator matriz with A and D generalized Drazin invertible. If
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generalized Drazin invertible, and

= (o Foa) (e 0)2) (0 peme (o 5)
((ow) e g)o) (0 w2 5))

where

— 0
¢ = Z Ad(k+2) (BDk+1> )

(D*D™C 0) AR 1N (DU 0) AFAT — (DIC 0) A,
k=0

o0

0

T d(k+1

(D*D™C 0) AUFFITS) (BDlH)
=0

S
I
Me T 1

b
Il

01l
oo

d(k+1) 0) AR A+2) (BlgH‘l)
k=0

[ee]

>

Mw gt

D
(Dik+3) O)Al( 07 ),

BDk +1
k=0 1=0
> A2%+1A7f(BC) A(BC) 0\
Z(!‘l%‘” A(BC)"A(BC))A(BC)? 0)

g (? —(AB%)OM

+§n: AU(BO)T 4 52, AMEHTE(BC)THBOT 0 '
Ad(2’+ﬂ+1)(BC) (BC)™ — AY(BC)TA(BC)* 0

0 (BO) "
% (BC(BC)d —BC(BC)dA(BC)d)

0 (BC)4 "
+ (BC(BC’)d —BC(BC)dA(BC)d)

A T
forn>1 andA(BC 0).

Proof Note that

M= (? 4 é) (2 g). (3.1)
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Let us denote by P and @ the left matrix and the right matrix of the right-hand side in (3.1), respectively.

Then QP = (: 2) , where

a=D, B=(DC 0), 7:(2,)7 and A:(BAO é) (3.2)

Applying Corollary 2.7 to A we obtain the expression of A for any n > 1 as shown in Theorem 3.2. Since
D% =0 and BD'C =0 for i =1,2,..., we have

n n dn n n 0
"B = (D"TIC 0), o™p=(DU"HDC 0), and Yo" = <BD" . (3.3)
Moreover, ya? =0 and ~a'8 =0 for i = 0,1,2,.... Substitute (3.2), (3.3), and A into Lemma 3.1 to
obtain (QP)?. By Lemma 2.4 M¢ = P(QP)%!Q and a routine computation we get the expression of M? as
shown in Theorem 3.2. O

We now analyze some special cases of the preceding theorem, some of which give results of [7,

3 9 9

.

Corollary 3.3 Let M = (é g) be an operator matrix with A and D generalized Drazin invertible. If

A(BC)™ =0, (BC)™BCA =0, BD =0, then M is generalized Drazin invertible, and

(5 5+ (o) G 5) e (00) 26 5) (2 0)47G 5

where
U=>"(D*D"C 0) AYKTD LN " (DIEHDC 0) AFAT — (DIC 0) AY,
k=0 k=0
Ad”:i 0 (BO)YTABC) (0 (BC)d \**"
2 \0 0 I —A(BC)¢

0 (BC)¢ "
+ (BC(BO)d —BC(BC)dA(BO)d)

forn>1 andA(A I).

BC 0
Proof The result can be deduced by routine computations. O
The corollary above relaxes and removes Theorem 2.3 of [25], in which Mosi¢ consider the conditions
BD =0, A(BC)" =0, C(BC)" =0, and (BC)"B =0.
In [7, 13, 14, 17], expressions of the GD-inverse of M are given under the following conditions:

1. BC=0,BD =0, and DC =0 (see [14]);

2. BC=0,BD =0 (see [13]);
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3. BCA=0,BD =0,DC =0 (see [7]);
4. BCA=0,BD =0, and BC is nilpotent (see [7]);
5. BDY =0, BD'C =0 for i =0,1,....,n — 1 (see [17]).

Theorem 3.2 relaxes some conditions in each item of (1)—(5) and gives a unified generalization of [14, Theorem
5.3], [13, Theorem 2], [7, Theorem 4.4], [7, Theorem 4.2], and [17, Theorem 3.2.1]
We conclude this paper with some remarks. Using a way similar to Theorem 3.2 we can give an expression

of the generalized Drazin inverse M? under the following condition:
(BC)"A(BC)* =0, ABC(BC)" =0, BD*=0, BD'C=0 Vi>1,

which gives a unified generalization of [14, Theorem 5.3], [13, Theorem 2], [11, Theorem 1], [17, Theorem 3.2.5],
and [25, Theorem 2.5].
Moreover, by using [17, Theorem 3.2.4] instead of Lemma 3.1 and by using the similar argument we can

give expressions of the generalized Drazin inverse M? under the following conditions, respectively:

1. (BC)XA(BC)™ =0, (BC)"BCA =0, DIC =0, and BD'C =0 Vi >1;

2. (BC)"A(BC)? =0, ABC(BC)™ =0, DC =0, and BD'C =0 Vi > 1.

These give a unified generalization of [14, Theorem 5.3], [13, Theorem 3], [7, Theorem 4.4, Theorem 4.5], [17,
Theorem 3.2.3, Theorem 3.2.6], [25, Theorem 2.4, Theorem 2.6], and [11, Theorem 1-3].
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