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Abstract: In this work, a new inequality by sharpening the well-known Hélder inequality by means of a theorem based

on abstract convexity is derived.
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1. Introduction

The applications of abstract convexity in different areas are known (see [2, 3, 4, 5, 6, 7, 8, 9]). One of them is the
application to inequality theory. For instance, for different function classes, Hermite-Hadamard type inequalities
were derived by different authors in [2, 3, 4, 8]. Another application of abstract convexity to inequality theory
is to sharpen known inequalities in [7] and [1]. In [1], the sharper versions for well-known inequalities among
the generalized arithmetic, geometric, and harmonic means is given by using abstract convexity, and it is shown
that the presented sharping scheme does not derive a sharper inequality for every inequality satisfying related
conditions, such as, for example, Cauchy—Schwarz and Minkowski inequalities.

In this paper, the Holder inequality is studied and investigated in the frame of abstract convexity in light
of [1]. Sharper inequality for the Holder inequality is derived, and also by using this result, we present sharper
inequality for the Cauchy—Schwarz inequality.

The structure of the paper is as follows: in the second section, certain concepts of abstract convexity,
an important theorem to be applied to optimization theory and the Holder inequality, are given. In the third
section, the Holder inequality is considered, results are presented as theorems, and, also by using this result,
sharper inequality is given for the Cauchy—Schwarz inequality.

We shall use the following notations:

R is the real line; Rioo := RU{+00}; R0 := RU{—00}; R:= RU{—00,+00};

R™ is an n-dimensional Euclidean space;

R? is the set of points with nonnegative coordinates;

R, is the set of points with strictly positive coordinates;

X is a Hilbert space with the inner product [.,.] and the norm |z| = /[, x];
B(y,r)={z e X :|lz -yl <r};
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If f:Q— R, then domf :={x€Q:—00< f(z) < +oo};
If f:Q— R and g:Q — R, then f < g means that f(x) < g(x) for all z € Q.

2. Preliminaries

2.1. Abstract convexity, abstract concavity, and an application to optimization theory

Let Q be a set and H be a set of functions h:  — R_,. A function f:Q — R, is called abstract convex
with respect to H (or H — convex) if there exists a set U C H such that

f(z) = sup h(z)
heu

for all z € Q.
Let H be a set of functions h : @ — R,.. A function f :Q — R_, is called abstract concave with
respect to H (or H — concave) if there exists a set U C H such that

f(@) = jnf ()

for all x € Q.

The set H is called the set of elementary functions.

Let X be Hilbert space, and let Q C Q' C X, f:Q — Ry and z¢ € domf and L be a set of functions
1:Q — R_o. An element [ € L is called an L-subgradient of f at the point g if xg € doml and

f(@) = flxo) + U(z) — U(xo).

The set O, f(xo) of all L-subgradients of f at z is referred to as the L-subdifferential of f at x.
If f:Q — Ry isalower semicontinuous convex function and = € domf , then 9 f(x) = df(x), where
Of (x) is the subdifferential in the sense of convex analysis.

Let H be the set of all quadratic functions h of the form
hz)=alz|> +[l,z] +¢, z€X

where a > 0, [ € X and ¢ € R. We say that a function f:Q — R_. is majorized by H if there exists h € H
such that h > f.

Let Q C X and let H be the set of quadratic functions. Then a function f:Q — R_, is H — concave
if and only if f is majorized by H and f is upper semicontinuous (see [0]).

The following result holds (see [7]).

Proposition 1 Let Q@ C X be a convex set and let f be a differentiable function defined on an open set

containing Q. Assume that the mapping x — V f(x) is Lipschitz continuous on Q:

Koe ap IVI@ VI

r,yeX, xH#y ||.’L‘ - y”

< +o00.

Let a > K. For each t € ), consider the function
fel@) = f) + [Vfx —t] +allz —t]*, ze€X.

Then f(x) = rtrélg fi(z), €.
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From [7], consider the global minimization of a function f over a convex set that can be represented
as the infimum of a family (f;),c, of convex functions and derive necessary and sufficient (or only sufficient)
conditions for the global minimum.

In the simplest case of the unconstrained minimization of a function f : X — R such that |V f(z) — Vf(y)| <
allz —y| for all z,y € X, the following result is obtained: if a point z* is a global minimizer of f over X,
then

fl@) - §@*) > 1= VS @) (1)

for all x € X.
The following theorem, which gives the more general case of inequality (1), is proved in [7].

Theorem 1 Consider an n-dimensional space R™ with norms |.|| and |.||,. Let Q@ C R™ be a set with int
Q#0D and let f € CL(Q). Assume that the mapping x — V f(x) is Lipschitz on Q :
IV (z) = VIl

K := sup < 00
syEn [z —yll
zFY

Let x* € int Q be a global minimizer of f over Q. Consider the ball
Bo(z*,r) ={z: ||z — z"||, <7} CintQ

and let

M :=max {||Vf(x)|,:z € Bo(x",7)}.

o

M
Let ¢ > 0 be a number such that Bo(x*, 7+ q) C Q and let a > max (K, 2) . Then
q

L IVF@IE < f@) — @), & € Bafa,r).

2.1.1. Holder mean
Let z1,x9, ...z, and y1,¥yo,..., Yy, be positive numbers and p,q > 1 be such that % + % = 1. Then

San< (321) ()
i=1 i=1 i=1
¥ ab xP
Equality occurs if and only if —é = —3 =...=
Y1 2

3. Main results

Many inequalities can be represented in the form f(x) > 0, where f is a certain function. We say that the

inequality f(x) > w(z) with u(z) > 0 is sharper than the inequality f(z) > 0 if there exists & with u(z) > 0.
Certain conditions for the global minimum can be used for sharpening some special inequalities. Using

the optimality conditions that were obtained with the help of abstract convexity in the previous section, we will

study the Holder inequality in terms of sharpening.
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ay = min max
r<d<\

where

SOwE+ AP |+ 0w+ wp + )P

(
] ot

Si = 1 X
n a g k=1 k=1
g| > (yp —d)e
k=1
n 1
q
M — =t Ay? A — i {)\”}
0 max poy P ( Y + T) Yi ie{lr,%lf.l.,n} Yi

1<i<n £
T > Ayl —r)p

=1

Then for all x € R} such that ||[x — Ay| . < it holds that:

Q=
Q=

n

n 1 n Z yf n % n

=1 —1

Z TiY; + 40,7/ Z Zn l‘f — Y S (Z xf) (Z yf)
i=1 AT =1 S a? i=1

i=1

Proof Let y € R}, and

1

fola) = (Z x) (Z y>

Q=

n
- E TilYi
i=1

where p,q > 0, %4—% =1and r = (z1,22,...,2,) € R, . Then f,(x) >0 and f,(z) = 0 if and only if z = Ay

g q aq
where y =(y{,y5, - ¥4 ), A > 0. Thus, the vectors Ay are global minimizers of f over R’} ,. We will sharpen
the Holder inequality, applying Theorem 1 to the inequality f,(z) > 0. Necessary calculations show that

1

q

3
3
Q

% n
>yl Zl Yyl
1=

1L
<
<

Il
_

vfy(x) = izl xll)il — Y, n 55'12)71 — Y2, n xﬁ—l —Yn
P > @ P
i=1 i=1 i=1
Hence:
l 2
n
= —
IVr@I*=>" || = T =Y
i=1 xf
i=1
Later we will use not only the norm |.|| = ||.|| but also the norm ||.|| . . Let us consider the ball
Vad = Bs(Ay,d)={zeR":|z- Nyl <d}

= {xER”:)\yE—dgxig)\yf+d,i:17...7n}
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where \ = miin {)\yf} >d > 0. Since d < Ay/, it follows that Vi, q C R7,. Let p;(z) = ( fp1>é We need
%t
to estimate ||Vp;(z)| for = € Vi 4. We have
AR O +d)= 3 O +d)
Ipi o fok o
8$1( )’ - n 1+l S n q 1+l
o) o( £ 0wl —ay)
k=1 k=1
8pi( | = p(z;x;)P~t p(Ay? er)p*l()\yf +d)P~1
&rj * n 1""% - n a 1+%
o(£at) o( £ 0wt —ay)
k=1 k=1
and so
1
2 3
pQy! + Ol S b 4 d)r
IVpi(x)] < n( . ) X [ o T |+ Owf - d)P Y+ P =k (2)
q <Z Ay — d)q) fiw i
k=1

Let x,z € Vi 4. Applying the mean value theorem and Cauchy—Schwarz inequality, we conclude that there

exist numbers 6; € (0,1), i = 1,...,n such that

Q=

IV (@) =Vl = (Zﬁ) o1 (@) = pr(2)], [p2(2) = p2(2)] s [on(2) — P ()]

o) (e
)

[Vpi(z + 0:(z — ) (z — Z)]2>

Q=
N

bali
;

—

Q=
(I

M:

Il
-

3

1

< (Zyz>;<§llvmfﬂ+9(z—m))ll |z — Z||>2
() (e

Since z,z € Vi 4 it follows that x + 6;(z — x) € Vi 4 for all i. Applying inequality (2), we conclude that

IVfy(2) =V <a(Ad)llz -z, 2,2 € Via

() &)

where

Q
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Hence, the mapping  — V f(z) is Lipschitz continuous on Vy/ 4 with the Lipschitz constant K < a1(N,d).
a
We will apply Theorem 1 to a set Q = V) 4 where d < A’ = min {/\yip} and the global minimizer z* = Ay of
3

the function f. Assume that the norm ||.||, that was used in Theorem 1 coincides with ||.| . Let r € (0,d)

and ¢ = d —r. Let us estimate M = max {||Vf,(z)|__ : @ € Vi, } as follows:

Q=

n
M = = = I .
zrenva;fr{IIVf(x)Iloo} o g max | | Yi
’ ‘ >
=1
. 1
< = » p—1 _ .. = .
< jpax - (Ayf + ) Yi M,

;(Ayf —r)P
Let

as(N,d,r) = Sd—1)

and
a(N,d,r) = max {a;(N,d),as(N,d,r)}.
Note that lim a(N,d,r) = lim a(N,d,r) = 400 so the function d — a(N,d,r) attends its minimum on
d— M\ —0 d—r+0

the segment (r,\'). Let ay , = ncllin)\ a(N,d,r). Applying Theorem 1 we conclude that
rd<\

1 2
n q
n % n % n 1 n Z yg
i—1 -1
<Z xf) (Z yf) 2 Zl‘iyi t 1o Z = o7 =y | foraze Vi,
i=1 i=1 i=1 AL o1 Soab
i=1

O

For p = ¢ = 2 in the above theorem we can derive a sharp inequality for the Cauchy—Schwarz inequality:

Corollary 1 Let A>r>0, y € R}, and

n 2 n 2 M
- ; 2 2 __ 7o
v = s e (Z yl) (Z 81) "2(d—r)
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where
2 3
1 n n
s = 3 X Z()‘yk +d)? | + Ay +d)? Z()\Z/k +d)?|
n 2 '_ '_
(z (Ayk — d)2> ok ok
k=1
1
n 9 2
Z Yi
My = max —=L | Owitr)—wilp, V= min .
1<i<n Z: (/\yl _ ’I") i€{1,2,...,n}
Then for all x € R such that ||x — A\y|| ., < it holds that:
2

Z Tyi + 4a>\/ Z =1 Ty — Yi < <Z .9312) (Z yz2> .
i=1 ; i i
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