
Turk J Math

(2016) 40: 453 – 469

c⃝ TÜBİTAK
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Abstract: We present a generalization of g-frames related to an adjointable operator K on a Hilbert C∗ -module, which

we call K -g-frames. We obtain several characterizations of K -g-frames and we also give conditions under which the

removal of an element from a K -g-frame leaves again a K -g-frame. In addition, we define a concept of dual, and using

it we study the relation between a K -g-frame and a g-Bessel sequence with respect to different sequences of Hilbert

C∗ -modules.
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1. Introduction

Frames for Hilbert spaces were formally defined by Duffin and Schaeffer [4] in their work on nonharmonic Fourier

series, reintroduced and developed in 1986 by Daubechies et al. [3], and since then they have become the focus

of active research, both in theory and in applications, such as the characterization of function spaces, digital

signal processing, and scientific computations.

Sun [14] proposed the concept of g-frames as generalizations of Hilbert spaces frames and showed that

this includes many other cases of generalizations of the frame concept. On the other hand, frames and g-

frames were introduced in Hilbert C∗ -modules that are generalizations of Hilbert spaces [7,11]. It should be

remarked that, due to the complexity of the C∗ -algebras involved in the Hilbert C∗ -modules and the fact that

some useful techniques available in Hilbert spaces are either absent or unknown in Hilbert C∗ -modules, the

generalizations of frame theory from Hilbert spaces to Hilbert C∗ -modules are not trivial. The properties of

frames and g-frames in Hilbert C∗ -modules were further studied in [1,10,15].

Atomic systems for subspaces were first introduced by Feichtinger and Werther [6] based on examples

arising in sampling theory. In [8], Găvruţa introduced atomic systems for operators in Hilbert spaces, and

frames for operators allowing the reconstruction of elements from the range of a linear and bounded operator.

Later, Asgari and Rahimi [2] applied the atomic systems theory to the situation of g-frames, thereby leading to

the notion of g-frames for operators.

Recently, Najati et al. [13] generalized the notion of frames for operators from Hilbert spaces to Hilbert

C∗ -modules and studied some of their properties. In this paper we give a generalization of g-frames for operators

in Hilbert C∗ -modules and we extend some results in [2] to Hilbert C∗ -modules.

The paper is organized in the following manner. In Section 2, we recall the definitions and basic properties.
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Section 3 is devoted to the introduction of g-frames for operators in Hilbert C∗ -modules. In this section we

characterize g-frames for operators in several aspects and we also study the erasure of g-frames for operators.

In Section 4, we investigate the duality of g-frames for operators in Hilbert C∗ -modules.

2. Preliminaries

In the following we briefly recall some definitions and basic properties of operators and g-frames in Hilbert

C∗ -modules.

Throughout this paper, the symbols J , C , and A refer, respectively, to a finite or countable index set,

the field of complex numbers, and a unital C∗ -algebra with identity 1A .

Definition 2.1 (see [12]) A pre-Hilbert C∗ -module over A or, simply, a pre-Hilbert A-module, is a left A-

module H with a sesquilinear form ⟨·, ·⟩ : H ×H → A , called an A-valued inner product, that possesses the

following properties:

(i) ⟨f, f⟩ ≥ 0 for all f ∈ H and ⟨f, f⟩ = 0 if and only if f = 0 ;

(ii) ⟨f, g⟩ = ⟨g, f⟩∗ for all f, g ∈ H ;

(iii) ⟨af + g, h⟩ = a⟨f, h⟩+ ⟨g, h⟩ for all a ∈ A , f, g, h ∈ H ;

(iv) ⟨λf, g⟩ = λ⟨f, g⟩ whenever λ ∈ C and f, g ∈ H .

For f ∈ H , we define a norm on H by ∥f∥H = ∥⟨f, f⟩∥
1
2

A . If H is complete with respect to this

norm, it is called a Hilbert C∗ -module over A or a Hilbert A-module.

Let H and K be two Hilbert A-modules. A map T : H → K (not necessarily linear or bounded)

is said to be adjointable if there exists a map T ∗ : K → H such that ⟨Tf, g⟩ = ⟨f, T ∗g⟩ for all f ∈ H and

g ∈ K .

From now on, we assume that {Vj}j∈J and {Wj}j∈J are two sequences of Hilbert A-modules. We also

reserve the notation End∗A(H , K ) for the set of all adjointable operators from H to K and End∗A(H , H )

is abbreviated to End∗A(H ).

For a unital C∗ -algebra A , let L 2({Vj}j∈J) be the Hilbert A-module defined by

L 2({Vj}j∈J) =

{
{gj}j∈J : gj ∈ Vj ,

∑
j∈J

⟨gj , gj⟩ converges in ∥ · ∥
}
.

Definition 2.2 (see [16]) Let T ∈ End∗A(H , K ) , then an adjointable operator T † ∈ End∗A(K , H ) is called

the Moore–Penrose inverse of T if

TT †T = T, T †TT † = T †, (TT †)∗ = TT † and (T †T )∗ = T †T. (2.1)

It has been proven that an adjointable operator between two Hilbert C∗ -modules admits a Moore–Penrose

inverse if and only if it has closed range (see [16, Theorem 2.2]).

Definition 2.3 (see [7]) A sequence {fj}j∈J of elements in a Hilbert A-module H is said to be a frame for

H if there exist two constants A, B > 0 such that

A⟨f, f⟩ ≤
∑
j∈J

⟨f, fj⟩⟨fj , f⟩ ≤ B⟨f, f⟩ (2.2)
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holds for every f ∈ H . The numbers A and B are called frame bounds.

Definition 2.4 (see [13]) Let K ∈ End∗A(H ) . A family {fj}j∈J ⊆ H is called a K -frame for H if there

exist constants A1, B1 > 0 such that

A1⟨K∗f, K∗f⟩ ≤
∑
j∈J

⟨f, fj⟩⟨fj , f⟩ ≤ B1⟨f, f⟩, ∀ f ∈ H . (2.3)

The numbers A1 and B1 are called K -frame bounds.

(Throughout the paper, the sums like those in the middles of (2.2) and (2.3) are assumed to be convergent

in the norm sense.)

Definition 2.5 (see [11]) One calls a sequence {Λj ∈ End∗A(H , Vj)}j∈J a g-frame for H with respect to

{Vj}j∈J if there exist two constants C1, D1 > 0 such that

C1⟨f, f⟩ ≤
∑
j∈J

⟨Λjf, Λjf⟩ ≤ D1⟨f, f⟩ (2.4)

holds for every f ∈ H . We call C1 and D1 the g-frame bounds. The g-frame {Λj}j∈J is said to be λ-tight if

C1 = D1 = λ . The sequence {Λj}j∈J is called a g-Bessel sequence with g-Bessel bound D1 if we only require

the right-hand inequality of (2.4).

Definition 2.6 Let {Λj ∈ End∗A(H , Vj)}j∈J be a g-Bessel sequence for H with respect to {Vj}j∈J . The

operator TΛ : L 2({Vj}j∈J) → H defined by

TΛ{gj}j∈J =
∑
j∈J

Λ∗
jgj (2.5)

is called the synthesis operator.

The g-frame operator SΛ : H → H is defined by

SΛf =
∑
j∈J

Λ∗
jΛjf, (2.6)

which is a positive and self-adjoint operator. Moreover, if {Λj}j∈J is a g-frame, then SΛ is invertible. This

provides for all f ∈ H the reconstruction formula as follows:∑
j∈J

S−1
Λ Λ∗

jΛjf = S−1
Λ SΛf = f

= SΛS
−1
Λ f =

∑
j∈J

Λ∗
jΛjS

−1
Λ f. (2.7)

The following lemmas will be used to prove our main results.
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Lemma 2.7 (see [15]) Let Λj ∈ End∗A(H , Vj) for all j ∈ J , then {Λj}j∈J is a g-frame for H with respect

to {Vj}j∈J if and only if there exist two constants C2, D2 > 0 such that

C2∥f∥2 ≤
∥∥∥∥∑
j∈J

⟨Λjf, Λjf⟩
∥∥∥∥≤ D2∥f∥2, ∀ f ∈ H . (2.8)

Lemma 2.8 (see [5]) Let E , F , and G be Hilbert A-modules. Also let T ′ ∈ End∗A(G , F ) and T ∈
End∗A(E , F ) with Ran(T ∗) orthogonally complemented. The following statements are equivalent:

(1) T ′T ′∗ ≤ λTT ∗ for some λ > 0 .

(2) There exists µ > 0 such that ∥T ′∗z∥ ≤ µ∥T ∗z∥ for all z ∈ F .

(3) There exists D ∈ End∗A(G , E ) such that T ′ = TD , i.e. TX = T ′ has a solution.

(4) Ran(T ′) ⊆ Ran(T ) .

3. G-frames for operators in Hilbert C∗ -modules

In this section we introduce g-frames for operators in Hilbert C∗ -modules and study conditions for a family of

adjointable operators on a Hilbert C∗ -module to be a g-frame for operator, as well as conditions for removing

an element from a g-frame for operator to again obtain a g-frame for operator. Let us begin with

Definition 3.1 Let K ∈ End∗A(H ) and Λj ∈ End∗A(H , Vj) for all j ∈ J , then {Λj}j∈J is said to be a

K -g-frame for H with respect to {Vj}j∈J if there exist two constants C, D > 0 such that

C⟨K∗f, K∗f⟩ ≤
∑
j∈J

⟨Λjf, Λjf⟩ ≤ D⟨f, f⟩, ∀ f ∈ H . (3.1)

The numbers C and D are called K -g-frame bounds. Particularly, if

C⟨K∗f, K∗f⟩ =
∑
j∈J

⟨Λjf, Λjf⟩, ∀ f ∈ H , (3.2)

then we call {Λj}j∈J a C -tight K -g-frame for H with respect to {Vj}j∈J .

Remark 3.2 (1) If K ∈ End∗A(H ) is a surjective operator, then every K -g-frame {Λj ∈ End∗A(H , Vj)}j∈J

for H with respect to {Vj}j∈J is a g-frame. Indeed, if we let C, D be the K -g-frame bounds, then for any

f ∈ H we have

C∥(KK∗)−1∥−1⟨f, f⟩ ≤ C⟨K∗f, K∗f⟩ ≤
∑
j∈J

⟨Λjf, Λjf⟩ ≤ D⟨f, f⟩.

(2) Every adjointable operator K on a finitely or countably generated Hilbert C∗ -module H admits a

K -g-frame. To see this, let {fj}j∈J be a frame of H with bounds A, B . For each j ∈ J , let Vj = A and

define adjointable operator Λj : H → Vj , Λjf = ⟨f, fj⟩ . It is easy to check that

A⟨f, f⟩ ≤
∑
j∈J

⟨Λjf, Λjf⟩ ≤ B⟨f, f⟩, ∀ f ∈ H .

456



XIANG and LI/Turk J Math

Now let Γj = ΛjK
∗ for all j ∈ J , then

A⟨K∗f, K∗f⟩ ≤
∑
j∈J

⟨ΛjK
∗f, ΛjK

∗f⟩ =
∑
j∈J

⟨Γjf, Γjf⟩ ≤ B∥K∗∥2⟨f, f⟩,

showing that {Γj}j∈J is a K -g-frame for H with respect to {Vj}j∈J .

Example 3.3 Let l∞ be the set of all bounded complex-valued sequences. For any u = {uj}j∈N , v = {vj}j∈N ∈
l∞ , we define

uv = {ujvj}j∈N, u
∗ = {uj}j∈N, ∥u∥ = max

j∈N
|uj |.

Then A = {l∞, ∥ · ∥} is a C∗ -algebra.

Let H = C0 be the set of all sequences converging to zero. For any u, v ∈ H we define

⟨u, v⟩ = uv∗ = {ujvj}j∈N.

Then H is a Hilbert A-module.

Now let K ∈ End∗A(H ) and J = N . Let also {ej}j∈J be the standard orthogonal basis of H . For each

j ∈ J , set Vj = span{ej} , and define adjointable operator

Λj : H → Vj , Λjf = ⟨f, ej⟩ej ,

then for every f ∈ H we have∑
j∈J

⟨Λjf, Λjf⟩ =
∑
j∈J

⟨f, ej⟩⟨ej , ej⟩⟨ej , f⟩ = {fj}j∈J{f j}j∈J = ⟨f, f⟩.

Fix N ∈ N and define

K : H → H , Kej =

{
jej if j ≤ N ,
0 if j > N .

It is easy to check that K is adjointable and satisfies

K∗ej =

{
jej if j ≤ N ,
0 if j > N .

For any f ∈ H , let f =
∑∞

j=1 cjej , then

⟨K∗f, K∗f⟩ =
⟨ N∑

j=1

jcjej ,

N∑
j=1

jcjej

⟩
=

N∑
j=1

j2⟨cj , cj⟩.

Hence

1

N2
⟨K∗f, K∗f⟩ =

N∑
j=1

(
j

N
)2⟨cj , cj⟩ ≤

∞∑
j=1

⟨cj , cj⟩ = ⟨f, f⟩ =
∑
j∈J

⟨Λjf, Λjf⟩.

This shows that {Λj}j∈J is a K -g-frame for H with respect to {Vj}j∈J with bounds 1
N2 , 1 .
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The following proposition gives a necessary and sufficient condition for tight g-frames to be tight K -g-

frames in Hilbert C∗ -modules.

Proposition 3.4 Let {Λj ∈ End∗A(H , Vj)}j∈J be an A-tight g-frame for H with respect to {Vj}j∈J and

K ∈ End∗A(H ) ; then {Λj}j∈J is a tight K -g-frame for H with respect to {Vj}j∈J if and only if there exists

a number M > 0 such that KK∗ = M · IdH .

Proof We assume first that {Λj}j∈J is a B -tight K -g-frame for H with respect to {Vj}j∈J ; then for any

f ∈ H we have

B⟨K∗f, K∗f⟩ =
∑
j∈J

⟨Λjf, Λjf⟩ = A⟨f, f⟩.

Thus, ⟨KK∗f, f⟩ = A
B ⟨f, f⟩ and polarization formula shows that ⟨KK∗f, g⟩ = A

B ⟨f, g⟩ for any f, g ∈ H .

Consequently, KK∗ = A
B · IdH .

For the other implication, let KK∗ = M · IdH for some positive number M ; then for any f ∈ H we

have ∑
j∈J

⟨Λjf, Λjf⟩ =
A

M
⟨Mf, f⟩ = A

M
⟨KK∗f, f⟩ = A

M
⟨K∗f, K∗f⟩.

This shows that {Λj}j∈J is a A
M -tight K -g-frame for H with respect to {Vj}j∈J . □

Let K ∈ End∗A(H ); by FK(H ) and FT
K(H ) we denote the sets of all K -g-frames and all tight K -g-

frames of H respectively. Our next result presents one relation between two sets of tight K -g-frames and the

involved operators.

Proposition 3.5 Let H be a finitely or countably generated Hilbert A-module and K1, K2 ∈ End∗A(H ) , then

FT
K1

(H ) ⊆ FT
K2

(H ) if and only if there exists a constant A > 0 such that AK2K
∗
2 = K1K

∗
1 .

Proof Let {Λj ∈ End∗A(H , Vj)}j∈J be a g-frame for H with respect to {Vj}j∈J with g-frame operator SΛ ;

then for all f ∈ H we have ⟨f, f⟩ =
∑

j∈J⟨ΛjS
− 1

2

Λ f, ΛjS
− 1

2

Λ f⟩ . Therefore,

⟨K∗
1f, K

∗
1f⟩ =

∑
j∈J

⟨ΛjS
− 1

2

Λ K∗
1f, ΛjS

− 1
2

Λ K∗
1f⟩, (3.3)

showing that {ΛjS
− 1

2

Λ K∗
1}j∈J is a tight K1 -g-frame of H . Assume that FT

K1
(H ) ⊆ FT

K2
(H ); then {ΛjS

− 1
2

Λ K∗
1}j∈J

is also a tight K2 -g-frame of H . Hence there exists A > 0 such that

A⟨K∗
2f, K

∗
2f⟩ =

∑
j∈J

⟨ΛjS
− 1

2

Λ K∗
1f, ΛjS

− 1
2

Λ K∗
1f⟩. (3.4)

Altogether we obtain A⟨K∗
2f, K

∗
2f⟩ = ⟨K∗

1f, K
∗
1f⟩ , equivalently, AK2K

∗
2 = K1K

∗
1 .

Suppose now that {Λj ∈ End∗A(H , Vj)}j∈J is a tight K1 -g-frame of H ; then there exists A1 > 0 such

that A1⟨K∗
1f, K

∗
1f⟩ =

∑
j∈J⟨Λjf, Λjf⟩ for all f ∈ H . Thus

AA1⟨K∗
2f, K

∗
2f⟩ = A1⟨K∗

1f, K
∗
1f⟩ =

∑
j∈J

⟨Λjf, Λjf⟩.
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Therefore, {Λj}j∈J is a AA1 -tight K2 -g-frame of H and, consequently, FT
K1

(H ) ⊆ FT
K2

(H ). □
We also have the relation between two sets of K -g-frames and the ranges of the involved operators.

Proposition 3.6 Let K1, K2 ∈ End∗A(H ) . If Ran(K2) ⊆ Ran(K1) and Ran(K∗
1 ) is orthogonally comple-

mented, then FK1(H ) ⊆ FK2(H ) .

Proof By Lemma 2.8 we know that there exists µ > 0 such that K2K
∗
2 ≤ µK1K

∗
1 . Let {Λj ∈ End∗A(H , Vj)}j∈J

be a K1 -g-frame for H with respect to {Vj}j∈J with bounds C, D ; then

C

µ
⟨K∗

2f, K
∗
2 ⟩ ≤ C⟨K∗

1f, K
∗
1 ⟩ ≤

∑
j∈J

⟨Λjf, Λjf⟩ ≤ D⟨f, f⟩, ∀ f ∈ H .

This shows that {Λj}j∈J is a K2 -g-frame for H with respect to {Vj}j∈J with bounds C
µ , D . Therefore, we

have FK1(H ) ⊆ FK2(H ). □
The converse of the above proposition remains true if we replace FK1(H ) by FT

K1
(H ).

Proposition 3.7 Let K1, K2 ∈ End∗A(H ) . If FT
K1

(H ) ⊆ FK2(H ) and Ran(K∗
1 ) is orthogonally comple-

mented, then Ran(K2) ⊆ Ran(K1) .

Proof Let {Λj ∈ End∗A(H , Vj)}j∈J be a C -tight K1 -g-frame for H with respect to {Vj}j∈J . Since

FT
K1

(H ) ⊆ FK2
(H ), it follows that there exists D > 0 such that ∥K∗

2f∥2 ≤ C
D∥K∗

1f∥2 for all f ∈ H .

By Lemma 2.8 we get Ran(K2) ⊆ Ran(K1). □
The following is a simple but very useful representation for K -g-frames.

Theorem 3.8 Let K ∈ End∗A(H ) and let Λj ∈ End∗A(H ,Kj) for each j ∈ J . Suppose that the operator

T : H → L 2({Vj}j∈J) is given by Tf = {Λjf}j∈J and Ran(T ) is orthogonally complemented. Then {Λj}j∈J

is a K -g-frame for H with respect to {Vj}j∈J if and only if there exist constants C, D > 0 such that

C∥K∗f∥2 ≤
∥∥∥∥∑
j∈J

⟨Λjf, Λjf⟩
∥∥∥∥≤ D∥f∥2, ∀ f ∈ H . (3.5)

Proof Evidently, every K -g-frame of H satisfies (3.5).

For the converse, we suppose that a sequence {Λj ∈ End∗A(H , Vj)}j∈J fulfills (3.5). For all f ∈ H , the

left-hand inequality of (3.5) gives ∥K∗f∥2 ≤ 1
C ∥Tf∥2 . Then Lemma 2.8 implies that there exists a constant

µ > 0 such that KK∗ ≤ µT ∗T and hence

1

µ
⟨K∗f, K∗f⟩ ≤ ⟨Tf, Tf⟩ =

∑
j∈J

⟨Λjf, Λjf⟩, ∀ f ∈ H .

To complete the proof, it remains to show that {Λj}j∈J is a g-Bessel sequence. For any {gj}j∈J ∈
L 2({Vj}j∈J) and any I ⊂ J , the right-hand inequality of (3.5) leads to∥∥∥∥∑

j∈I

Λ∗
j (gj)

∥∥∥∥2 = sup
f∈H , ∥f∥=1

∥∥∥∥⟨∑
j∈I

Λ∗
j (gj), f

⟩∥∥∥∥2= sup
f∈H , ∥f∥=1

∥∥∥∥∑
j∈I

⟨Λ∗
j (gj), f⟩

∥∥∥∥2

≤ sup
f∈H , ∥f∥=1

∥∥∥∥∑
j∈I

⟨gj , gj⟩
∥∥∥∥∥∥∥∥∑

j∈I

⟨Λjf, Λjf⟩
∥∥∥∥≤ D

∥∥∥∥∑
j∈I

⟨gj , gj⟩
∥∥∥∥.
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Thus the series
∑

j∈J Λ
∗
j (gj) converges in H unconditionally. Since

⟨Tf, {gj}j∈J⟩ =
∑
j∈J

⟨Λjf, gj⟩ =
⟨
f,

∑
j∈J

Λ∗
j (gj)

⟩
,

T is adjointable. Now for any f ∈ H we have

∑
j∈J

⟨Λjf, Λjf⟩ = ⟨Tf, Tf⟩ ≤ ∥T∥2⟨f, f⟩,

as desired. □
Using Theorem 3.8 we can easily prove the following result, which offers a condition for getting a K -g-

frame from a g-frame.

Proposition 3.9 Let {Λj ∈ End∗A(H , Vj)}j∈J be a g-frame for H with respect to {Vj}j∈J with bounds C, D

and the synthesis operator TΛ . Let K ∈ End∗A(H ) and Ran(T ∗
Λ) be orthogonally complemented. Then {Λj}j∈J

is a K -g-frame for H with respect to {Vj}j∈J .

Proof Let SΛ be the g-frame operator of {Λj}j∈J ; then for every f ∈ H the reconstruction formula gives

Kf =
∑

j∈J Λ
∗
jΛjS

−1
Λ Kf and so

∥K∗f∥2 = sup
h∈H , ∥h∥=1

∥⟨K∗f, h⟩∥2 = sup
h∈H , ∥h∥=1

∥∥∥∥∑
j∈J

⟨ΛjS
−1
Λ Kh, Λjf⟩

∥∥∥∥2

≤ sup
h∈H , ∥h∥=1

∥∥∥∥∑
j∈J

⟨ΛjS
−1
Λ Kh, ΛjS

−1
Λ Kh⟩

∥∥∥∥∥∥∥∥∑
j∈J

⟨Λjf, Λjf⟩
∥∥∥∥

≤ sup
h∈H , ∥h∥=1

D∥S−1
Λ Kh∥2

∥∥∥∥∑
j∈J

⟨Λjf, Λjf⟩
∥∥∥∥

≤ DC−2∥K∥2
∥∥∥∥∑
j∈J

⟨Λjf, Λjf⟩
∥∥∥∥.

It follows that

D−1C2∥K∥−2∥K∗f∥2 ≤
∥∥∥∥∑
j∈J

⟨Λjf, Λjf⟩
∥∥∥∥.

□
In the two next theorems, we generalized the results in [2] for K -g-frames in Hilbert spaces to Hilbert

C∗ -modules.

Theorem 3.10 Let K ∈ End∗A(H ) and let Λj ∈ End∗A(H ,Kj) for each j ∈ J . Suppose that the operator

T : H → L 2({Vj}j∈J) is given by Tf = {Λjf}j∈J and Ran(T ) is orthogonally complemented. Then the

following statements are equivalent:

(i) {Λj}j∈J is a K -g-frame for H with respect to {Vj}j∈J .
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(ii) {Λj}j∈J is a g-Bessel sequence for H with respect to {Vj}j∈J and there exists a g-Bessel sequence

{Γj}j∈J for H with respect to {Vj}j∈J such that

Kf =
∑
j∈J

Λ∗
jΓjf, ∀ f ∈ H . (3.6)

(iii) The series
∑

j∈J Λ
∗
jgj converges in H for all {gj}j∈J ∈ L 2({Vj}j∈J) and there exists M > 0 such

that for every f ∈ H , there is {gj,f}j∈J ∈ L 2({Vj}j∈J) satisfying

Kf =
∑
j∈J

Λ∗
jgj,f and

∑
j∈J

⟨gf,j , gf,j⟩ ≤ M⟨f, f⟩.

Proof (i)⇒(ii). Let C and D be the bounds of {Λj}j∈J ; then for every f ∈ H ,

C⟨K∗f, K∗f⟩ ≤
∑
j∈J

⟨Λjf, Λjf⟩ ≤ D⟨f, f⟩.

The left-hand inequality is equivalent to CKK∗ ≤ T ∗T . By Lemma 2.8 we know that there exists Γ ∈
End∗A(H , L 2({Vj}j∈J)) such that K = T ∗Γ. Let Pn be the projection on L 2({Vj}j∈J) that maps each

element to its n-th component, i.e. Png = {uj}j∈J , where

uj =

{
gn if j = n,
0 if j ̸= n,

for each g = {gj}j∈J ∈ L 2({Vj}j∈J). If we define Γj = PjΓ, then for each f ∈ H we have

∑
j∈J

⟨Γjf, Γjf⟩ =
∑
j∈J

⟨PjΓf, PjΓf⟩ =
∑
j∈J

⟨(Γf)j , (Γf)j⟩ = ⟨Γf, Γf⟩ ≤ ∥Γ∥2⟨f, f⟩.

Hence {Γj}j∈J is a g-Bessel sequence for H with respect to {Vj}j∈J . Now

Kf = T ∗Γf =
∑
j∈J

Λ∗
j (Γf)j =

∑
j∈J

Λ∗
j (PjΓf) =

∑
j∈J

Λ∗
jΓjf.

(ii)⇒(iii). Since {Λj}j∈J is a g-Bessel sequence,
∑

j∈J Λ
∗
jgj converges with respect to the norm topology

for all {gj}j∈J ∈ L 2({Vj}j∈J). Let D be the g-Bessel bound of {Γj}j∈J and taking gj,f = Γjf for all j ∈ J
and all f ∈ H we get

Kf =
∑
j∈J

Λ∗
jgj,f and

∑
j∈J

⟨gf,j , gf,j⟩ =
∑
j∈J

⟨Γjf, Γjf⟩ ≤ D⟨f, f⟩.

(iii)⇒(i). Since
∑

j∈J Λ
∗
jgj converges with respect to the norm topology for all {gj}j∈J ∈ L 2({Vj}j∈J)

and {Λjf}j∈J ∈ L 2({Vj}j∈J) for all f ∈ H , we conclude, as in the proof of Theorem 3.8, that T is adjointable.

Therefore, ∥∥∥∥∑
j∈J

⟨Λjf, Λjf⟩
∥∥∥∥= ∥⟨Tf, Tf⟩∥ ≤ ∥T∥2∥f∥2.
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Now for every f ∈ H we compute

∥K∗f∥2 = sup
h∈H , ∥h∥=1

∥⟨K∗f, h⟩∥2 = sup
h∈H , ∥h∥=1

∥∥∥∥∑
j∈J

⟨Λjf, gj,f ⟩
∥∥∥∥2

≤ sup
h∈H , ∥h∥=1

∥∥∥∥∑
j∈J

⟨Λjf, Λjf⟩
∥∥∥∥ ∥∥∥∥∑

j∈J

⟨gj,f , gj,f ⟩
∥∥∥∥

≤ M

∥∥∥∥∑
j∈J

⟨Λjf, Λjf⟩
∥∥∥∥.

Thus, {Λj}j∈J is a K -g-frame for H with respect to {Vj}j∈J , by Theorem 3.8. □

Corollary 3.11 Let {Λj ∈ End∗A(H , Vj)}j∈J be an A-tight K -g-frame for H with respect to {Vj}j∈J with

synthesis operator TΛ . Suppose that Ran(T ∗
Λ) is orthogonally complemented. Then there exists a g-Bessel

sequence {Γj ∈ End∗A(H , Vj)}j∈J for H with respect to {Vj}j∈J such that Kf =
∑

j∈J Λ
∗
jΓjf for all f ∈ H

and

sup
h∈H , ∥h∥=1

∥∥∥∥∑
j∈J

⟨Γjh, Γjh⟩
∥∥∥∥≥ 1

A
. (3.7)

Proof By Theorem 3.10, there exists a g-Bessel sequence {Γj ∈ End∗A(H , Vj)}j∈J such that Kf =∑
j∈J Λ

∗
jΓjf for all f ∈ H . A simple calculation shows that K∗f =

∑
j∈J Γ

∗
jΛjf . Now for all f ∈ H

we obtain ∥∥∥∥∑
j∈J

⟨Λjf, Λjf⟩
∥∥∥∥ = A · ∥K∗f∥2 = A ·

∥∥∥∥∑
j∈J

Γ∗
jΛjf

∥∥∥∥2

= A · sup
h∈H , ∥h∥=1

∥∥∥∥∑
j∈J

⟨Λjf, Γjh⟩
∥∥∥∥2

≤ A · sup
h∈H , ∥h∥=1

∥∥∥∥∑
j∈J

⟨Λjf, Λjf⟩
∥∥∥∥ ∥∥∥∥∑

j∈J

⟨Γjh, Γjh⟩
∥∥∥∥.

It follows that

sup
h∈H , ∥h∥=1

∥∥∥∥∑
j∈J

⟨Γjh, Γjh⟩
∥∥∥∥≥ 1

A
.

□

Theorem 3.12 Let {Λj ∈ End∗A(H , Vj)}j∈J be a g-Bessel sequence for H with respect to {Vj}j∈J with

synthesis operator TΛ and K ∈ End∗A(H ) . Suppose that Ran(T ∗
Λ) is orthogonally complemented. Then

{Λj}j∈J is a K -g-frame if and only if there exists Γ ∈ End∗A(L
2({Vj}j∈J), H ) with Ran(Γ∗) orthogonally

complemented such that Ran(K) ⊆ Ran(Γ) and Λj = PjΓ
∗ for each j ∈ J , where Pj is the projection on

L 2({Vj}j∈J) that maps each element to its j-th component.

Proof Suppose first that {Λj}j∈J is a K -g-frame for H with respect to {Vj}j∈J . Taking Γ = TΛ , then the

definition of K -g-frames along with Lemma 2.8 gives Ran(K) ⊆ Ran(Γ) and Λj = PjΓ
∗ for all j ∈ J .
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Conversely, assume that Λj = PjΓ
∗ for all j ∈ J , where Γ ∈ End∗A(L

2({Vj}j∈J), H ) with Ran(Γ∗)

orthogonally complemented and Ran(K) ⊆ Ran(Γ). Then by Lemma 2.8, there exists A > 0 such that

AKK∗ ≤ ΓΓ∗ . Thus for all f ∈ H we have

A∥K∗f∥2 ≤ ∥Γ∗f∥2 =

∥∥∥∥∑
j∈J

⟨(Γ∗f)j , (Γ
∗f)j⟩

∥∥∥∥= ∥∥∥∥∑
j∈J

⟨Λjf, Λjf⟩
∥∥∥∥.

Now the conclusion follows from Theorem 3.8. □
We conclude this section with the results showing that the removal of an element from a K -g-frame can

leave again a K -g-frame.

Theorem 3.13 Let {Λj ∈ End∗A(H , Vj)}j∈J be a K -g-frame for H with respect to {Vj}j∈J with bounds

A, B . Let j0 ∈ J be given. Suppose that K has closed range and Ran(K) is orthogonally complemented. We

have the following results:

(i) If span{Λ∗
j (Kj)}j∈J\{j0} ⊂ Ran(K) and Ran(Λ∗

j0
Λj0) ⊥ Ran(K) , then {Λj}j∈J\{j0} is a K -g-frame

for H with respect to {Vj}j∈J .

(ii) If span{Λ∗
j (Kj)}j∈J\{j0} ⊂ Ran(K) and A − ∥K†∥2∥Λj0∥2 > 0 , then {Λj}j∈J\{j0} is a K -g-frame

for H with respect to {Vj}j∈J , where K† is the Moore–Penrose inverse of K .

Proof (i) For any h ∈ Ran(K), since h ∈ Ker(Λ∗
j0
Λj0), we have

A⟨K∗h, K∗h⟩ ≤
∑
j∈J

⟨Λjh, Λjh⟩ =
∑

j∈J\{j0}

⟨Λjh, Λjh⟩.

Since Ran(K) is orthogonally complemented, every f ∈ H has a decomposition as f = f1 + f2 , where f1 ∈
Ran(K) and f2 ∈ (Ran(K))⊥ . A direct calculation shows K∗f2 = 0. We also have f2 ⊥ span{Λ∗

j (Kj)}j∈J\{j0} .

Therefore,

A⟨K∗f, K∗f⟩ = A⟨K∗f1, K
∗f1⟩ ≤

∑
j∈J\{j0}

⟨Λjf1, Λjf1⟩ =
∑

j∈J\{j0}

⟨Λjf, Λjf⟩.

(ii) Since K has closed range, every h ∈ Ran(K) can be expressed as h = KK†h = (KK†)∗h =

(K†)∗K∗h . Thus

⟨h, h⟩ = ⟨(K†)∗K∗h, (K†)∗K∗h⟩ ≤ ∥(K†)∗∥2⟨K∗h, K∗h⟩ = ∥K†∥2⟨K∗h, K∗h⟩.

For all f ∈ H , again applying the fact that f = f1 + f2 with f1 ∈ Ran(K) and f2 ∈ (Ran(K))⊥ we have∑
j∈J\{j0}

⟨Λjf, Λjf⟩ =
∑

j∈J\{j0}

⟨Λjf1, Λjf1⟩ =
∑
j∈J

⟨Λjf1, Λjf1⟩ − ⟨Λj0f1, Λj0f1⟩

≥ A⟨K∗f1, K
∗f1⟩ − ∥Λj0∥2⟨f1, f1⟩

≥ A⟨K∗f1, K
∗f1⟩ − ∥K†∥2∥Λj0∥2⟨K∗f1, K

∗f1⟩

= (A− ∥K†∥2∥Λj0∥2)⟨K∗f1, K
∗f1⟩

= (A− ∥K†∥2∥Λj0∥2)⟨K∗f, K∗f⟩.

□
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Theorem 3.14 Let {Λj ∈ End∗A(H , Vj)}j∈J be a K -g-frame for H with respect to {Vj}j∈J and j0 ∈

J be given. Let TΛ′ be the synthesis operator of {Λj}j∈J\{j0} and suppose that Ran(T ∗
Λ′) is orthogonally

complemented. Then {Λj}j∈J\{j0} is a K -g-frame for H with respect to {Vj}j∈J if and only if there exists a

g-Bessel sequence {Γj ∈ End∗A(H , Vj)}j∈J for H with respect to {Vj}j∈J and 0 ≤ λ < 1 such that∥∥∥∥K∗f −
∑

j∈J\{j0}

Γ∗
jΛjf

∥∥∥∥≤ λ∥K∗f∥, ∀ f ∈ H . (3.8)

Proof We assume first that {Λj}j∈J\{j0} is a K -g-frame for H with respect to {Vj}j∈J . Then by Theorem

3.10, there exists a g-Bessel sequence {Θj ∈ End∗A(H , Vj)}j∈J\{j0} for H with respect to {Vj}j∈J such that

K∗f =
∑

j∈J\{j0} Θ
∗
jΛjf for all f ∈ H . For every j ∈ J , let Γj = Θj if j ∈ J\{j0} , and Γj = 0 if j = j0 .

Then it is clear that {Γj}j∈J is a g-Bessel sequence for H with respect to {Vj}j∈J . Hence (3.8) holds for any

given λ ∈ [0, 1).

For the other implication, let LJ\{j0}f =
∑

j∈J\{j0} Γ
∗
jΛjf for any f ∈ H . Then

∥LJ\{j0}f∥
2 = sup

g∈H , ∥h∥=1

∥∥∥∥ ∑
j∈J\{j0}

⟨Λjf, Γjh⟩
∥∥∥∥2

≤ sup
h∈H , ∥h∥=1

∥∥∥∥ ∑
j∈J\{j0}

⟨Λjf, Λjf⟩
∥∥∥∥∥∥∥∥ ∑

j∈J\{j0}

⟨Γjh, Γjh⟩
∥∥∥∥≤ D

∥∥∥∥ ∑
j∈J\{j0}

⟨Λjf, Λjf⟩
∥∥∥∥, (3.9)

where D is the g-Bessel bound of {Γj}j∈J . We also have

∥K∗f∥ − ∥LJ\{j0}f∥ ≤ ∥K∗f − LJ\{j0}f∥ ≤ λ∥K∗f∥,

and hence
∥LJ\{j0}f∥ ≥ (1− λ)∥K∗f∥. (3.10)

This along with the inequality (3.9) yields

(1− λ)2

D
∥K∗f∥2 ≤

∥∥∥∥ ∑
j∈J\{j0}

⟨Λjf, Λjf⟩
∥∥∥∥.

By Theorem 3.8, {Λj}j∈J\{j0} is a K -g-frame for H with respect to {Vj}j∈J . □

4. Duality of g-frames for operators in Hilbert C∗ -modules

In this section we define a concept of dual by means of a bounded operator and the associated synthesis

operators to investigate the relation between a g-frame for operator and a g-Bessel sequence with respect to

different sequences of Hilbert C∗ -modules.

Definition 4.1 Let {fj}j∈J be a K -frame and {gj}j∈J be a Bessel sequence of H . Then {gj}j∈J is called a

dual K -frame of {fj}j∈J if

Kf =
∑
j∈J

⟨f, fj⟩gj , ∀ f ∈ H . (4.1)
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Inspired by the concept of Q-dual fusion frames in [9], we next introduce what we call V -dual K -g-frames

in Hilbert C∗ -modules.

Definition 4.2 Let {Λj ∈ End∗A(H , Vj)}j∈J be a K -g-frame for H with respect to {Vj}j∈J and {Γj ∈
End∗A(H , Wj)}j∈J be a g-Bessel sequence for H with respect to {Wj}j∈J with synthesis operators TΛ and

TΓ , respectively. Then {Γj}j∈J is called a V -dual K -g-frame of {Λj}j∈J if there exists a bounded operator

V : L 2({Vj}j∈J) → L 2({Wj}j∈J) such that TΓV T ∗
Λ = K .

To derive our main result, we need the following lemma.

Lemma 4.3 Let K ∈ End∗A(H ) and Λj ∈ End∗A(H , Vj) for all j ∈ J . Suppose that {fjk}k∈Ij is a frame

for Vj with frame bounds Aj and Bj and let 0 < A = infj∈J Aj ≤ supj∈J Bj = B < ∞ . Then the following

conditions are equivalent:

(i) {Λj}j∈J is a K -g-frame for H with respect to {Vj}j∈J .

(ii) {Λ∗
jfjk}j∈J, k∈Ij is a K -frame for H .

Proof The claim (i)⇔(ii) follows from the fact that for any f ∈ H we have

A
∑
j∈J

⟨Λjf, Λjf⟩ ≤
∑
j∈J

Aj⟨Λjf, Λjf⟩ ≤
∑
j∈J

∑
k∈Ij

⟨Λjf, fjk⟩⟨fjk, Λjf⟩

=
∑
j∈J

∑
k∈Ij

⟨f, Λ∗
jfjk⟩⟨Λ∗

jfjk, f⟩ ≤
∑
j∈J

Bj⟨Λjf, Λjf⟩ ≤ B
∑
j∈J

⟨Λjf, Λjf⟩.

□

Theorem 4.4 Let {Λj ∈ End∗A(H , Vj)}j∈J and {Γj ∈ End∗A(H , Wj)}j∈J be two sequences of adjointable

operators on H . For each j ∈ J , let {fjk}k∈Ij be a frame for Vj and {f̃jk}k∈Ij be a frame for Wj

with frame bounds Aj , Bj and Ãj , B̃j , respectively. Suppose that 0 < A = infj∈J Aj ≤ B = supj∈J Bj ,

0 < Ã = infj∈J Ãj ≤ B̃ = supj∈J B̃j . Then the following conditions are equivalent:

(i) {Γ∗
j f̃jk}j∈J, k∈Ij is a dual K -frame of {Λ∗

jfjk}j∈J, k∈Ij .

(ii) {Γj}j∈J is a V -dual K -g-frame of {Λj}j∈J , where V : L 2({Vj}j∈J) → L 2({Wj}j∈J) is defined by

V {hj}j∈J =
{∑

k∈Ij
⟨hj , fjk⟩f̃jk

}
j∈J .

Proof By Lemma 4.3, we have that {Λ∗
jfjk}j∈J, k∈Ij being a K -frame of H is equivalent to {Λj}j∈J being a

K -g-frame for H with respect to {Vj}j∈J . The same occurs with the sequences {Γ∗
j f̃jk}j∈J, k∈Ij and {Γj}j∈J .

Thus it remains only to prove the duality.

Let us denote by Tj and T̃j the synthesis operators associated to the frames {fjk}k∈Ij and {f̃jk}k∈Ij

respectively. Recall that Tj is an operator from ℓ2(A) onto Vj defined by

Tj{ck}k∈Ij =
∑
k∈Ij

ckfjk, ∀ {ck}k∈Ij ∈ ℓ2(A) =

{
{aj}j∈J ⊆ A :

∑
j∈J

aja
∗
j converges in ∥ · ∥

}
.
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Now define the operator V : L 2({Vj}j∈J) → L 2({Wj}j∈J) by

V {hj}j∈J =

{∑
k∈Ij

⟨hj , fjk⟩f̃jk
}

j∈J
.

Since ∑
j∈J

⟨T̃jT
∗
j (hj), T̃jT

∗
j (hj)⟩ ≤

∑
j∈J

∥T̃j∥2∥T ∗
j ∥2⟨hj , hj⟩,

it follows that

∥V {hj}j∈J∥2 =

∥∥∥∥∑
j∈J

⟨T̃jT
∗
j (hj), T̃jT

∗
j (hj)⟩

∥∥∥∥≤ B̃B

∥∥∥∥∑
j∈J

⟨hj , hj⟩
∥∥∥∥= B̃B∥{hj}j∈J∥2.

Therefore, V is well defined and also bounded.

Let TΛ and TΓ be the synthesis operators of {Λj}j∈J and {Γj}j∈J respectively; then

TΓV T ∗
Λf = TΓV {Λjf}j∈J = TΓ

{∑
k∈Ij

⟨Λjf, fjk⟩f̃jk
}

j∈J

=
∑
j∈J

∑
k∈Ij

⟨Λjf, fjk⟩Γ∗
j f̃jk =

∑
j∈J

∑
k∈Ij

⟨f, Λ∗
jfjk⟩Γ∗

j f̃jk.

Hence the last term is equal to Kf for all f ∈ H if and only if {Γ∗
j f̃jk}j∈J, k∈Ij is a dual K -frame of

{Λ∗
jfjk}j∈J, k∈Ij . □

If we let Vj = Wj for each j ∈ J and V = IdL 2({Vj}j∈J) in definition 4.2, then

Kf =
∑
j∈J

Γ∗
jΛjf (4.2)

for all f ∈ H . In this case we call {Γj}j∈J a dual K -g-frame of {Λj}j∈J .

Example 4.5 Let K ∈ End∗A(H ) and T ∈ End∗A(H ) an invertible operator such that T ∗K is surjective. Let

also Tj ∈ End∗A(Vj) be invertible for each j ∈ J and suppose that 0 < m = infj∈J ∥T−1
j ∥−1 ≤ supj∈J ∥Tj∥ =

M < ∞ . Let {Λj ∈ End∗A(H , Vj)}j∈J be a K -g-frame for H with respect to {Vj}j∈J with bounds A, B . For

all j ∈ J , let Γj = TjΛjT ; then for any f ∈ H we have∑
j∈J

⟨Γjf, Γjf⟩ =
∑
j∈J

⟨TjΛjTf, TjΛjTjf⟩ ≥
∑
j∈J

∥T−1
j ∥−2⟨ΛjTf, ΛjTjf⟩

≥ m2
∑
j∈J

⟨ΛjTf, ΛjTjf⟩ ≥ m2A⟨K∗Tf, K∗Tf⟩

≥ m2A∥[(K∗T )∗(K∗T )]−1∥−1⟨f, f⟩.

Similarly we have
∑

j∈J⟨Γjf, Γjf⟩ ≤ M2B∥T∥2⟨f, f⟩ . Therefore, {Γj}j∈J is a g-frame for H with respect

to {Vj}j∈J . Denote the g-frame operator of {Γj}j∈J by SΓ and set Φj = T ∗
j TjΛjTS

−1
Γ T ∗K∗ for each j ∈ J .
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Then it is easy to check that {Φj ∈ End∗A(H , Vj)}j∈J is a g-Bessel sequence for H with respect to {Vj}j∈J .

Now for any f ∈ H we obtain ∑
j∈J

Φ∗
jΛjf = K

∑
j∈J

TS−1
Γ T ∗Λ∗

jT
∗
j TjΛjf

= KTS−1
Γ

∑
j∈J

T ∗Λ∗
jT

∗
j TjΛjf

= KTS−1
Γ SΓT

−1f = Kf.

This implies that {Φj}j∈J is a dual K -g-frame of {Λj}j∈J .

Proposition 4.6 Let {Λj ∈ End∗A(H , Vj)}j∈J be a K -g-frame for H with respect to {Vj}j∈J and {Γj ∈

End∗A(H , Vj)}j∈J be a dual K -g-frame of {Λj}j∈J with synthesis operator TΓ . Suppose that Ran(T ∗
Γ) is

orthogonally complemented. Then {Γj}j∈J is also a K -g-frame for H with respect to {Vj}j∈J . Moreover,

{Λj}j∈J and {Γj}j∈J in (4.2) can be interchanged if and only if K = K∗ .

Proof Denote by D the g-Bessel bound of {Λj}j∈J ; then for every f ∈ H we have

∥K∗f∥2 = sup
h∈H , ∥h∥=1

∥⟨K∗f, h⟩∥2 = sup
h∈H , ∥h∥=1

∥∥∥∥∑
j∈J

⟨Γjf, Λjh⟩
∥∥∥∥2

≤ sup
h∈H , ∥h∥=1

∥∥∥∥∑
j∈J

⟨Γjf, Γjf⟩
∥∥∥∥ ∥∥∥∥∑

j∈J
⟨Λjh, Λjh⟩

∥∥∥∥≤ D

∥∥∥∥∑
j∈J

⟨Γjf, Γjf⟩
∥∥∥∥.

By Theorem 3.8, {Γj}j∈J is a K -g-frame for H with respect to {Vj}j∈J . The “Moreover” part follows

immediately from the observation that for all f, g ∈ H we have

⟨K∗f, g⟩ = ⟨f, Kg⟩ =
⟨
f,

∑
j∈J

Γ∗
jΛjg

⟩
=

⟨∑
j∈J

Λ∗
jΓjf, g

⟩
.

□

Proposition 4.7 Let {Λj ∈ End∗A(H , Vj)}j∈J be a K -g-frame for H with respect to {Vj}j∈J with bounds

C, D and {Γj ∈ End∗A(H , Vj)}j∈J be a dual K -g-frame of {Λj}j∈J . If K is right-invertible, then {Γj}j∈J is

a g-frame for H with respect to {Vj}j∈J .

Proof Assume that KT = IdH . Then f =
∑

j∈J Γ
∗
jΛjTf for all f ∈ H . Now

∥f∥2 =

∥∥∥∥⟨∑
j∈J

Γ∗
jΛjTf, f

⟩∥∥∥∥2= ∥∥∥∥∑
j∈J

⟨ΛjTf, Γjf⟩
∥∥∥∥2

≤
∥∥∥∥∑
j∈J

⟨ΛjTf, ΛjTf⟩
∥∥∥∥ ∥∥∥∥∑

j∈J

⟨Γjf, Γjf⟩
∥∥∥∥≤ D∥T∥2

∥∥∥∥∑
j∈J

⟨Γjf, Γjf⟩
∥∥∥∥.

By Lemma 2.7, {Γj}j∈J is a g-frame for H with respect to {Vj}j∈J . □
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Proposition 4.8 Let {Λj ∈ End∗A(H , Vj)}j∈J be a K -g-frame for H with respect to {Vj}j∈J and {Γj ∈
End∗A(H , Vj)}j∈J be a dual K -g-frame of {Λj}j∈J . For each j ∈ J , let ({fjk}k∈Ij , {gjk}k∈Ij ) be a pair of

dual frames of Vj with frame bounds Aj , Bj and Ãj , B̃j , respectively. Suppose that 0 < A = infj∈J Aj ≤ B =

supj∈J Bj , 0 < Ã = infj∈J Ãj ≤ B̃ = supj∈J B̃j . Then {Γ∗
jgjk}j∈J, k∈Ij is a dual K -frame of {Λ∗

jfjk}j∈J, k∈Ij .

Proof By Lemma 4.3, {Λ∗
jfjk}j∈J, k∈Ij is a K -frame of H . For all f ∈ H , since

∑
j∈J

∑
k∈Ij

⟨f, Γ∗
jgjk⟩⟨Γ∗

jgjk, f⟩ ≤
∑
j∈J

B̃j⟨Γjf, Γjf⟩ ≤ B̃
∑
j∈J

⟨Γjf, Γjf⟩,

we conclude that {Γ∗
jgjk}j∈J, k∈Ij is a Bessel sequence of H . Now the result follows from the following equality:

Kf =
∑
j∈J

Γ∗
jΛjf =

∑
j∈J

Γ∗
j

(∑
k∈Ij

⟨Λjf, fjk⟩gjk
)
=

∑
j∈J

∑
k∈Ij

⟨f, Λ∗
jfjk⟩Γ∗

jgjk

for all f ∈ H . □
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