Turkish Journal of Mathematics Turk J Math
(2016) 40: 272 — 282

© TUBITAK
TUBITAK Research Article doi:10.3906/mat-1504-12

http://journals.tubitak.gov.tr/math/

The dual generalized Chernoff inequality for star-shaped curves

Deyan ZHANG"%*, Yunlong YANG?
1School of Mathematical Sciences, Huaibei Normal University, Huaibei, P.R. China
2Department of Mathematics, Tongji University, Shanghai, P.R. China.

Received: 06.04.2015 . Accepted/Published Online: 19.06.2015 . Final Version: 10.02.2016

Abstract: In this paper, we first introduce the k-order radial function ps (@) for star-shaped curves in R? and then
prove a geometric inequality involving px(f) and the area A enclosed by a star-shaped curve, which can be looked

upon as the dual Chernoff-Ou-Pan inequality. As a by-product, we get a new proof of the classical dual isoperimetric
inequality. We also prove that %; <A< ’rkﬁ for star-shaped curves with pi(6) = C(const.). In particular, if the curve

is equichordal, then %2 <A< %
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1. Introduction
Let o be a convex curve in the Euclidean plane R? with area A and width function w(6). In 1969, Chernoff

[1] proved an inequality that says

s

A< 1/2 w(®)w(6 + T)do,
2 J, 2

where the equality holds if and only if « is a circle. Recently, Ou and Pan in [8] introduced the higher-order
width function wyg(0) and got the Chernoff-Ou—Pan inequality (see [3]) as follows:

™

A< %/0 wi(B)w (0 + 7)d, (1.1)

where the equality holds if and only if « is a circle. wg(6) is defined by

2(k— 1w

wp(6) = h() + -+ h(o + 2EDT)
and h(6) is the support function of «.

Let a compact subset K of R™ be star-shaped with respect to the origin; for v € S"~1, its radial function
pk () is defined by
pr(u) =max{A >0: \u € K}.

If px(-) is continuous and positive, then K is called a star body (about the origin).

*Correspondence: zhangdeyan8005@163.com

This work is supported by the National Natural Science Foundation of China (Grant No. 11561020 and 11161019) and the Science
and Technology Plan of the Gansu Province (Grant No. 145RJZG227).

2010 AMS Mathematics Subject Classification: 52A38, 52A40.

272



ZHANG and YANG/Turk J Math

In contrast to the theory of convex bodies, in the dual theory, convex bodies are replaced by star bodies,
the support function of a convex body is replaced by the radial function of a star body, and many geometric
inequalities for star bodies are obtained (see [4, 5, 6, 10, 11]).

In this paper, a simple closed curve + is called a star-shaped curve (about the origin) if it is the boundary
of a planar star body. Therefore, the radial function p(6) of v is positive, continuous. Our goal is to extend the
Chernoff-Ou—Pan inequality for convex curves to its dual form for star-shaped curves. To do so, we introduce for
star-shaped curves the function pg(6) for an integer k£ > 2. This function is defined in (2.4) below. Furthermore,
let v be a C! (i.e. its radial function p(#) is C') star-shaped curve with area A; then we can obtain the dual

Chernoff-Ou—Pan inequality

s

A> %/07 or(O)pi(6+ 716, (1.2)

where the equality holds if and only if the radial function p(#) of v is of the form

1 (o)
p(0) = 540 + Z(agnk 08 2nk6 + by, sin 2nkf), n € Z*.
n=1
Let D be the star body enclosed by 7. From the definition of the dual mixed volume in [4, 7], the dual mixed
area of D and the unit disc B in R2, A(D, B), can be expressed by

A(D,B) = % /O " p(0)a0.

Lutwak in [4] got the classical dual isoperimetric inequality
A(D, B)* < wA(D), (1.3)

where the equality holds if and only if D is a disc. However, we can calculate

1 k T 1 ~
lim — —)do = —A(D, B)? 1.4
dm [ @0+ a0 = ~A(D. B2 (14)
Thus (1.2) and (1.4) give a new proof of the classical dual isoperimetric inequality (1.3).
Another purpose of this paper is to show that there are many curves with px(6) = const., and to build
the following inequality: If the star-shaped curve v satisfies py () = C(const.), then
C? 7C?

— < A< —

k2 — k ’ (15)

where the equality on the left-hand side holds if and only if 7 is a circle of radius %C’ .

In particular, if v is equichordal with respect to the origin, i.e. all chords of 7 through the origin have
the same length (for more information on equichordal curves one may consult [2, 9] and the literature therein),

then the inequality (1.5) leads to

<A< —

Cj 7C?
4 2’

where the equality on the left-hand side holds if and only if 7 is a circle of radius %C’ .
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2. Preliminaries
Let v be a C! star-shaped curve (about the origin) in the Euclidean plane R? and p(f) be its radial function,
6 € [0,2n]. Here, we say that v is C! if and only if p(f) is C! with respect to 6. Clearly, v can be

parameterized in terms of 6 and p(f) as

v(0) = ((0),y(8)) = (p(0) cos 0, p(6) sinb).

Denote by A the area v bounds. Using Green’s formula, one can get

A= %/0 wp2(9)d9. (2.1)

Since the radial function of a given star-shaped curve « is always continuous, bounded, and 27 -periodic, it has

a Fourier series of the form

p(0) = 1ao + " (an cosnf + by, sinnf), (2.2)
2 n=1
where
1 27
=1 [ o),
T Jo
(2.3)
1 27 1 27 ] N
ap = — p(0) cosnddl, b, =— p(0)sinnfdd, neZT.
T Jo T Jo
In this paper, we introduce for the star-shaped curve « the function pg(6):
2 2(k—1
pk(ﬁ)zp(0)+p<9+;)—F----{-p(&—i—(k)ﬂ-) (2.4)

for an integer k > 2, which is called the k-order radial function of v. For k = 2, p2(0) is the length of
the chord passing through the origin in the direction @ = (cosf,sinf). Thus, the function pg(6) is a natural

generalization of the chord of v passing through the origin.

3. Main results

For a given integer k > 2, we get the following dual Chernoff-Ou—Pan inequality.

Theorem 3.1 Let v be a C! star-shaped curve in R? with area A it bounds. Then

1 [* s
A>— 0 0+ —)dé 3.1
> 1 [T 0+ ) 00 (31)
and the equality in (3.1) holds if and only if the radial function of 7y is of the form

1 o0
p(0) = a0+ Z(agnk 08 2nk6 + by, sin 2nk6). (3.2)

n=1

The following lemma plays a crucial role in the proof of Theorem 3.1.
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Lemma 3.2

£ ™ 12 2 (2 + )m
/0 ox@)pi (047 ) a0 = > / p(8)p(0 + =" ) do. (3.3)

Proof It follows from (2.4) that

Pr(0)pr (9 + %)

2(k—1) 2(k—2)

S ) o )

+...+Z (9—}—%) (9+(m+2k;1—2i)7r>

m=0
2 mm (m+ 2k —3)7 2k — D)
+ 4 0+ — 0+ ——— | +pOp |0+ ——).
mz_:op( k)'”( k > P p< 3 )
Moreover,
k=1 2 .
pﬂmm(9+%):}j}ij+l%Upw+(m+2k;1_””) (3.4)
i=0 m=0

A simple computation can give us

(m+2k—2i—1)m
Z/ 9+— )p(0 + ; )do

3.5
e (2% —2i — 1) &
i
= p(0)p(0 + - )do,
0
where i =0,1,--- ,k—1. Let j = (k—1) — ¢; thus
k-1 ,@ithr .
k 2k —2i—1
> p(0)p(0 + ( : ) )do
1=0 0
k—1 (2k—2j—D)m (2 - 1) (36)
J
= p(0)p(6 + A )do.
j=0"0
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From (3.4)—(3.6) and the fact that p(#) is 2w-periodic, one can obtain

_ @itnn

[ oopnio+ Dras }j/ pO)p(o + HE=2 =T 49

=0

k=1/ (2i0n o i) .
1 (2k—2i—1)m =% (2i+1)7
= ——)df O)pO+-——)do
22( o+ Da0 [T pop+ =)
k—1 o [2_@]ﬂ .
1 (2i+1)m Z 2i+1)m
QZ(/ o 202 man [ 04 2210
i=0
k—1 2
1 21+1)
= de.
2 1_0/0 Pl )

O

Based on Lemma 3.2, we give two proofs of Theorem 3.1. The first uses the Schwarz inequality and the
second uses the Parseval equality. However, the first proof is easier for establishing the inequality, while the

second proof is easier for obtaining the equality condition.

First proof of Theorem 3.1 Lemma 3.2 and the Schwarz inequality yield

where r is a constant. It follows that

2i4+ 1) 220+ 1)m .
p(0) :rp(H—I—i( 3 ) ) =r2p(9+7( 3 ) ) =72k p(8),
which together with p(6) > 0 implies that r = 1, that is,
2i 4+ 1)m
0(6) = (o + 25T (37)
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By a direct computation, it follows from (3.7) and (2.2) that for ¢ =0,1,..., k—1,

Z ap sin n(2i+ Um sin (nf + n(2i+ Hr l)ﬂ)

— 2k 2k
> 2i+1 2i+1
—;bnsianos (n9+ 71(@27—;”) =0.
Hence, ansinw = bnsinw =0fori=0,1,..., k—1, n € Z*, which implies that a, =b,, =0 or
n = 2km, m € Z, which leads us to the desired result. O
Second proof of Theorem 3.1 It follows from (2.2) that
2i+1)m
1 = 2i+1 2i+1
=500 + ; (an cos (nf + W) + by, sin (nf + (l—;)mr)>
1 s 2+ 1 2i+1
:§a0 + ; (an cos nb cos % — a,, sinnd sin (Z—i_k)nﬂ-)
> , (2i + 1)nm . (2i+ 1)nm
by, 0 cos ———— + b, fsin ———) | .
+ nZ::l ( sin nb cos A + 0, cOS N sin 2 )
By (2.3) and the Parseval equality, we obtain
27 . 00 .
(2i 4+ )m ™ (2 + )nw
/0 p(0)p(6 + 3 )de §ag + W; (a2 +b2) cos — (3.8)
When n # km, m € Z,
k-1 k-1
(20 + 1)nm 1 (2i+1Dnm . nw
Z cos ’ =& = Z cos 3 sin —~
=0 =0
1 cos " in ™™ 4 cos 3nm sin ™ 1 4 cos (2k — )nm sin T (3.9)
= — — SIn — - _ N - 7 R .
sin 77 k k k k k k
_ sin2nm 0
~ 2sin(nw/k)
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From (3.8), (3.9), and (3.3) we can get

1

I f 0)pr (0 + Z)do
_E/o Pr(0)pr( +E)

k—1 o) .
:i Z (ga% + Z (ai + bi) cos W)
=0 n=1

> |

(3.10)

7T m
:*G(Q)—F*Z nk+bnk Zi 21+
4 2 — P k
)
m i n
Zzag Ty (=1)"(agy, + b2y)-
n=1

We also wish to express A in terms of the Fourier coefficients of p(#). By the Parseval equality and (2.1), we
get

1 1 &
A= ng + 57 > (a2 +b7), (3.11)

n=1

which together with (3.10) gives us I < A and the equality holds if and only if

1 > .
p(8) = 240 + Z(agnk cos 2nk6 + bayy, sin 2nkd),

n=1

and this completes the proof. O

Corollary 3.3 Let v be a C! star-shaped curve in R? with area A. If pp(0) = C, where C is a constant;
then

3 C?*r
A= - 0 0 df = ——
k/o pr(0)pr (0 + k;) 12

if and only if v is a circle of radius %C and centered at the origin.

Remark 1 For k=2, let v be a star-shaped curve with p(0) =2+ sin46, then

1 /2 T 9
- 0)po(6+ ~)dh = -t = A
2/0 p2(0)p2( +2) 5T =4,

but v is not a circle. This shows that the condition p(0) = C in Corollary 3.3 is necessary, which is different

from the equality case of the Chernoff-Ou—Pan inequality [1, 8].

Proof of Corollary 3.3 The assumption pi(f) = C' implies that

A = b =0, n=1,2,-- . (3.12)
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In fact, (2.2) and (2.4) lead to

oo

1 .
k() :ikao +n§;1 (an cosnf+b, sinnd)
> 2n(k — 1 2n(k — 1
+-- -+nz::1 (an cos (n9+¥) +b,, sin (n9+n(k)7r)>
(3.13)
1 > 2 2n(k — 1
Zikaoﬁ-; (an cosnf—+b, sinn&) (1+cos %—l—- --+cos H(T)W)
s 2 2n(k — 1
+nZ::1 (b, cosnf—ay, sinnd) (sin % +---+sin %)
When n =km, m € ZT,
1+cos2nT7T+-~—|—(30572n(kk_ DL =k,
(3.14)
. 2nmw . 2n(k— D)
sin— 4+ - +sin——— =0.
k k
When n # km, m € Z*,
1—|—cosQnT7T +~~'+00872n(kk_ DL =0,
(3.15)
sin 2nm + .- +sin 7211(]{ —Um _ 0
k k o
From (3.13)—(3.15) we get
1 = .
pr(0) =k <2a0 + 7; (ank cosnk@ + by, sin nk@)) .
Since pi(0) = C, it is clear that
g = b =0, n=1,2,-- . (3.16)

If ~ is a circle, it is obvious that I = A = ”k(’;z . Conversely, suppose that I = A; then the equality in

Theorem 3.1 holds, which together with py () = C gives us p(f) = % and 4@ = % This completes the proof
of Corollary 3.3. O

From the proof of Corollary 3.3, we can get

Corollary 3.4 Let v be a C!' star-shaped curve in R? with pi(0) equal to a constant C. Then the Fourier
expansion of the radial function p(8) of v is of the form
1 oo
_ ; +
p(8) = 300 + ; (an cosnb + b, sinnh), m ez, (3.17)

n#Emk

where ag = %

Obviously, if ~ is an equichordal curve, that is, p2(6) = const., then the Fourier series of p(#) for v has only

odd terms and a constant term.
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a b c
Figure. Examples.

4. Applications

Let v be a star-shaped curve in R? with area A. Let D denote the star body enclosed by v and B denote
the unit disc in R?. From the continuity of p(f), it is easy to see that, for all 65 € [0, 27”],

Moreover, for any k& € N, there exists a { € [0, 7] such that

%/j pr(0)pr(0 + %)d& = %pk(ﬁk)ﬂk(fk + %)-

Since & € [0, %] C [0, 27”], we have & + 7 € [0, 27”] Thus, we obtain

™

. 1 [* T . 1 T
klgrolo E/o Pr(0) pr (60 + E)de = klggo ﬁpk(fk)[)k(fk + E>

2

_ % (/027r p(e)d9> = %AQ(D,B),

which together with (3.1) gives us a new proof of the classical dual isoperimetric inequality (1.3).
Now, for a given integer k > 2, the star-shaped curve +y is called a k-order equichordal curve with respect
to the origin, if pr(0) is a constant. Therefore, k-order equichordal curves can be regarded as a generalization

of the equichordal curves.
By Corollary 3.4, it can be easily seen that there are many star-shaped curves with p(f) equal to a

constant C besides circles; here are three examples.

Examples (i) Take p(f) = 3 + cosf + cos 360, then p2(d) = 6, 7 is an equichordal curve with respect to the
origin; see Figure la.
(ii) Take p(6) = (8 + cos6 + cos26), then p3(f) = 12, v is a 3-order equichordal curve with respect to the

origin; see Figure 1b.
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(iii) Take p(#) = 3 + cos 30 + sindf, then p5(0) = 15, 7 is a 5-order equichordal curve with respect to the
origin; see Figure lc.

Considering a class of star-shaped curves with pg(6) = const., we can obtain the following inequality:

Theorem 4.1 Let v be a C! star-shaped curve in R? with pi(0) equal to a constant C'; then

C? wC?

— <A< — 4.1

<A<, (4.1
where A is the area it bounds, and the equality on the left-hand side holds if and only if v is a circle of radius

%C’ and centered at the origin.

Proof By (2.1) and p(#) > 0, we have

2
1 [ 2 2k —1
:f/ (p2(9)+p2(9+£)+ +p*(0 + ( )W))de (4.2)
2 Jo k k
1 [ 2k — 1
<7/ (p(0) + p(0 + =) + -+ + p(6 + ( )”))Zda
2 Jo k k
Combining (4.2) with pg(8) = C yields
C?
A< .
<%

From Theorem 3.1 and Corollary 3.3 we have A > ”kc;z and the equality holds if and only if « is a disc. O

In particular, let v be a C! equichordal curve in R? with area A. If p(6) + p(6 + 7) = C (a constant),

then
1 2 1 2

and the equality on the left-hand side holds if and only if v is a circle of radius %C and centered at the origin.

It follows from (4.3) that circles have the minimal area among all the equichordal curves, but we do not

know which has the greatest area. Naturally, we pose a dual Blaschke-Lebesgue problem:

Problem Among all curves with p() + p(6 + ) being equal to a constant C', which has the greatest area?
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