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Abstract: In this paper, we will prove some fixed point theorems for the sum and the product of nonlinear weakly
sequentially continuous operators acting on a WC—Banach algebra. Our results improve and correct some recent results

given by Banas and Taoudi, and extend several earlier works using the condition (P).
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1. Introduction
In 1998, Dhage [10] proved the following fixed point theorem involving three operators in a Banach algebra by

combining Schauder’s fixed point theorem and Banach’s contraction principle.

Theorem 1.1 Let S be a nonempty, bounded, closed, and convex subset of a Banach algebra X and let A, B,
C:S — S be three operators, such that:

(i) A and C are Lipschitzian with Lipschitz constants « and [, respectively,

(ii) (%)_1 exists on B(S), I being the identity operator on X, and the operator

(159) - & = X s defined by (158)z = 2582,
(iii) B is completely continuous, and

(iv) AzBy+Cx € S, Va,y e S.

Then the operator equation x = AxBx + Cx has, at least, a solution in S, whenever aM + 5 < 1, where
M = ||B(S)|| = sup{||Bz| : =€ S}. ¢

It is well known that Theorem 1.1 has a wide range of applications to nonlinear integral equations of mixed type.
Moreover, it has also been extensively used in differential equations. Several attempts have been made in the
literature to prove the analogousness of Theorem 1.1 under weak topology. In [6], Ben Amar et al. established

a weak variant of Theorem 1.1 in Banach algebras, satisfying the following sequential condition:

P) For any sequences (z)neny and (yn)nen of X such that z, — z
and y, — y, then x,y, — xy; where X is a Banach algebra.
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It is interesting to note that their result requires both the weak sequential continuity and the weak compactness

of the operators A, B, and C'. Their proof is based on the Arino, Gautier, and Penot’s fixed point theorem [3]

and also on the weak sequential continuity of (%)713 .

In their paper [7], Ben Amar et al. have established some fixed point theorems in Banach algebras satis-
fying the condition (P) under the weak topology. Their results were based on the class of weakly condensing,

weak sequential continuity, and weakly compact.

Recently, Banas and Taoudi [4] gave a generalization of some results established in [6] for the weak topol-
ogy case. The authors used the notion of a WC-Banach algebra (cf. Definition 3.1), which is weaker than the
property (P) and the concept of the De Blasi measure of weak noncompactness [9]. However, in the proofs of
Theorems 3.1 and 3.3, Banas and Taoudi used the sequential condition (P) in any Banach algebra, which is

not always valid.

The main goal of the present section is to establish new variants of Theorem 1.1 for three operators
acting on WC-Banach algebras, without using the sequential condition (P). This result can be considered an

extension of [7, 12, 15, 17].

2. Preliminaries

Throughout this section, X denotes a Banach space. For any r > 0, B, denotes the closed ball in & centered
at 0y with radius r and D(A) denotes the domain of an operator A. Qyx is the collection of all nonempty
bounded subsets of X and K" is the subset of 1y consisting of all weakly compact subsets of X. In the
remainder, — denotes the weak convergence and — denotes the strong convergence in X'. Recall that the
notion of the measure of weak noncompactness was introduced by De Blasi [9]; it is the map w : Qx — [0, 4+00)

defined in the following way:
w(M) =inf{r > 0: there exists K € K" such that M C K + B, },
for all M € Qx . For convenience we recall some basic properties of w(.) needed below [2, 9].

Lemma 2.1 Let My, Ms be two elements of QQx . Then the following conditions are satisfied:
1. My C My implies w(M1) < w(Mas).
2. w(My) =0, if and only if M1™ € K*, i.e. M" is the weak closure of M; .
3. wM") = w(M).
4. w(M1UMz) = max{w(Mi),w(M2)}.
5. w(AMq) = |Aw(My) for all A € R.
6. w(co(Mi)) =w(My), where co(My) denotes the convex hull of M.

7. wMy + M) <w(My) + w(Ms).
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8. if (My)n>1 is a decreasing sequence of nonempty bounded and weakly closed subsets of X with lim w(M,,) =
- n—oo

0, then Mo 1= Ny M, is nonempty and w(Ms) =0, that is, Moo is relatively weakly compact.

Definition 2.1 An operator A : D(A) C X — X is said to be weakly sequentially continuous on D(A) if for

every sequence (Tp)neny C D(A), x, — x implies Az, — Ax. &

Definition 2.2 An operator A : D(A) C X — X is said to be w-contractive (or an w-a-contraction) if it
maps bounded sets into bounded sets, and there exists some a € [0,1) such that w(AS) < aw(S) for all bounded
subsets S C D(A).

An operator A : D(A) C X — X is said to be w-condensing if it maps bounded sets into bounded sets,
and w(A(S)) < w(S) for all bounded sets S C D(A) with w(S) > 0. O

Remark 2.1 Obviously, every w-a-contraction with 0 < a <1 is w-condensing. &

Let A:D(A) C X — X be an operator. In what follows, we will use the following conditions:

(H1) { If (zn)neny C D(A) is a weakly convergent sequence in X', then

(Azp,)nen has a strongly convergent subsequence in X.

If (zn)neny C D(A) is a weakly convergent sequence in X', then
(Ax,)nen has a weakly convergent subsequence in X.

oy |

The conditions (H1) and (H2) were already considered in the papers [1, 12, 14, 17].

Definition 2.3 An operator A : D(A) C X — X is called D-Lipschitzian if there exists a continuous and
nondecreasing function ¢ : Ry — Ry such that

Az — Ay[| < ¢([lz = yl)),

forall x, y € D(A), where ¢(0) = 0. The function ¢ is called a D -function of A. Obviously every Lipschitzian
mapping is D -Lipschitzian, but the converse may not be true. Moreover, if ¢(r) < r for r > 0, then the operator

A is called a nonlinear contraction with a contraction function ¢. &

The following lemma is useful for the sequel.

Lemma 2.2 [I] Let A : D(A) C X — X be an operator D -Lipschitzian with a D-function ¢ on a Banach
space X and satisfy (H2). Then for each bounded subset S of D(A) one has

w(A(S)) < ¢(w(S5))-
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3. Fixed point theorems in WC—Banach algebras

First, let us recall the following definition used by Banas and Taoudi [4].

Definition 3.1 Let X be a Banach algebra. We say that X is a WC-Banach algebra if the product WW' of
arbitrary weakly compact subsets W, W' of X is weakly compact. &

Clearly, every finite dimensional Banach algebra is a WC-Banach algebra. Even if X' is a WC-Banach
algebra then the set C(K, X) of all continuous functions from K to X is also a WC—Banach algebra, where

is a compact Hausdorff space. The proof is based on Dobrakov’s Theorem [11].

In order to present the main fixed point results of this section, we certainly need the following helpful
theorems.

Theorem 3.1 [5] Let S be a nonempty, bounded, closed, and convex subset of a Banach space Y and let
A: S = S be a weakly sequentially continuous mapping. If A is w-condensing, then it has, at least, a fixed
point in S. &

Lemma 3.1 [/] Let M and M’ be two bounded subsets of a WC-Banach algebra X. Then we have the

following inequality

wMM') < [M[lwM) + [ Mlw(M) + w(M)w(M).

¢

Now we are ready to state our first fixed point theorem in WC-Banach algebra in order to provide the existence

of solutions for the operator equation x = AzBxz + Cx.

Theorem 3.2 Let S be a nonempty, bounded, closed, and convex subset of a WC-Banach algebra X and let
A, C: X - X and B : S — X be three weakly sequentially continuous operators satisfying the following
conditions:

(i) (%)71 exists on B(S),

(ii) A satisfies (H1), and A(S) is relatively weakly compact,
(iii ) B is an w-B-contraction,

(iv) C is an w-«a-contraction, and

(v) (x=AxBy+Cz, yeS)=z€S.

Then the operator equation x = AxBx + Cx has, at least, a solution in S, whenever % < 1, where

v =AM &
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Proof It is easy to check that the vector x € S is a solution for the equation x = AxBx + Cz, if and only
if z is a fixed point for the operator T := (%)_13. From assumption (), it follows that, for each y € 5,

there is a unique x, € X such that

I-C
(T)xy = By,

or, in an equivalent way,
Az By + Czy = xy.

Since the hypothesis (v) holds, then z, € S. Hence, the map T : S — S is well defined. In order to
achieve the proof, we will apply Theorem 3.1. Hence, we only have to prove that the operator 7' : S — S is
weakly sequentially continuous and w-condensing. Indeed, consider (z,),en as a sequence in S that is weakly
convergent to . In this case, the set {z, : n € N} is relatively weakly compact, and since B is weakly

sequentially continuous, then {Bz, : n € N} is also relatively weakly compact. Using the following equality
T=ATB+CT, (3.1)
combined with the fact that A(S) is relatively weakly compact and C' is an w-«-contraction, we obtain
w{Txn: neN}) < w{ATz,)Bx,: neN}) +w({C(Tx,): n€N})
< aw({Tz,: neN})
< w{Tz,: neN}).

Hence, {Tx, : n € N} is relatively weakly compact. Consequently, there exists a subsequence (z,);en of
(Zn)nen such that Tx,, — y. Going back to Eq. (3.1); to the weak sequential continuity of A, B, and C;
and to the fact that A verifies (#1) shows that there exists a subsequence (an )jen of (2n,)ien such that
T, = A(Txnij)anij + C(Txnij) and then y = Tz. Consequently, Tz,, — Tx. Now we claim that
Tz, — Tz. Suppose the contrary, then there exists a subsequence (z,):en of (Zn)nen and a weak neighbor-
hood V¥ of Tx, such that Tx,, ¢ V¥ for all i € N. Since (x,,)ieny converges weakly to z then, arguing as

before, we may extract a subsequence (z,, )ren Of (Zn,)ien, such that Tz,, — Ta, which is absurd, since
Ik Ik

TiCnij g V% for all k€ N. As a result, T is weakly sequentially continuous.

k

Next we will prove that T is w-condensing. For this purpose, let M be a subset of S with w(M) > 0.
Using Eq. (3.1), we infer that

w(T(M)) < w(A(T(M))BM) + C(T(M))).

The properties of w in Lemmas 2.1 and 3.1, when combined with the assumptions (ii), (i4i), and (iv) on A,
B, and C allow us to show that

w(T(M))

IN

w(A(T(M))B(M)) + w(C(T(M)))

< YBwM) + aw(T(M)),
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and then

w(T(M)) <

This inequality means, in particular, that is 7' is w-condensing. O

Remark 3.1 If we take a« = B = 0 in the above theorem, then we get the following Corollary 3.1, which
represents the new version of the fized point result obtained by Ben Amar et al. in [7] in a@ WC-Banach algebra

case. <>

Corollary 3.1 Let S be a nonempty, bounded, closed, and convex subset of a WC-Banach algebra X and let
A, C: X - X and B : S — X be three weakly sequentially continuous operators satisfying the following
conditions:

(i) (%)_1 exists on B(S),
(ii) A satisfies (H1),
(iti) A(S), B(S), and C(S) are relatively weakly compact, and
(iv) (x=AzBy+Czx, ye S)=2x€S.
Then the operator equation x = AxBx 4+ Cx has, at least, a solution in S. &

Proof According to Theorem 3.2, it is sufficient to show that T'(S) := (%)ﬂB(S) is relatively weakly

compact.
Using both Lemmas 2.1 and 3.1 and knowing the weak compactness of A(S), B(S), and C(S5), we infer that

w(T(5)) < w(A(T(5))B(S)) + w(C(T(5)))-

This shows that w(T'(S)) = 0. Hence, T'(S) is relatively weakly compact. The use of Theorem 3.2 achieves the
proof. O

In the following theorem, we will use the notion of D-Lipschitzian operators.

Theorem 3.3 Let S be a nonempty, bounded, closed, and convexr subset of a WC-Banach algebra X and let
A, C: X - X and B : S — X be three weakly sequentially continuous operators satisfying the following
conditions:

(i) B is an w-d-contraction,

(ii) A and C are D-Lipschitzian with the D-functions ¢4 and ¢c respectively, where ¢c(r) < (1 —6Q)r
for r >0 and Q = ||A(S)],

(iii) A is reqular on X, verifies (H1), and A(S) is relatively weakly compact, and
(iv) (x=AzBy+Czx, ye S)=2x€S.

Then the operator equation v = AxBx + Cx has, at least, a solution in S, whenever Loa(r) + ¢pc(r) <r for
r >0, where L =||B(9)]. ¢
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Proof Let y be fixed in S and let us define the mapping

Pyt X — X,
x— @y(z) = AxBy + Cx.

Let z1, 22 € X. The use of assumption (i) leads to

lpy (1) = @y(z2)ll < [[Az1By — Aza By || + [|[Czr = Caa|

IN

[Azy — Az ||| By|| + [|Ca1 — Cas|

IN

Loa(llzr = o)) + ¢o(llzr — w2l]).

Now an application of Boyd and Wong’s fixed point theorem [3] shows the existence of a unique point z, € X',
such that

oy(zy) = 24

Hence, the operator T := (%)_IB : S — X is well defined. Moreover, the use of assumption (iv) allows

us to have T(S) C S. Using arguments similar to those used in the proof of Theorem 3.2, we can deduce
that the operator is weakly sequentially continuous. By using Theorem 3.1, it is sufficient to check that T is
w-condensing. In order to achieve this, let M be a subset of S with w(M) > 0. Using Eq. (3.1), we have

T(M) € A(T(M)B(M) + C(T(M)).

Making use of Lemmas 2.1, 2.2, and 3.1, together with the assumptions on A, B, and C, enables us to have

IN

w(T(M)) W(A(T(M))B(M)) + w(C(T(M))) (3.2)

6Q w(M) + ¢c (w(T(M))).

A

Now, if § = 0, inequality (3.2) becomes w(T(M)) < ¢pc(w(T(M))), which implies that w(T(M)) = 0.
Otherwise, by using the inequality
dc(r) < (1—0Q)r for r>0,

we have

w(T(M)) < w(M).
In both cases, T is shown to be w-condensing. The use of Theorem 3.1 achieves the proof. O
Remark 3.2

We should consider the case where A = 1y, in which 1y represents the unit element of the WC-Banach
algebra X. We have the following particular cases that constitute the versions of Krasnoselskii’s-type fixed

point theorems (see [13, 16, 18]).

(i) If we only take 6 = 0 in the above theorem, then we obtain the following Corollary 3.2, which extends

one of the results obtained in [19].
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(i) If we only take the function ¢c(r) = (r, where ¢ € [0,1 — ¢) in the above theorem, then we obtain the

following Corollary 3.3 which extends one of the results obtained in [12] . &

Corollary 3.2 Let S be a nonempty, bounded, closed, and convex subset of a Banach algebra X, and let
C: X=X and B: S — X be two weakly sequentially continuous operators satisfying the following conditions:

(i) C is a nonlinear contraction,
(ii) B(S) is relatively weakly compact, and
(iti) (x=By+Czx, yeS) =z €S.

Then B+ C has, at least, a fized point in S. &

Corollary 3.3 Let S be a nonempty, bounded, closed, and convexr subset of a Banach algebra X, and let

C:X—> X and B: S — X be two weakly sequentially continuous operators satisfying the following conditions:
(i) C is a strict contraction with constant ¢ € [0,1 —9),

(ii) B is an w-0 -contraction, and

(iti) (x=By+Cz, yeS)=z€S.

Then B+ C has, at least, a fized point in S. &
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