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Abstract: Orthogonal wavelet packets lack symmetry, which is a much desired property in image and signal processing.
The biorthogonal wavelet packets achieve symmetry where the orthogonality is replaced by biorthogonality. In the
present paper, we construct biorthogonal wavelet packets on local fields of positive characteristic and investigate their
properties by means of Fourier transforms. We also show how to obtain several new Riesz bases of the space L? (K) by
constructing a series of subspaces of these wavelet packets. Finally, we provide algorithms for the decomposition and

reconstruction using these biorthogonal wavelet packets.
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1. Introduction

A field K equipped with a topology is called a local field if both the additive K™ and multiplicative groups
K* of K are locally compact Abelian groups. The local fields are essentially of two types: zero and positive
characteristic (excluding the connected local fields R and C). Examples of local fields of characteristic zero
include the p-adic field @, where as local fields of positive characteristic are the Cantor dyadic group and the
Vilenkin p-groups. Even though the structures and metrics of local fields of zero and positive characteristics
are similar, their wavelet and multiresolution analysis theory are quite different. In recent years, local fields
have attracted the attention of several mathematicians, and have found innumerable applications not only in
number theory but also in representation theory, division algebras, quadratic forms, and algebraic geometry.
As a result, local fields are now consolidated as part of the standard repertoire of contemporary mathematics.
For more about local fields and their applications, we refer to the monographs [15, 24].

In recent years there has been considerable interest in the problem of constructing wavelet bases on various
groups, namely, Cantor dyadic groups [12], locally compact Abelian groups [9], p-adic fields [11], and Vilenkin
groups [14]. Benedetto and Benedetto [3] developed a wavelet theory for local fields and related groups. They
did not develop the multiresolution analysis (MRA) approach; their method is based on the theory of wavelet
sets and only allows the construction of wavelet functions whose Fourier transforms are characteristic functions
of some sets. The concept of multiresolution analysis on local fields of positive characteristic was introduced

by Jiang et al. [10]. They pointed out a method for constructing orthogonal wavelets on local field K with a
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constant generating sequence. Subsequently, tight wavelet frames on local fields of positive characteristic were
constructed by Shah and Debnath [21] using extension principles. On the other hand, Behera and Jahan [1]
have constructed biorthogonal wavelets on local fields of positive characteristic and showed that if ¢ and ¢ are
the dual scaling functions associated with dual MRAs on local fields of positive characteristic such that their
translates are biorthogonal, then the corresponding wavelet families are also biorthogonal. More results in this
direction can also be found in [8,18-20] and the references therein.

It is well known that the classical orthogonal wavelet bases have poor frequency localization. To overcome
this disadvantage, Coifman et al. [7] constructed univariate orthogonal wavelet packets. Well-known Daubechies
orthogonal wavelets are a special case of wavelet packets. Later, Chui and Li [5] generalized the concept of
orthogonal wavelet packets to the case of nonorthogonal wavelet packets so that they can be applied to spline
wavelets and so on. The introduction of biorthogonal wavelet packets is attributed to Cohen and Daubechies
[6]. They have also shown that all the wavelet packets constructed in this way did not lead to Riesz bases for
L?(R). Shen [23] generalized the notion of univariate orthogonal wavelet packets to the case of multivariate
wavelet packets. Other notable generalizations are the orthogonal version of vector-valued wavelet packets [4],

multiwavelet packets [13], and wavelet packets and framelet packets related to the Walsh polynomials [16,17,22].

Recently, Behera and Jahan [2] constructed orthogonal wavelet packets and wavelet frame packets on
local field K of positive characteristic and showed how to construct an orthonormal basis from a Riesz basis.
Orthogonal wavelet packets have many desired properties such as compact support, good frequency localization,
and vanishing moments. However, there is no continuous symmetry, which is a much desired property in imaging
compression and signal processing. To achieve symmetry, several generalizations of scalar orthogonal wavelet
packets have been investigated in the literature. The biorthogonal wavelet packets achieve symmetry where
the orthogonality is replaced by the biorthogonality. Therefore, the objective of this paper is to construct
biorthogonal wavelet packets on local fields of positive characteristic and investigate their properties by means of
Fourier transforms and construct several new Riesz bases of space L?(K). Finally, we establish some algorithms
for decomposition and reconstruction using these biorthogonal wavelet packets.

This paper is organized as follows. In Section 2, we discuss some preliminary facts about local fields of
positive characteristic and also some results required in the subsequent sections including the definition of an
MRA on local fields. In Section 3, we examine some of the properties of the biorthogonal wavelet packets via
Fourier transforms. In Section 4, we generate Riesz bases of L?(K) from these wavelet packets. Section 5 deals

with the decomposition and reconstruction algorithms corresponding to these wavelet packets.

2. Preliminaries and multiresolution analysis on local fields

Let K be a field and a topological space. Then K is called a local field if both K+ and K* are locally compact
Abelian groups, where K+ and K* denote the additive and multiplicative groups of K, respectively. If K is
any field and is endowed with the discrete topology, then K is a local field. Further, if K is connected, then K
is either R or C. If K is not connected, then it is totally disconnected. Hence, by a local field, we mean a field
K that is locally compact, nondiscrete, and totally disconnected. The p-adic fields are examples of local fields.
More details are contained in [15,24]. In the rest of this paper, we use the symbols N, Ny, and Z to denote the

sets of natural, nonnegative integers, and integers, respectively.

Let K be a local field. Let dx be the Haar measure on the locally compact Abelian group K+. If o € K

and o # 0, then d(ax) is also a Haar measure. Let d(az) = |a|dz. We call |a| the absolute value of «.
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Moreover, the map x — |z| has the following properties: (a) |z| =0 if and only if z = 0; (b) |zy| = |z||y| for
all z,y € K; and (¢) |z + y| < max {|z|,|y|} for all z,y € K. Property (c) is called the ultrametric inequality.
The set © = {x € K : |z| <1} is called the ring of integers in K. Define B = {x € K : |z| < 1}. The set B
is called the prime ideal in K. The prime ideal in K is the unique maximal ideal in ® and hence as a result
% is both principal and prime. Since the local field K is totally disconnected, there exists an element of % of
maximal absolute value. Let p be a fixed element of maximum absolute value in B. Such an element is called
a prime element of K. Therefore, for such an ideal B in D, we have B = (p) = pD. As proved in [24], the set
D is compact and open. Hence, B is compact and open. Therefore, the residue space © /% is isomorphic to a
finite field GF(q), where ¢ = p* for some prime p and k € N.

Let ®* =D\ B = {z € K :|z| =1}. Then it can be proved that ©* is a group of units in K* and
if  # 0 then we may write © = pFa/,2’ € D*. For a proof of this fact we refer to [15]. Moreover, each
BE = pkD = {x eK:|z|< q_k} is a compact subgroup of K+ and usually known as the fractional ideals of
K*. Let U = {a; g;(} be any fixed full set of coset representatives of B in ©; then every element z € K can
be expressed uniquely as z = Y ,°, cop® with ¢, € U. Let x be a fixed character on KT that is trivial on ©
but nontrivial on B!, Therefore, y is constant on cosets of ® and so if y € B*, then Xy(2) = x(yzx),z € K.
Suppose that y,, is any character on K ; then clearly the restriction x| is also a character on ©. Therefore,
if {u(n):n € Ny} is a complete list of distinct coset representative of © in K, then, as proved in [24], the

set {Xu(n) :m € No} of distinct characters on ® is a complete orthonormal system on D.

The Fourier transform f of a function f € L'(K) N L?(K) is defined by

&) = /K f(@)xe(@)da. (2.1)

It is noted that

f(f)Z/Kf(m)mdx:/Kf(x)ﬂ—fx)dx.

Furthermore, the properties of the Fourier transform on local field K are very similar to those of on the
real line. In particular, the Fourier transform is unitary on L?(K).

We now impose a natural order on the sequence {u(n)}22,. We have ©/B = GF(q) where GF(q) is
a c-dimensional vector space over the field GF(p). We choose a set {1 = (o,(1,C2,-..,Cc—1} C ©* such that
span {(; };;(1) = GF(q). For n € Ny satisfying

0<n<gq, n=a+ap+-+a_1pt, 0<ar<p, andk=0,1,...,c—1,

we define
u(n) = (ag +a1Ci + -+ + ae—1Ge—1) p~ . (2.2)

Moreover, for n = by +b1q+ bag? + -+ bsq°, n €Ny, 0< b, < ¢, k=0,1,2,...,s, we set
u(n) = u(bo) + u(by)p™" + - +u(bs)p™*. (2.3)
This defines u(n) for all n € Ny. In general, it is not true that u(m + n) = u(m) + u(n). However, if

rk € Ngand 0 < s < ¢*, then u(rg® + s) = u(r)p=" + u(s). Further, it is also easy to verify that u(n) = 0
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if and only if n = 0 and {u(f) + u(k) : k € No} = {u(k) : k € Npo} for a fixed ¢ € Ny. Hereafter we use the
notation Xn = Xu(n), # = 0.

Let the local field K be of characteristic p > 0 and (g, (1, (o,...,(.—1 be as above. We define a character

x on K as follows:

—jy _ | exp(2mi/p), p=0andj=1,
X(Cﬂp )_{ 17 u:l,,c—lorj#l (24)

Definition 2.1 Let {x, :n € No} be a subset of a Hilbert space H. Then {x, :n € No} is said to form a
Riesz basis for H if

(a) span{x, :n € No} = H, and
(b) there exist constants A and B with 0 < A < B < 0o such that

<B Y |al” (2.5)

neNg

A el <

neNy

E Cnn

neNg

A generalization of the classical theory of multiresolution analysis on local fields of positive characteristic
was considered by Jiang et al. [10]. Analogous to the Euclidean case, following is a definition of MRA on the

local field K of positive characteristic.

Definition 2.2 Let K be a local field of positive characteristic p > 0 and p be a prime element of K. An
MRA of L*(K) is a sequence of closed subspaces {V; :j € Z} of L*(K) satisfying the following properties:

(a) V; C Vg forallj € Z;

(b) Ujer Vs dense in L*(K);

(¢) Njez Vi = {0}

(d) f(-) €V if and only if f(p~1-) € Vi1 for allj € Z;

(e) There is a function ¢ € Vg, called the scaling function, such that {90( . —u(k)) ke NO} forms an or-

thonormal basis for V.

Since ¢ € Vy C Vi and {(p(p_lx — u(k:)) ke No} is a Riesz basis of V;, there exists {ax} € [?(Np)
such that

o@) = va Y ape(pa — ulk)). (2.6)

keNy
On taking the Fourier transform, we have
p(x) = mo(p€) $(pE), (2.7)
where
1
mo(§) = — ak Xk (&)
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Let Wj, j € Z be the direct complementary subspace of V; in Vj;;. Assume that there exist ¢ — 1
functions {t1,%2,...,14—1} in L?*(K) such that their translates and dilations form Riesz bases of W}, i.e

W, —Span{ 324y (97 - —u(k)) : k € No, 1§£gq—1},jez.

Since 1y € Wy C V1, 1 <€ < g — 1, there exists a sequence {al} € £2(Ng) such that

=4 Z agp(p e —u(k)), 1<0<q-1

keNg

Eq. (2.9) can be written in the frequency domain as

be(€ \[Zaka p&)B(pé)

keNy

[Llem] = my(p€) 4(pE),

Definition 2.3 Let f, f € L?(K) be given. We say that they are biorthogonal if

(O (- —ulk)) = dou,

where 6o 1 is the Kronecker’s delta function.

If o(-),(-) € L*(K) are a pair of biorthogonal scaling functions, then we have

(9(), 8- —u(k) ) = dox, k€ No.

(2.10)

(2.11)

(2.12)

Further, we say that (+), 1,/;@() € L?(K),1 < /¢ < q—1 are a pair of biorthogonal wavelets associated with a
pair of biorthogonal scaling functions ¢(-), @(-) € L2(K) if the set {th¢(- —u(k)) : k € No,1 < ¢ < g — 1} forms

a Riesz basis of Wy, and
(() (- —u(k)) =0, keNo, 1<£<q-1,
(B0 we(-—u(k)) =0, keNo, 1<0<q-1,
(el o (- ~u(k)) = 8o b0, K ENg, 1S L0 <=1,
For £ =1,2,...,q — 1, we have
Wt = span{ G2y (p7 - —u(k)) k€ NO} A
Using the definition of W; and identities (2.13)-(2.15), we have the following result:
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Definition 2.4 If ¢,(-), @Zg(o) € L*(K), 1 < ¢ < q—1 are a pair of biorthogonal wavelets associated with a pair
of biorthogonal scaling functions ¢(-), p(-) € L*(K), then

qg—1

(K =Pw,=pPpw;. (2.17)
JEZL JEZL

=1

In the biorthogonal setting, the refinement equation and wavelet equation are very similar to Eqs. (2.6) and
(2.9)

2) =g Y axp(p e —ulk)), (2.18)
keNy
and
=va Y ape(p 'z —uk), 1<0<q-1 (2.19)
keNy

Taking the Fourier transform of Egs. (2.18) and (2.19), we obtain

*fZGka pé) ¢ (pé)

keNo
= 110 (p€) B (pE). (2.20)
1
here mg(§) = — » @ » and
where 1m0 (§) \/akENO ar xx(§), an
VP SN
keNo
= 1 (p€)(pE), (2.21)
h _ 1</<qg-—1.
where my (€ \fng:O aj Xk StEsq

It is proved in [1] that if ¢(-),3(-) € L?(K) are a pair of biorthogonal scaling functions associated with
the given MRA, then the system {¢(-—u(k)) : k € No} is biorthogonal to {¢(-—u(k)) : k € No} if and only if

> (e +uk)p(e+uk) =1 ae. (2.22)

keNg

3. Biorthogonal wavelet packets on local fields

For n=0,1,..., the basic wavelet packets associated with a scaling function ¢(-) on a local field K of positive
characteristic are defined recursively by

wn () = wers(z Z aj wy(prz—u(k)), 0<s<qg-—1 (3.1)
keNo
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where r € Ny is the unique element such that n =g¢r +s, 0 < s < ¢ —1 holds (see [2]).

Similar to the orthogonal wavelet packets, the biorthogonal wavelet packets associated with @(-) are given
by

On () = Qgrys(z) = 1/1 Z a; @, (p 'z —u(k)), 0<s<qg—1 (3.2)
k€Ng

Note that for r =0 and 1 < s < ¢ — 1, we have
wo(w) = p(), @o(2) = @(x), ws(@)=vs(2), and &y(z) = Ps(2).
Moreover, the Fourier transform of (3.1) and (3.2) gives

Wqr+s(§) = ms(p€) wr(p§), (3.3)

and
Garts(€) = s (pE) O (PE). (3.4)

We are now in a position to discuss the biorthogonality properties for these wavelet packets by means of the

Fourier transform.

Lemma 3.1 Assume that ws(z), &s(z) € L2(K) are a pair of biorthogonal wavelets associated with a pair of

biorthogonal scaling functions wo(x), Wo(x). Then we have

qg—1
Zmr (p§ + pu(ﬁ))rhs (p§ + pu(@)) =0rs, 0<r,s<qg-—1L (3.5)
£=0

Proof For given 0 <r,s <q—1, we have

57“,3 = Z Wy (f + u(k))ajr (f =+ u(k))

keNy

= > me(p€ + pu(k)) o (pS + pulk))wo (pé + pu(k)) s (p€ + pu(k))

keNy

Q
,_.

= m, Pf + pu(gk + E))wo (pf + pu(gk + E))wo (pf + pu(gk + E))
keNy

T
o

) x 1y (€ + pu(gk + £))
= (v + pu(0)ma (5 + pull))
£=0

X { > Go(pg + pulgk + £))ao (p€ + pulgk + 6))}

keNy

<
|
—

= m (p€ + pu(0))me (p€ + pu(0)).

0

~
Il
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Theorem 3.2 If {w,(z) : n € No} and {©&,(z) : n € No} are wavelet packets associated with a pair of biorthog-

onal scaling functions wo(x) and &o(x), respectively, then we have

<wn(-),wn( : —u(k))> =00 ke€Z neN. (3.6)

Proof We will prove this result by using induction on n. It follows from (2.12) and (2.15) that the claim
is true for n = 0 and n = 1,2,...,¢ — 1. Assume (3.6) holds for n < ¢, where ¢t € N. Then we prove the
result (3.6) for n =t. Let n = qr + s, where r € Ny, 0 < s < ¢—1, and r < n. Therefore, by the inductive

assumption, we have

(wr (), (- —ulk)) ) = Gop = D wrl€+ulk)) &€+ ulk)) = 1.

keNy

Using Lemmas 2.5 and 3.1 and Eqgs. (3.3) and (3.4), we obtain

(@n():8a (- —u®)) = (@) on(-—u(k)))

- / Gy 45(8) Garvs () Xk(€)dE
K

_ /K 1104 (9€)y (PE) T2 (9E) o (pE) i (£)

- /@ >~ s (b€ + puh)) o (b€ + pu(k))

keNg

x1s (p€ + pu(k)) Op (p€ + pu(k)) x5 (€)dE

q—1

= [ D" ma(pé + pulgk + €)) O (pé + pulgk + )

D =0 keN, _
x1ivs (p€ + pu(gk + £€)) & (p€ + pu(gk + ) x5 (€)d¢

qg—1

:/@st(p£+pu(€))m

£=0

x { > @n(p€ + pulgh + 0)) & (p€ + pulgh +0)) xk(i)dﬁ}

keNp

g—1 -
= /Q D s (€ + pul0)) s (p€ + pu()) xr(€)dS

£=0

= 50’;@.
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Theorem 3.3 Suppose {wn(z) : n € No} and {@,(z) : n € No} are the biorthogonal wavelet packets associated

with a pair of biorthogonal scaling functions wo(x) and &o(x), respectively. Then we have

<wqr+sl(~),&}qT+52( . —u(k))> = 00,105,555 0< s1,820 <qg—1, rk €No. (3.7)

Proof By Lemma 2.5, we have
(arton () Garon (- =u(R) ) = (Garton (), Gartoa (- —ulk)) )

_ / Bgrtor (€) Bgra (6) X0 ()8
K

/K M, (E) D (DE) 7153 (PE) o (E) 1 (€)

_ /@ 3 g, (p€ + pu(k)) or (p€ + pu(k))

keNg
x1ms, (D€ + pu(k)) wr(pé + pu(k)) xi(€)dE

q—1

= [ D0 ma, (p€ + pulgk + €)@ (p€ + pulgh +0))

D =0 keNy _
X1, (P + pulgk + £)) @r (p€ + pulgk + 0)) xx(€)dé

- imsl (p£+pu(£))m

D y—o

X { D @ (pE + pulgh +0) & (p€ + pulak + 1)) xk(f)df}

keNg
= [ 3 e (g ) s (0 k(€1

£=0

= 507/4551,52 .

Theorem 3.4 Suppose {wn(z):n € No} and {@,(x) :n € No} are wavelet packets with respect to a pair of
biorthogonal scaling functions wo(x) and @o(x), respectively. Then we have
(wel),@n (- —u(k) ) = e B0k, L.k € No. (3.8)

Proof For ¢ =n, the result (3.8) follows by Theorem 3.2. When ¢ # n, and 0 < ¥¢,n < g— 1, the result (3.8)
can be established from Theorem 3.3. Assume /¢ is not equal to n and at least one of ¢,n does not belong to

{1,2,...,q9 — 1}; then we can write ¢,n as £ = gri+$1, n = qui+wv1, r1,u; € Ng, s1,v1 € {0,1,2,...,¢g—1}. O
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Case 1: If r; = uy, then s; # v1. Therefore, (3.8) follows by virtue of the properties (3.3)—(3.5) and

Lemma 2.5 i.e.

(we),@n (- —ulk)) =

P

Wary+sy ()7 (’unﬁﬂu ( : _u(k))>

Il
P
>

qri+si ()7 équl-‘rvl ( ' _u(k))>

(Ijqu +s1 (6) ‘f}qu1+v1 (g)Xk (f)df

I
=

/K 0y (0E) G, (PE) Ty (PE) o (PE) ()

/@ > me, (b€ + pu(k)) Gr, (p€ + pu(k))

keNg

X1, (PE + pu(k)) @u, (PE + pu(k)) xk(€)dE

q—1

= [ DD ma (pE + pulak + ) @y, (pE + pu(gh + 0))

D y=0 keNy _
X1y, (€ + pulgk + £)) Wu, (p€ + pulgk + ) xx(§)dE

q—1

- /53 >, (9 + pu(t) + pu(0)) 1o, (p€ + pu(l))

=0

X Q> G, (p€ + pulgh + €)) @u, (P + pulgk + £)) xk(£)d€ }

keNy

= /9 S ey (6 + ) e (9 1 pul0) wiE)e

=0
= (50’]@.
Case 2: If r; # uy, then r1 = pro+s2, u1 = pus+uvy, where 9, ug € Ny, and so,v3 € {0,1,...,¢—1}. If
ro = ug, then so # vo. Similar to Case 1, (3.8) can be established. When 7y # us, we order 79 = prs+ss3, us =
pus + vs, where r3,us € Ng, and s3,vs € {0,1,...,¢ — 1}. Thus, after taking finite steps (denoted by k), we

obtain rp,un, € Ng and sp,vp € {0,1,...,9—1}. If 7, = up, then s, # v,. Similar to Case 1, (3.8) can be
established. When rj, # uy,, it follows from Eqgs. (2.12)—(2.15) that

<wm(-),@uh( : —u(k))> =0 <= Y wy (§+ulk)@u, (+uk) =0, (€K

keNp

Moreover, we have

(wr(@u(-=u®)) = (@ ()0 (- —ulk) )

- <@qr1+sl(')v(j}qul+”1 ( ' —u(k))>
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A ajqu +s1 (5) (f’qm +v1 (S)Xk? (f)df

/Kmsl(Pﬁ)msz(lﬂ2£)®m(b2§)mv1(bf)ﬁ”bm(lﬂzf)@uz(lﬂ%)xzﬂ(&)df

Il
S

h h
{H p&}wm (p"¢) {Hm,lpg}éumﬁ)xk(s)df

:/{

{Hmvz( (6 +u(k)) } xr(€)de

= 0.

H >
~
+
@
\‘_//
S—
——
/_/H
>
3
~~
k=3
>
—
7aY
+
<
—~
oy
=
N—
&
£
A
/\
I
+
i
\_/
S~—
N—
—

4. Construction of Riesz bases from wavelet packets

In this section, we will decompose the subspaces V7, f/j, W; and Wi by constructing subspaces of wavelet packets.
We also present a direct decomposition for L?(K).

For any n € Ny, define

5, - {fm F@) = Y o — ), {oihyer, © 12<N°)} | -
keNo
E, = {f(w) f@) =) aron(z —u(k), {a}pen, € 12(No)}- (4.2)
keNy
Clearly Ey = Vp and Es = W, for any 1 < s < g — 1. Assume that {ms (pf + pu(k))}q_kio is a unitary

matrix.
Lemma 4.1 For n € Ny, the space AE, can be decomposed into the direct sum of Egnys,1 <s<q—1, d.e
qg—1
AE, = Egns, (4.3)

s=0

where A is the dilation operator such that Af(z) = f(p~'x), for any f € L*(K).

Proof For n € Ny, we claim that

AEnz{fm:f(w):i 0} wgns (2 — u(k)), {ai}keNoeF(No)}. (4.4)

s=0 k€N
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Asforany 0 <s<g—1,by (3.1) and (4.1), wgnts(z — u(k)) € AE,,. Assume that f(z) € AE,; then there

exists a sequence {b},cy, € °(No) such that

F@) =" brwn(p 'z —u(k)). (4.5)
keNg
Similarly, for each s =0,1,...,¢ — 1, there exist a sequence {aj},y, in 12(Np) such that
q—1
F@) =23 aqwn(p 'z —u(k)), (4.6)
s=1 keNy

provided f(z) € AE,.
Taking the Fourier transform on both sides of (4.5) and (4.6), respectively, and by using (3.3), we obtain

q—1

s=1

where h(§) = Z bixk(§), 95(§) = Z aypxk ()

keNg keNp
The above equality (4.7) follows if the following holds:

qg—1

h(p€) = ga(€) ma(p). (4.8)
s=1
For any {bx},cn, € 1°(No), we will prove that there exists a sequence {ai}ren, € I12(Np) such that (4.8) is
satisfied. Moreover, Eq. (4.8) is equal to the following identity:

g—1

h(p€ + pu(k)) = g.(&) ms (p€ + pu(k)). (4.9)

s=1

The solvability of (4.9) for every sequence {bx},cn, € 12(Np) follows from the fact that the matrix {ms (p€ +

qg—1
pu(k))} i is unitary. Hence, Eq. (4.4) follows. Further, applying Theorem 3.3, it follows that
s,k=0

{qu+s(p_1x — u(k)) neNy, 0<s<qg-1, ke NO}

is a Riesz basis of AE,,.

Similar to (4.3), we can establish the following results:

Ey=Vy, E,=W§, 1<s<q-—1,

Q
|
—

AE, =P Upis, 1<s<q-—1 (4.10)

@
I
=)
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For ¢ € N, define 9y = {x:mzZ?ZOquj,aj =O,1,2,...,q—1}7 and ¥y = Jp — Jp_1. Next, we will

establish the direct decomposition of space L?(K). O

Theorem 4.2 The family of functions {wn (.13 — u(k)) tn €V k € No} constitutes the Riesz basis of A*Wy.
In particular, {wy,(z —u(k)) :n,k € No} constitutes the Riesz basis of L*(K).
Proof From Eq. (4.3), we have

_ q—1

AEy = @Es ie., AE,=E, @ES.

= s=1
Since Ey = Vp and Wy = @Z;i wW§ = @Z;i Es; therefore, AEy = Vo @ Wy. It can be inductively inferred
from (4.3) that

A'Ey = AR, @ E,, (eN. (4.11)
nedy

Since Vi1 = V;@W;j, j € Z; hence, A'Ey = A 1Eq@ AWy, £ € N. Now it follows from (4.3) and
Proposition 2.4 that AW, = P E,, and

nedy
LK) =Vop|Paw | =P P (@ En> = P E.. (4.12)
£>0 £>0 \n€dy neNg

In view of Theorem 3.3, the family of functions {wn (m — u(k)) ‘n €y k€ No} is a Riesz basis of A‘Wj.
Thus, according to (4.12), the family {wy(z —u(k)) : n,k € No} forms a Riesz basis of L*(K). )

Corollary 4.3 For every { € N, the family of functions {cbn (x — u(k)) tn €V, k € NO} forms a Riesz basis
Of AZWQ :

Corollary 4.4 For every £ € N, the family of functions {wn (pfja: — u(k)) :n, k€ NO} forms a Riesz basis of
L*(K).

5. Decomposition and reconstruction algorithms

We begin this section with the decomposition formulae for the biorthogonal wavelet packets on local fields of

positive characteristic followed by an algorithm.

Theorem 5.1 Let {w, :n € No} and {&, : n € No} be the biorthogonal wavelet packets defined by (3.1) and
(8.2), respectively. Then for all k € Ny, we have the following decomposition formulae:

wy (p 'z — u(k) \/(j;ugl\;o Ay —qu wantv (T — u(p)), (5.1)
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and

Cun(p—lx_u( \[VZMLEZNO ay_ qqunJr,, — (u)) (5.2)

Proof We will prove only (5.1). The second formula (5.2), being the dual of (5.1), will follow. Using Eq.
(3.1), we have

T Z Z ak qqun-l-l/ T — U’(M))

v=0 peNg
- Z Z ~y Can q1/2 Z al Wn x — u(u)) — u(r))
u 0 €Ny r€Ng
q—1
= Z Z af—qgu Z a¥wn (p™ 2 — u(gu — 1))
v=0 pu€eNy rENg
q—1
= S S wp e —u®) Y @,
v=0tENy nENg

= wn(p~tz —u(k)).

This completes the proof of the Theorem. O

Given a level J and consider

frfr=Y cw(p’z—u(k)),

keNg
where {cj} € 1?(Np). Using the fact
Vi=Wia0Via==W;10Wy 2@ - Wi_n @ Vi,

one obtains
fr=95-1+g1—2+-+g5-m+ fr-m,

where fJ_M € Vy_n and g; € Wj, j=J—-M,....J—1.
Furthermore, by using Theorem 5.1, g; € Wj,j = J — M,...,J — 1 can be further decomposed. To do
this, let

file) =Y dwo(pz —ulk)), (5.3)

keNg

and

=3 > diw,(px — u(k)), (5.4)

v=1keNy
where {c] }reno, {57 teen, € 12(No).
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Implementation of Eq. (5.1) for n = 0 gives the decomposition of f;(z) as

fi@) = Y dwo(p e —u(k))

keNg

1 a! ~ .
= — Clyc Z Z az_qqun—kl/(p_Jx - u(/’[’))

q keNy v=0 p€eNy

qg—1
— Z J 190({3 J+1x_u(k)) _|_Z Z dzj_lw (pﬂﬂx_u(k))
keNg v=1 keNg

where

1 .
- ~ J—=1 _ ~v
= 7\/ E uau ks kj = — A (5.5)

1ENg HENg

keNg,j=JJ—1,....,0—M+1.

For all r € Ny, we have

g™t

95 €EW; = AWy = ATTATW, = AT @ E,.

Using Theorem 5.1 for n =1,2,...,¢"t! — 1 yields

gi(x) = D3 dw,(pVx — u(k))

v=1 k€N

= Z Z 4’ Y Zak auavn (P T —u(p))

keNoV 1 p€ENg s=o

- Z Z 3 alyla &fbgztu/ql) wo(p~ 1 — u(k))

keNU v=1 \ peNg
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q—l

Z Z A7t y(p 7 e — u(k))

keNg v=1

gt

Z Z d’J’ p J+rx—u(k)),

keNog v=q"

where

.. 1 .. vV— 12 y ¥
A — Z dlv/algi=1 &( alv/al) A0 = (5.6)

g n—aqk ’
\/a JESIG)

i=1,2,....,r,v=¢,¢"+1,....¢" —1.

Therefore, for r € Ny, f; can be decomposed as:

J—1
fro= frem+ Y. g
j=J—M
J-1 q—1 ‘ 4
- Z ci*MwO (pJ_Mgc — u(k)) + Z Z dy?wy, (p_]m - u(k))
keNg j=J—M v=1keNy
J—1 ¢ t1-1 4
= Z i Mo(p! Mz —u(k)) + A" wy, (p" 7z — u(k)),
keNg j=J—M v=q" keNp

where the coefficients are given by Egs. (5.5) and (5.6).
On the other hand, by using Eq. (3.1), we can reconstruct g;(-) as follows:

]
gi(x) = D > A, (p e —u(k))
v=q" keNy
qr+1_1
=Y S Y ol ey 0 — gk )
v=q" keNg 1EN,
q" -1

- Y b )

v=q"—1 k€Ng

q—1
= Jx—u(k:)),
v=1 keNy
where

qg—1

v,ji—1 qu+s,5,4 8 v.j _ qv,3,0

dk = E E du AF_qus d,C _d,C . (5.7)
s=0 pneNy
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i=1,2,...,r, v=¢ "L ¢ ' +1,...,¢ — 1.

Thus, after obtaining the coefficients dV’J =1,2,....q—-1,j=J—-M,...,J —1, k € Ny, we use Theorem
5.1 and (2.6) to construct f; as follows:

fi = fi-it+gi—
= Z c,iflwo(pfjflx —u(k)) + Z Z dV’] 'w o (P e — u(k))
keNp v=1 keNy
. . a-! . .
= Y o (e —ulak— ) + 30 S S arn(p e — ulak — p)
keNg neNy v=1 keNy S\
. . q71 . .
= D A Y A gwep e —u(w) + > Y dT Y al o (bl — u(p)
k€eNg 1€eNp v=1keNy n€ENg
= laj qu Yo dilay g | wo(p T a — ulk))
k’ENQ ,U.GNO v=1 peNy
= C]]gw jx - u(k))7
keNp
where
d=>d szzd”” Yat g d=J—M+1,J—M+2,...,J keN,. (5.8)
neNg v=1 peNy

Therefore, with the given sequences {c,{_M ke NO} and {d;*JﬁM ke NO} ,2v=1...,g—1, and

applying (5.8), one can reconstruct

f~fr= Z clwo(p™’z —u(k)) € V.

keNg

Acknowledgments

The authors would like to thank the referees for carefully reviewing this manuscript and for providing valuable

comments, which greatly improve its quality.

References

[1] Behera B, Jahan Q. Biorthogonal wavelets on local fields of positive characteristic. Comm Math Anal 2013; 11:
52-75.

[2] Behera B, Jahan Q. Wavelet packets and wavelet frame packets on local fields of positive characteristic. J Math
Anal Appl 2012; 395: 1-14.

[3] Benedetto J, Benedetto R. A wavelet theory for local fields and related groups. J Geom Anal 2004; 14: 423-456.

308


http://dx.doi.org/10.1016/j.jmaa.2012.02.066
http://dx.doi.org/10.1016/j.jmaa.2012.02.066
http://dx.doi.org/10.1007/BF02922099

[16]
[17]
[17]

[18]

[19]

[20]
[21]

[22]
23]

SHAH and BHAT/Turk J Math

Chen Q, Chang Z. A study on compactly supported orthogonal vector-valued wavelets and wavelet packets. Chaos
Solitons and Fractals 2007; 31: 1024-1034.

Chui C, Li C. Non-orthogonal wavelet packets. SIAM J Math Anal 1993; 24: 712-738.

Cohen A, Daubechies I. On the instability of arbitrary biorthogonal wavelet packets. STAM J Math Anal 1993; 24:
1340-1354.

Coifman R, Meyer Y, Quake S, Wickerhauser M. Signal processing and compression with wavelet packets, Technical
Report, Yale University, 1990.

Debnath L, Shah F. Wavelet Transforms and Their Applications. New York, NY, USA: Birkh&user, 2015.

Farkov A. Orthogonal wavelets with compact support on locally compact Abelian groups. Izv Math 2005; 69:
623-650.

Jiang H, Li D, Jin N. Multiresolution analysis on local fields. J Math Anal Appl 2004; 294: 523-532.

Khrennikov A, Shelkovich V, Skopina M. p-Adic refinable functions and MRA-based wavelets. J Approx Theory
2009; 161: 226-238.

Lang W. Orthogonal wavelets on the Cantor dyadic group. STAM J Math Anal 1996; 27: 305-312.

Leng J, Cheng Z, Huang T, Lai C. Construction and properties of multiwavelet packets with arbitrary scale and
the related algorithms of decomposition and reconstruction. Comput Math Appl 2006; 51: 1663-1676.

Lukomskii S. Step refinable functions and orthogonal MRA on Vilenkin groups. J Fourier Anal Appl 2014; 20:
42-65.

Ramakrishnan D, Valenza R. Fourier Analysis on Number Fields. Graduate Texts in Mathematics 186. New York,
NY, USA, Springer-Verlag, 1999.

Shah F. Construction of wavelet packets on p-adic field. Int J Wavelets Multiresolut Inf Process 2009; 7: 553-565.
Shah F. Biorthogonal p-wavelet packets related to the Walsh polynomials. J Classical Anal 2013; 2.

Shah F. Frame multiresolution analysis on local fields of positive characteristic. J Operators Article ID 216060, 8
pages (2015).

Shah F, Abdullah. Wave packet frames on local fields of positive characteristic. Appl Math Comput 2014; 249:
133-141.

Shah F, Abdullah. A characterization of tight wavelet frames on local fields of positive characteristic. J Contemp
Math Anal 2014; 49: 251-259.

Shah F, Debnath L. Tight wavelet frames on local fields. Analysis 2013; 33: 293-307.

Shah F, Debnath L. p-Wavelet frame packets on a half-line using the Walsh-Fourier transform. Integ Transf Special
Funct 2011; 22: 907-917.

Shen Z. Non-tensor product wavelet packets in L*(R*). SIAM J Math Anal 1995; 26: 1061-1074.
Taibleson M. Fourier Analysis on Local Fields. Princeton, NJ, USA: Princeton University Press, 1975.

309


http://dx.doi.org/10.1016/j.chaos.2006.03.097
http://dx.doi.org/10.1016/j.chaos.2006.03.097
http://dx.doi.org/10.1137/0524044
http://dx.doi.org/10.1137/0524077
http://dx.doi.org/10.1137/0524077
http://dx.doi.org/10.1007/978-0-8176-8418-1
http://dx.doi.org/10.1070/IM2005v069n03ABEH000540
http://dx.doi.org/10.1070/IM2005v069n03ABEH000540
http://dx.doi.org/10.1016/j.jmaa.2004.02.026
http://dx.doi.org/10.1016/j.jat.2008.08.008
http://dx.doi.org/10.1016/j.jat.2008.08.008
http://dx.doi.org/10.1137/S0036141093248049
http://dx.doi.org/10.1016/j.camwa.2006.05.005
http://dx.doi.org/10.1016/j.camwa.2006.05.005
http://dx.doi.org/10.1007/s00041-013-9301-6
http://dx.doi.org/10.1007/s00041-013-9301-6
http://dx.doi.org/10.1142/S0219691309003082
http://dx.doi.org/10.1016/j.amc.2014.09.130
http://dx.doi.org/10.1016/j.amc.2014.09.130
http://dx.doi.org/10.3103/S1068362314060016
http://dx.doi.org/10.3103/S1068362314060016
http://dx.doi.org/10.1080/10652469.2010.546623
http://dx.doi.org/10.1080/10652469.2010.546623
http://dx.doi.org/10.1137/S0036141093243642

	Introduction
	Preliminaries and multiresolution analysis on local fields
	Biorthogonal wavelet packets on local fields
	Construction of Riesz bases from wavelet packets
	Decomposition and reconstruction algorithms

