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Abstract: We explore the sign properties of eigenvalues and the basis properties of eigenvectors for a special quadratic
matrix polynomial and use the results obtained to solve the corresponding linear system of differential equations on the

half line subject to an initial condition at ¢ = 0 and a condition at t = co.
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1. Introduction
For various types of infinite interval problems we refer to the book [1] by Agarwal and O’Regan.

In this paper, we deal with the existence and uniqueness and the explicit form of solution u(t) to the

problem
d?u(t) du(t)
— t <t 1
C—s J=a + Ru(t), 0<t <o, (1)
w(0) =/, Jim u(t) =0, 2)
where
uo(?) Jo
uy(t) fi
U(t) = . ) f = )
un—1(t) In-1
[co 0 O 0 o 0 0 0
0 ¢ O 0 0 r O 0
C= ) R= . )
L 0 0 0 CN—-1 0 0 0 N—-1
[ by ap O 0O 0O - 0 0 0 T
a b a 0 0 - 0 0 0
0 al b2 as 0 - 0 0 0
J =
0 0 0 0 o --- anN—3 bN,Q anN—2
L 0 0 0 0 o --- 0 anN—2 bN_1 —haN_1 i
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We also consider conditions of the form

Jim () =

and

lim [u(t) — (v + tw)] = 0

t—o0

instead of the second condition in (2), where v and w are constant vectors.

Let us seek a nontrivial solution of Eq. (1), which has the form

u(t) = ey, 3)

where \ is a complex number and y = {y,}"—; is a nonzero constant vector in CV . Substituting (3) into (1),
we get

(NC—=XJ—R)y = 0. (4)

A complex number )\g is said to be an eigenvalue of Eq. (4) if there exists a nonzero vector yo, € CV
satisfying Eq. (4) for y = yo and A = Ag. This vector yg is called an eigenvector of Eq. (4) corresponding to
the eigenvalue \g.

Thus, the vector-function w(t) in (3) is a nontrivial solution of Eq. (1) if and only if X is an eigenvalue
and y is a corresponding eigenvector of Eq. (4).

Note that Eq. (4) is equivalent to the boundary value problem:

Aanflynfl + ()\bn + 7An)yn + Aanyn+1 = >\2Cnyn7 (5)

y-1=0, ynv+hyn_1=0. (6)

N-1 satisfies Eq. (4), and,

n=0

Namely, if {y,, }2__; is a solution of problem (5), (6), then the vector y = {y,}

N-1

conversely, if the vector y = {y,}»_, is a solution of Eq. (4), then {y,, }1

n=

_y with y_; =0 and yy = —hynv_1
is a solution of problem (5), (6).
We denote all the eigenvalues of Eq. (4) by A1, -+, A, and the corresponding eigenvectors by y o ym)

Since Eq. (1) is linear, the vector-function

m
u(t) = oty (7)
j=1
is a solution of Eq. (1), where a1, - ,q,, are arbitrary constants. Next we have to choose the constants
a1,y so that (7) satisfies the conditions in (2):
m m
Y oay? =f lim e y¥) =0. (8)
j=1 j=
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In this paper we show that such a choice of the constants «; is possible and we indicate a way in which one

can realize this choice.

Problem (1), (2) was earlier solved in [7] under the conditions
Apybp,Cnh €R, ayp #0, ¢, >0 (0<n<N-1), 9)
>0 0<n<N-1). (10)

In the present paper, we replace condition (10) by the condition
ro=0, r,>0 (1<n<N-1), (11)

allowing one of the r,’s to be zero, and study the consequences of the condition ro = 0. It turns out that if
ro = 0, then A = 0 is an eigenvalue of Eq. (4), and, moreover, this eigenvalue is defective if by = 0. For solving
the problem (1), (2) it will also be important to investigate the sign properties of the nonzero eigenvalues.

To fix the terminology used in the paper let us recall some concepts related to the quadratic eigenvalue
problems.

Let N be a positive integer and M, L, and K be N x N complex matrices. The quadratic matrix

polynomial (quadratic matrix pencil)
Q) =M+ AL+ K (12)

is called regular when det Q(A) is not identically zero for all values of A, and nonregular otherwise. We assume

that Q(\) is regular. By the quadratic eigenvalue problem (QEP) is meant the equation
Q\)y = (MM + AL+ K)y = 0.

The complex scalar A and the corresponding nonzero vector y € CV are respectively called the eigenvalue and

the eigenvector of the quadratic pencil Q(\). The general theory of the linear second-order differential equation

M

d?u(t) L+ Ldu(t)

Ku(t)=0, 0<t
dt? dt +Kult) =0, 0<t<oo,

is based on the theory of matrix pencil (12); see [6, 9, 10].

Let Ao be an eigenvalue of the quadratic pencil Q(\). We say that the vectors y(@, 4™ ... 3™ in CV

form a Jordan chain of length m + 1 for Q(\) associated with the eigenvalue Aq if

QMY = o,

QMo)y™M + Q' (N)y» = 0,

1
Qo)™ +Q Moy +5Q"Go)y® =0,

1
Q(/\O)y(m)_i_Q/()\O)y(mfl)+§Q1/(>\O)y(mf2) - 0,
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where Q' (X\o) = 2X\oM + L, Q"(X\o) = 2M. The vector y* is an eigenvector and the subsequent vectors
yW .y are called the generalized eigenvectors (associated with the eigenvector y(©)).

The eigenvalue ) is called simple if there is only one linearly independent eigenvector y(®) corresponding
to Ao and there is no generalized eigenvector associated with y(®). The eigenvalue Ao is called semisimple if
there is no generalized eigenvectors associated with the eigenvectors corresponding to g (there may exist more
than one linearly independent eigenvector corresponding to Ag). A defective eigenvalue is an eigenvalue that is
not semisimple (therefore, for a defective eigenvalue, there are one or more generalized eigenvectors).

The quadratic pencil (12) is called self-adjoint if M, L, and K are self-adjoint matrices. The eigenvalues
of a self-adjoint pencil Q(\) are real or arise in complex conjugate pairs.

A self-adjoint pencil (12) is said to be weakly hyperbolic (hyperbolic) if M > 0 and all roots of the
polynomial (Q(X\)z,z) are real (real and distinct) for any = # 0, where (., .) stands for the standard inner

product in C¥. Since the roots of (Q(A\)x,z) are given by

—(Lz,z) £ /(Lz,2)? — 4(Mz,z)(Kz,z)
2(Mz, ) ’

we see that Q(\) is weakly hyperbolic if

(Lz,x)* > 4(Mz,z)(Kz, )
for all € CV | and hyperbolic if

(Lz,x)* > 4(Mz,z) (K, )

for all nonzero z € CV.

The hyperbolic and weakly hyperbolic QEPs have been thoroughly analyzed [4, 5, 10]. In particular,
Duffin showed that the eigenvalues of hyperbolic QEPs are not only real but also semisimple (i.e. there is no
generalized eigenvector associated with the eigenvectors). It turns out that the length of any Jordan chain for
a weakly hyperbolic pencil Q(X) associated with the any eigenvalue does not exceed 2 (see [10]).

We see that our quadratic pencil in (4) is hyperbolic under conditions (9) and (10), and weakly hyperbolic
under conditions (9) and (11). A distinguishing feature of our quadratic pencil in (4) from general weakly
hyperbolic quadratic pencils is that, due to the special structure of the coefficient matrices C, J, and R,
the eigenvalue problem (4) is equivalent to the three-term recursion relation (second-order linear difference
equation) (5) with the boundary conditions (6). This allows, using techniques from the theory of three-term
linear difference equations [3], to develop a thorough analysis of eigenvalue problem (4) to get more specific

results.

2. The form of general solution

In [2], we proved that under conditions (9) and (11) the eigenvalues are all real and A = 0 is an eigenvalue of
Eq. (4). The number of the nonzero eigenvalues depends on whether by (the first element of the matrix J) is

7Z€ro or not:

(i) If by # 0, then Eq. (4) has, besides the zero eigenvalue, precisely 2N —1 distinct nonzero real eigenvalues.
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(ii) If by = 0, then Eq. (4) has, besides the zero eigenvalue, precisely 2N — 2 distinct nonzero real eigenvalues
so that in this case the zero eigenvalue is defective (there is a generalized eigenvector associated with the

eigenvector corresponding to the zero eigenvalue).

Moreover, in [2], we proved that if by # 0, the vectors
@:[9,0}, q)j:[@(j)v)‘jw(j)]a .7:17 a2N—17

form a basis of CV x CV, where

(T denotes the transpose) is the eigenvector corresponding to the zero eigenvalue, RO =0, \; < Ay < -+- <
Aan_1 are the nonzero eigenvalues, and ™) @) ... »2N=1) are the corresponding eigenvectors of Eq. (4).

It follows that we can write the general solution of differential equation (1) in the form

2N—1
u(t) = ab+ Z et (13)
j=1
where a,aq,- - ,aan_1 are arbitrary constants.
In the case of by = 0, the vector
7/} = (07_@707"' 7O)T
1
satisfies
JO+ Ry =0
and hence v is a generalized eigenvector associated with the eigenvector 6. In [2], we showed that then the
vectors

form a basis of CV x CV. In this case we can write the general solution of differential equation (1) in the form

2N -2
ut) = af+BW+10)+ > azedtol) (14)
j=1

where «a, 8,1, -+ ,asn_o are arbitrary constants.

Denote by {¢,(A\)}2__; the solution of Eq. (5) satisfying the initial conditions

n=—1

p-1(A) =0, @o(A) =1
so that the first condition in (6) is satisfied for this solution for all A. Therefore, from the second condition
in (6) we get that each nonzero eigenvalue \; of Eq. (4) is a zero of the function (characteristic function)
X(A) = on(A) + hon_1(A\) and the vector ) = {p, (\;)}N) is an eigenvector of Eq. (4) corresponding to
A

For easy reference let us formulate here the following two theorems proved in [2].
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Theorem 2.1 Suppose (9), (11), and by # 0. Then the eigenvectors 6 = (1,0, ---,0)T and o) = {p, (A ) 2/:_01 ,

j=1,-- 2N —1 of Eq. (4) form a two-fold basis of CV ; that is, for arbitrary vectors f and g belonging to

CN the expansions

2N-1 2N-1
f=af+ Z ;e g = Z Al (15)
=1 =1

hold, where the coefficients o; and o are determined by

N-1

1 .
aj = ; Z(kak + Ajcrgr)er(N;), j=1,---,2N —1, (16)
7 k=0
N-1
Pi = Z(rk +)\§Ck)soi()‘j)v .7: 1, ,QN— ]_, (17)
k=0
2N—-1
Oé:fof Z Olj. (18)
j=1

Theorem 2.2 Suppose (9), (11), and by = 0. Then the eigenvectors 0 = (1,0,---,0)7 and o) = {o,(\)}N=,
j=1,---,2N — 2 including the associated vector ¢ = (0, —ag/r1,0,---,0)T of Eq. (4) form a two-fold basis
of CN in the sense that for arbitrary vectors f and g belonging to CN the expansions
2N -2 _ IN—2 '
f=al+ B+ Z ;o) g = B0+ Z Aol (19)
Jj=1 j=1

hold, where the coefficients o, B and a are determined by

N-1

1 .
a; = - Z(kak +)\jckgk)50k()‘j)7 J = ]-a e 72N - 27 (20)
Pi =0
N—
Zrk+/\ckg0k(/\) j=1,---,2N =2, (21)
k=0
1
B = ;(Cogo—aofl), (22)
2
po= D, (23)
1
2N -2
« = fo — Z Oéj (24)
j=1
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3. Determination of the negative and positive eigenvalues
We investigate Eq. (4) in the space of CV with the inner product

N—1
(y,2) = Z YiZj, (25)
§=0
where the bar denotes complex conjugation.

We know that there exist one zero eigenvalue and 2N — 1 nonzero distinct real eigenvalues provided that

ro=20,7; >0 for j=1,---,N —1 and by # 0; see [2]. We denote the nonzero eigenvalues by

A1 << AaN_1. (26)

Lemma 3.1 If by < 0, the first N eigenvalues in (26) are negative and the remaining N — 1 eigenvalues are

positive. If by > 0, the first N — 1 eigenvalues are negative and the remaining N eigenvalues are positive.

Proof If

e 0 0 0
0 r1 O 0
R(E) = . ’
0 0 O rN_1
for all € > 0, it is proved in [7] that there exist 2N mnonzero distinct eigenvalues of the problem (\2C —

AJ — R(e))y = 0. When ¢ =0 (by # 0), we know from [2] that zero is an eigenvalue, and besides there are
2N — 1 nonzero eigenvalues A\; < -+ < Agny_1. When we include the parameter ¢ > 0 into the problem these
eigenvalues \; become functions of €: \; = Aj(e) and the zero eigenvalue is deformed to a nonzero eigenvalue.
It is denoted by ju(e). The eigenvector 6 = (1,0,---,0)7 corresponding to the zero eigenvalue turns out to be
6(e) corresponding to u(e). Since u(e) is an analytic function depending on € (see [8], Chapter 2), its Taylor

expansion gives
p(e) = p(0) + 1/ (0)e + O(€*) (e — 0).

Let us denote p/(0) = a. Since u(0) =0,

p(e) = ae + O(€?). (27)

The eigenvector 0(e) satisfies the equation
(12()C — u(e)] — R(€)e) = 0. (28)
Since the eigenvector 6(e) is an analytic function depending on € (see [8], Chapter 2), its Taylor expansion

gives
0(¢) = 0(0) + 60’ (0)e + O(e?) (e — 0).
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Let us denote 6'(0) = 8. Then we have

0(e) = 0+0We+0(). (29)
In equation (28), R(e) = R+ €T', where
1 0 0 0
0 0 O 0
T = .
0 0 O 0

Note that since
(1(€))* = (ae + O(e1))* = O(e?),
Eq. (28) gives
()0 + RO0() = O(e2), Ve > 0. (30)
Substituting (27) and (29) in (30) and using Rf = 0, we get
e(aJO+ ROV +TO) = O(?). (31)
Dividing both sides of (31) by € and then passing to the limit as ¢ — 0, we obtain
aJ0+ ROV +T6 = 0. (32)
To find the number a, multiply (32) in the sense of the inner product by 6:
a(J6,0) + (ROW,0) + (T6,6) = 0. (33)
It is easily seen that
(J6,0) = by, (ROW,0)=0, (T6,6)=1,
where by # 0 is the first element of the matrix J. It follows from (33) that

1
by’

a =
Therefore, (27) takes the form

ule) = —%e + O(€%). (34)

There are two possible cases: by is either negative or positive.
If by < 0, then from (34), p(e) > 0 for very small values of €. On the other hand, we know from [7] that
there exist 2N nonzero eigenvalues of the problem (A?C' — AJ — R(¢))y = 0, and furthermore, the first half of

them are negative and the other half are positive. Hence, we have

Ar(e) <--- <An(e) <0 < p(e) < Anya(e) < < Aan—1(e).
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Passing here to the limit as ¢ — 0 and taking into account that the eigenvalues at ¢ = 0 are simple, we get
M < <AN<O<ANgr <0 < don—1-

If by > 0, then from (34), u(e) < 0 for small enough values of €. We know from [7] that the first half of

nonzero 2N eigenvalues are negative and the other half are positive:
Ar(e) < - < An-1(e) < ple) <0< An(e) < -+ < Aan—1(e).
Passing here to the limit as ¢ — 0, and taking into account that the eigenvalues at ¢ = 0 are simple, we get
A< <ANLI<O< AN <o < Aan_1.

The lemma is proved. o

Suppose that ro =0, r; >0, for j=1,--- ,N—1 and by = 0. In this case, we know from [2] that there

exist one zero eigenvalue and 2N — 2 nonzero distinct real eigenvalues. We denote the nonzero eigenvalues by
A1 <o < Aan_2. (35)

Lemma 3.2 Suppose that by = 0. Then, in (35), the first N —1 eigenvalues are negative and the other N — 1

eitgenvalues are positive.

Proof Consider the eigenvalue problem (4) with the variable by = v < 0 under conditions (9) and (11). In

this case, our problem turns out to be the one in Lemma 3.1. Therefore, we have

AL(y) <o <An—a () < p(y) <O<AN(Y) < < Aanv—2(7).
Passing to the limit as v — 0 and taking into account that the eigenvalues at v = 0 are simple, we obtain that

A < <AN1 <0< Ay < < Aany_a.

We summarize the results obtained so far in the following theorem:

Theorem 3.3 (i) Suppose (9), (11), and by # 0. Then Eq. (4) has precisely one zero eigenvalue and 2N — 1
nonzero distinct real eigenvalues. If by < 0, then the first N nonzero eigenvalues A\; (j =1,--- ,2N —1) are
negative and the other N — 1 are positive. If by > 0, the first N — 1 nonzero eigenvalues are negative and
the other N are positive. To the zero eigenvalue there corresponds the eigenvector 0 = (1,0,---,0)T, and to
each nonzero eigenvalue \; there corresponds a single, up to a scalar factor, eigenvector that can be taken as
) = {p (A -

(ii) Suppose (9), (11), and by = 0. Then Eq. (/) has precisely one zero eigenvalue and 2N — 2 nonzero
distinct real eigenvalues. The first N — 1 of nonzero eigenvalues A; (j =1,---,2N — 2) are negative and the
other N — 1 are positive. To the zero eigenvalue there corresponds the eigenvector 6§ = (1,0,---,0)T, and to
each nonzero eigenvalue \; there corresponds a single, up to a scalar factor, eigenvector that can be taken as
0 = {0, (\)INZL. Moreover, JO+Ry = 0, where ¢ = (0, —ag/r1,0,---,0)T forms a generalized eigenvector

associated with the eigenvector 6.
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4. Bases consisting of half of the eigenvectors

We will make use of Theorem 2.1 and Theorem 2.2 given above in Section 2 and proved in [2].

Theorem 4.1 Suppose (9), (11), and by # 0. Then:

(i) If by < 0, then the eigenvectors 0 = (1,0,--- ,0)T and ¢V for j = N+41,--- ,2N —1 (corresponding to
the positive eigenvalues) form a basis of CN . Also, the eigenvectors ©\9) for j =1,--- | N (corresponding

to the negative eigenvalues) form a basis of CN .

(ii) If by > 0, then the eigenvectors § = (1,0,---,0)7 and o), for j = 1,--- N — 1 (corresponding
to the negative eigenvalues), form a basis of CN. Also, the eigenvectors ) for j = N,--- 2N — 1
(corresponding to the positive eigenvalues) form a basis of CV .
Proof

(i) Let = = {x,})-} € CN. We assume that (z,6) = 0 and (z,0%)) =0, for j = N +1,--- 2N — 1.
We need to show that then @ = 0. Applying (15), (16), (17), and (18) to the vectors f =0 and g = C~'x, we
get

2N-1 ' 2N-1 '
0=ab+ Z ajgp(]), Clz = Z Oéj)\j%@(])> (36)
j=1 Jj=1
where
1 .
aj:;)\j(a?,go(j)), j=1,--- 2N —1. (37)
j

Since (x,0W) =0 for j = N+1,---,2N — 1, it follows from (37) that a; = 0 for j = N 4+ 1,--- ;2N — 1.

Therefore, equations in (36) can be rewritten as

N
0= a@—i—Zajgo(j), (38)
j=1
N .
C o= Zaj)\jgo(]). (39)
j=1

Taking the inner product of (38) with x, we obtain that

N .

0=a(0,2) + 3 a6, 2). (10)

j=1

Since
) L :
(¢, 2) = pjy-ay for j=1,--- N
J
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from (37), and (z,6) = 0, (40) takes the form:

AR
0= ijy|aj\2~
j=1 Y

Since p; > 0 by (17) and A; <0, j =1,---, N, we have from the latter equality that o; =0 for j =1,--- ,N.
Hence, C~tz =0 by (39), and so z = 0.

Now we show that the eigenvectors ¢) for j =1,--- , N corresponding to the negative eigenvalues also
form a basis of CV. Reasoning similarly, let z = {mn}ﬁgol € CVN and assume that (z,0%)) =0, j=1,---,N.
We must show that x = 0. Again applying (15), (16), (17), and (18) to the vectors f =0 and g = C~ 'z, we
have (36) and (37). Since (z,9)) =0 for j=1,---,N, from (37), we get a; =0, j =1--- ,N. Equations in
(36) take the form:

IN—1
0=oaf+ Z ), (41)
J=N+1
aN—1
Cle= Z Aol (42)
j=N+1
We have proved above that the eigenvectors {8, p(N+1) ... ©CN=D1 form a basis of CV. It follows from (41)
that o = any1 =+ = aan_1 = 0. Then from (42), we get C~12 = 0. Hence, x = 0.

(ii) Let = = {x,})-; € CV and assume that (2,0) =0 and (z,9")) =0, for j=1,--- , N —1. We must
show that x = 0. Applying (15), (16), (17), and (18) to the vectors f = 0 and g = C~'x, we get equations
(36) and (37). Since (z,9W) =0 for j=1,--- ,N — 1, it follows from (37) that a; =0 for j =1,--- ,N — 1.

Therefore, equations in (36) can be rewritten as

2N—-1

0=ab+ Y ap¥, (43)
j=N
2N—1
Cle= > o)W (44)
j=N

Taking the inner product of (43) with x, we obtain that
IN-1

0=qad,z)+ Z (oY), ). (45)

Since (z,6) =0 and
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by (37), Eq. (45) gives

2N—1 1 2N—1 1
0= PNy = > Pj;|04j|2~ (46)
j=N ’ j=N "

Since p; > 0 by (17) and A; >0, j = N,--- ,2N — 1, we have from (46) that o; =0 for j = N,--- ,2N — 1.
Hence, C~'z = 0 by (44), and so # = 0. Now, we will show that eigenvectors o) for j = N,--- ,2N —1
(corresponding to the positive eigenvalues) also form a basis of CV. Let = = {2,})_; € C and assume that
(z,0U)) =0, j=N,--- ,2N —1. We must show that z = 0. Applying (15), (16), (17), and (18) to the vectors
f=0and g=C"'z, we get (36) and (37). Since (x,p)) =0 for j = N,--- ,2N — 1, we have from (37) that
a; =0,j=N--- 2N — 1. Therefore, equations in (36) take the form:

N—-1
0=ab+ Z ;o (47)
j=1
N—-1 _
Clz= Z Aol (48)
j=1
Above, we have showed that the eigenvectors {6, M ... ,go(N’l)} form a basis of C¥. Then it follows from
(47) that @ = @y = -+ = ay_1 = 0. Therefore, (48) implies C~'z = 0. Hence, we obtain that x = 0. This
completes the proof of the theorem. O

Theorem 4.2 Suppose (9), (11), and by = 0. Then each of the systems {@W),--- o™=V 0} and {pN), ...
©N=2) 9} forms a basis of CV.
Proof Let us show that the system {p"),--- V=1 0} forms a basis of CV. Let x = {z,}Y -} € CV and
assume that (z,9@)) =0 for j=1,--- ,N -1 and (x,6) = 0. We need to show that = = 0.

Applying (19), (20), (21), (22), (23), and (24) to the vectors f =0 and g = C~ 'z, we get

2N -2 A 2N -2 _
O=af+BY+ > ap, Cla=p0+ " a;dieV, (49)
Jj=1 j=1
where
1 .
aj:;Aj(x,go@), j=1,---,2N —2. (50)
J

Since (x, W) =0 for j =1,--- | N — 1, it follows from (50) that aj =0 for j=1,---,N —1. Therefore,
equations in (49) can be rewritten as
2N—2 _
0=ab+ By + Z ;W) (51)

Jj=N
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2N -2

Clz =80+ Y arel). (52)

J=N

Taking the inner product of (51) with x, we obtain that

2N -2
=a(f,z) + B, z) + Z a; (9, x). (53)
j=N
Since (z,0) =0, it follows that
IN—2 4
=B, 2)+ Y (e, x). (54)

Jj=N

Putting the vectors f =0 and g = C~'x into (22) and taking into account (#,2) =0, we get 3 = 0. Now by
(50), Eq. (54) gives

2N -2 2N -2

0= Z O‘JPJA Z pj)\ | . (55)

Since p; > 0 and A\; > 0 for j = N,--- ,2N — 2, we obtain from (55) that a; =0 for j = N,--- 2N — 2.
Therefore, from Eq. (52), we get C~tx = 0. It follows that z = 0.

Now we show that the system {o™) ... ©N=2) 91 also forms a basis of CV. Let z = {2,}) -} e CN
and assume that (z,00)) =0 for j = N, --- ,2N —2 and (x,0) = 0. We need to show that x = 0.

We apply (19), (20), (21), (22), (23), and (24) to the vectors f =0 and g = C~'x, to get equations (49)
and (50). Since (z,p)) =0 for j = N,--- ,2N — 2, it follows from (50) that a; =0 for j = N,--- ,2N — 2.

Therefore, equations in (49) can be rewritten as

N—-1
O=ab+BY+ > a;p, (56)
j=1
N—-1 )
Cle =80+ ajre". (57)
j=1

Taking the inner product of (56) with x, we obtain that

N-1
=ao(f,z) + B, z) + (e, ). (58)
j=1
Since (z,6) =0, it follows that
N-1
)+ Z ;oY) ). (59)
j=1
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Putting the vectors f =0 and g = C~'z into (22) and using (6,x) = 0, we find 3 = 0. Now by (50), Eq. (59)
yields

N-1 1 N-1 1
0="> ajpi-d; =D piyloyl (60)
i=1 J j=1 J

Since p; >0 and A; <0 for j =1,--- ,N—1, we obtain from (60) that a; =0 for j =1,--- , N—1. Therefore,
from Eq. (57), we get C~ 'z = 0. It follows that 2 = 0. This finishes the proof of the theorem. O

5. Application

In this section, we give some applications of the results obtained above.

Theorem 5.1 Assume (9), (11), and by # 0.
i) If bg < 0, then for an arbitrary vector f = {fo}N-t € CN Eq. (1) has a unique solution u(t) that
n=0
satisfies the conditions

w(0) = f, lim u(t) =0. (61)

t—o00

(i) If by > 0, then for an arbitrary vector f = {f,}"-0 € CN Eq. (1) has a unique solution u(t) that

n=0

satisfies the conditions

u(0) = f, tliglo u(t) = ob, (62)

where § = (1,0,---,0)T and o is defined by means of expansion (63) below.

Proof
(i) The function

N
u(t) = Zaje’\jt@(j)
j=1
is a solution of problem (1), (61), where A1,---, Ay are negative eigenvalues of Eq. (4) and o1, ,on are

defined by means of the expansion

N
= e
j=1

Such numbers o exist and are determined uniquely by Theorem 4.1 (i).

To prove the uniqueness of the solution, note that the general solution of Eq. (1) has the form (13). Tt
follows from (13) and the second condition in (61) that & = a1 = -+ = aan—1 = 0. Setting now ¢ =0 in
(13), we obtain that a; = o, for j =1,---, N. This finishes the proof of the part (i) of the theorem.
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(ii) By Theorem 4.1 (ii), the function

N-1
u(t) = ob+ Z ojetitpl)
j=1
is a solution of problem (1), (61), where A1, -, Ay—1 are negative eigenvalues of Eq. (4) and o1, -+ ,0n_1

and ¢ are defined by means of the expansion

N—1
Fo= ot Y ol (63)
j=1
The proof of the uniqueness is similar to that given in the part (i). O

Theorem 5.2 Assume (9), (11), and by = 0. Then for an arbitrary vector f = {fu}) =) € CN and an

n=0

arbitrary number o* Eq. (1) has a unique solution u(t) that satisfies the conditions

w(0) = f, lim |u(t) — 06 — o™ (¢ + t0)| = 0, (64)

t—o0

where o is defined by means of expansion (65) below.

Proof The function

N-1
u(lt) = of+o (v +1th)+ Z ojetitpl))
j=1
is a solution of problem (1) and (64), where Aq,--- , A\y—_1 are negative eigenvalues of Eq. (4), and o1,--+ ,0n_1
and o are defined by means of the expansion
N-1 _
f—0c" = of+ Z ajcp(]). (65)
j=1

Such numbers ¢ and o; exist and are determined uniquely by Theorem 4.2.

To prove the uniqueness of the solution, note that the general solution of Eq. (1) has the form (14). It

follows from (14) and the second condition in (64) that ay =+ = aany_2 =0 and 8 = o*. Setting now ¢t =0
in (14), we obtain that o« = ¢ and a; = o; for j=1,--- N — 1. This finishes the proof. O
Acknowledgment

Unfortunately, Gusein Sh. Guseinov, who is the second author, passed away on 20 March 2015. This manuscript
was completed before his death and we had decided to submit it to this journal. We had a lot of fruitful
conservations about mathematics and life. The first author has a lot of good memories of him and will always
remember him with love and respect.

331



ATALAN and GUSEINOV /Turk J Math

References

[1] Agarwal RP, O’Regan D. Infinite Interval Problems for Differential, Difference and Integral Equations. Dordrecht,
the Netherlands: Kluwer Academic Publishers, 2001.

[2] Atalan F, Guseinov GS. On a quadratic eigenvalue problem and its applications. Mediterr J Math 2013; 10: 91-109.
[3] Atkinson FV. Discrete and Continuous Boundary Problems. New York, NY, USA: Academic Press, 1964.

[4] Duffin RJ. A minimax theory for overdamped networks. J Rational Mech Anal 1955; 4: 221-233.

[5] Duffin RJ. The Rayleigh-Ritz method for dissipative or gyroscopic systems. Quart Appl Math 1960; 18: 215-221.
[6] Gohberg I, Lancaster P, Rodman L. Matrix Polynomials. New York, NY, USA: Academic Press, 1982.

[7] Guseinov GS, Terziler M. The eigenvalue problem for a matrix of a special form and its applications. Linear Algebra

Appl 1997; 259: 329-346.
[8] Kato T. Perturbation Theory for Linear Operators. New York, NY, USA: Springer-Verlag, 1966.
[9] Lancaster P. Lambda-Matrices and Vibrating Systems. Oxford, UK: Pergamon Press, 1966.

[10] Markus AS. Introduction to the Spectral Theory of Polynomial Operator Pencils. Providence, RI, USA: American
Mathematical Society, 1988.

332


http://dx.doi.org/10.1007/978-94-010-0718-4
http://dx.doi.org/10.1007/978-94-010-0718-4
http://dx.doi.org/10.1007/s00009-012-0179-3
http://dx.doi.org/10.1016/S0024-3795(96)00296-0
http://dx.doi.org/10.1016/S0024-3795(96)00296-0

	Introduction
	The form of general solution
	Determination of the negative and positive eigenvalues
	Bases consisting of half of the eigenvectors
	Application

