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Abstract: The well-known Taylor polynomial is used to construct the identities coming from Popoviciu type inequalities

for convex functions via the Green function. The bounds for the new identities are found using the Cebysev functional
to develop the Griiss and Ostrowski type inequalities. Further, more exponential convexity together with Cauchy means
is presented for linear functionals associated with the obtained inequalities.
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1. Introduction and preliminary results

The theory of convex functions has experienced a rapid development. This can be attributed to several causes:
first, so many areas in modern analysis directly or indirectly involve the application of convex functions;
second, convex functions are closely related to the theory of inequalities and many important inequalities
are consequences of the applications of convex functions (see [10]). Divided differences are found to be very
helpful when we are dealing with functions having different degrees of smoothness. The following definition of
divided difference is given in [10, p. 14].

Definition 1 The mth-order divided difference of a function f : [a,b] — R at mutually distinct points
XQy .oy Ty € [a, b] is defined recursively by
[:L'zaf]:f(xz)a i:Oa"'ama

i f] = [m,...,xm;ﬁnl—_[x;;...,xm,l;f]. W

[.’Eo,..

It is easy to see that (1) is equivalent to

,  where q(x) = H (x —zj).
3=0

o n-£ 4
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The following definition of a real valued convex function is characterized by mth-order divided difference (see
[10, p. 15]).

Definition 2 A function f : [a,b] = R is said to be m-convex (m > 0) if and only if for all choices of (m + 1)
distinct points g, ..., T, € [a,b], [xo,...,Zm; f] > 0 holds.
If this inequality is reversed, then f is said to be m-concave. If the inequality is strict, then [ is said to be a

strictly m-convex (m-concave) function.

Remark 1.1 Note that 0-convex functions are nonnegative functions, 1-convex functions are increasing func-

tions, and 2-conver functions are simply the convex functions.

The following theorem gives an important criterion to examine the m-convexity of a function f (see [10, p.
16]).

Theorem 1.2 If f("™) egists, then f is m-convex if and only if f0™ >0.

In 1965, Popoviciu introduced a characterization of convex functions [11]. In 1976, Vasi¢ and Stankovié¢ [12]

(see also [10, p. 173]) gave the weighted version. In recent years that inequality of Popoviciu was studied in

[’ ) Y ? :I‘

Theorem 1.3 Let n,k e N, n>3, 2<k<n-1, [0,f] CR, x=(x1,...,2,) € [a, B]", P = (p1,-..,Pn) be
a positive n-tuple such that Y p; =1. Also let f:|a, 8] = R be a convex function. Then

n — k—1
pk,n(xa p; f) < n— 1p1,n(X7 p; f) + mpn,n(& bp; f)7 (2)
where
k
1 k Pbi; Zi;
i=1
Pk (X, 05 f) = Do (X, P; f(2)) := F Z Pi; f Jki
k=1 1<iy<..<ip<n \j=1 > Pi,
j=1

1s the linear functional with respect to f.
By inequality (2), we write

T(x,p; f) =

n—1

P1a(x,p; f) + %pn,n(x,p; ) = pen(X,p; f). (3)

Remark 1.4 [t is important to note that under the assumptions of Theorem 1.3, if the function f is convex
then Y(x,p; f) >0 and Y(x,p; f) =0 for f(x) =x or f is a constant function.

Consider the Green function G defined on [a, 8] X [a, 8] by

(t=B)(s=a) <s <t
B o s s SS U
G(LS)—{(S—?)(T/—OO, t<s<g. w
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The function G is convex in s, it is symmetric, and so it is also convex in t. The function G is continuous in
s and continuous in t.
For any function ¢ : [o, 8] = R, ¢ € C*([a, B]), we can easily show by integrating by parts that the

following is valid:

B —x r—«

8-«

B
6(8) + / Gz, 5)8 (5)ds, (5)

where the function G is defined as above in (4) [13].

The well-known Taylor formula is as follows:

Let m be a positive integer and ¢ : [, 5] — R be such that #™=1 is absolutely continuous, and then

for all x € [a, B8], the Taylor formula at point ¢ € [a, (] is
gf)(d)) = Tm—1(¢; C,IZ?) +Rm—1(¢7 C,ZL') (6)

where T,,-1(¢; c,z) is a Taylor polynomial of degree m — 1, i.e.

—

m—

Tm—1(¢; &) ZZ?) =
k=0

®) (¢
¢) k‘( )(’L’fc)k,

and the remainder is given by
R . — # ’ (m) (¢ — ™1t
m—1(¢; ¢, ) (m 01 o™ () (z ) .

The mean value theorems and exponential convexity of the linear functional Y(x,p; f) are given in [0]
for a positive n-tuple p. Some special classes of convex functions are considered to construct the exponential
convexity of Y(x,p;f) in [6]. In [7] (see also [3]), the results related to Y(x,p;f) are generalized for real
n-tuple p with the help of the Green function and m-exponential convexity is proved in a more general setting.

In Section 2 of this paper, we use Taylor’s formula and the Green function to generalize the Popoviciu

inequality. In Section 3, the Cebysev functional is used to find the bounds for new identities. Griiss and
Ostrowski type inequalities related to generalized Popoviciu inequalities are constructed. In Section 4, higher
order convexity is used to produce exponential convexity of positive linear functionals coming from Section 2.
The last section is devoted to the respective Cauchy means. We employ a similar method as adopted in [5] for

Steffensen’s inequality.

2. Generalization of the Popoviciu inequality

Motivated by identity (3), we construct the following new identities with the help of Taylor’s formula.

Theorem 2.1 Let n,k,m be positive integers such that n >3, 2 <k<n-—-1, x = (21,...,2,) € [a, B8]" for
real interval (o, 8], and let p = (p1,...,pn) be a positive n-tuple such that Y, p; = 1. Consider ¢ : o, B] = R
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to be a function such that ¢™ V) is absolutely continuous. Then we have the following identities:

8 8
; (m) x . T8 s — m—3 S
+(m—3)!a/¢ ®) /T( i Gla,s))(s — )" Vds | dt,
and
; m—1 1(z) B)(s — B z—2
T(x, p; 6(x)) = /T(x7p; Glz, 5)) (Z ¢ <(;<i 2)!) )ds

[e%

B t
- gy [ 4 ( [ xeepi G t)des) .

Proof Using (5) in (3) and by linearity of Y(x,p;-) we get

B
T(x, p; 6(x)) = / T(x, p; G, 5))" (s)ds.

[e3%

(7)

(®)

(9)

Using Taylor’s formula (6) on the function ¢” at the point « and replacing m by m—2 (m > 3) or differentiating

(6) twice and taking ¢ = «, we get

m—1 (2) o s B
06 = 3 TG =y s [ -0 e

z=

«@
and for ¢ = 3, we get
B

ﬁ/qﬁ(m)(t)(s — )" 3dt.

m—1 (2)
O LI

(™)

z= 'S

Now, using (10) in (9), we get

3
—

11—

Y(xp;(x) = >

z=2

B
(i _(2))' /T(x7 p; G(z,s))(s —a)” “ds

[e3

—~

(m—3

(10)

(11)

B s
# X.D: T.5 (m) s — m—3 s
T )!/T( P G(,3)) a/qb ) (s — )™ 3at | ds,

[0}

and then applying Fubini’s theorem on the last term, we get (7).
Similarly, using (11) in (9) and applying Fubini’s theorem, we get (8).

In the following theorem we obtain generalizations of Popoviciu’s inequality for m-convex functions.
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Theorem 2.2 Let all the assumptions of Theorem 2.1 be satisfied.

(i) If ¢ is an m-convex function and

B
/TﬁmG@ﬁm&4W%@ZQ t€ [ ),

then

/ @ (a)(s —a)*?
Y(x,p;¢(x)) > /T(X,p;G(%S)) (Z aka M ') )d&

(i) If ¢ is an m-convex function and

t
/T@EGW®W—W”%ﬁw,tdmﬂ

then

=) (B z=2
T (x,p; ¢ /Txp, (x,s) (Zqﬁ 2_26) )ds.

(12)

(13)

(14)

(15)

Proof Since ¢(™~1) is absolutely continuous on [, 3], ¢"™)(z) exists almost everywhere. As ¢ is m-convex,

applying Theorem 1.2, we have ¢("™) (z) > 0 for all = € [, 3]. Hence, we can apply Theorem 2.1 to obtain (13)

and (15), respectively.

O

Corollary 2.3 Let all the assumptions of Theorem 2.1 be satisfied for the m-convex function (m > 3) and in

addition let p = (p1,...,pm) be a positive m-tuple such that Y ;- p; = 1. Then:

(i) (13) is valid for m = 3,4, .... Moreover, if

(Z) — )2
P L
2—2

then
T (x,p;¢(x)) > 0.

(ii) If m is even, then (15) holds. Moreover, if

=)(p -2
§:¢ G

then (17) is valid, too.

Proof By using Theorem 2.2 and Remark 1.4.
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3. Bounds for identities related to generalization of the Popoviciu inequality

For two Lebesgue integrable functions f,h : [, 8] — R, we consider the Cebysev functional

B B B
A, h):ﬁ_%/ f(t)h(t)dt—ﬁ%a/ f(t)dt.ﬁia/ h(t)dt.

In [2], the authors proved the following theorems:

Theorem 3.1 Let f : [, 5] — R be a Lebesque integrable function and h : [o, 8] — R be an absolutely
continuous function with (. — a)(B — .)[h']? € L]a, B]. Then we have the inequality

w%( / Ce-a)(s —x)[h%xn%zx) B (19)

N|=

|A(f, )] < 7[ (£, )]

The constant % in (19) is the best possible.

Theorem 3.2 Assume that h : [o,8] — R is monotonic nondecreasing on [a, ] and f : [, 8] — R is

absolutely continuous with f' € Ly[a, §]. Then we have the inequality

B
A< g I e [ (= a)(8 = a)an(a). (20)

The constant % in (20) is the best possible.

In the sequel, we consider the above theorems to derive generalizations of the results proved in the previous

section. In order to avoid many notions let us denote

B
(1) = [ X0xpiGla9)(s — 0" Vs, ¢ [l (21)
R(t) = /T(X,p;G(ams))(s — )" %ds, te o, f. (22)

[e3

Consider the Cebysev functionals A(R,R) and A(R,R) given by:

_ Bia/jf)@(t)dt (Bia/jf)%(t)dt>2, (23)
AR, R) = ﬁia/jw(t)dt <Bia/j§%(t)dt)2. (24)

AR, R
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Theorem 3.3 Let m > 3 be a positive integer, let ¢ : [a, f] = R be such that &™) is absolutely continuous with

(7a)(ﬂi)[¢(m+1)]2 € L[Q7B]7 and let TL,:ZC € N; n Z 3; 2 S k S nf]v [O[,B] C R? X = (x17"'7xn) € [a7/8]n7

p = (p1,--,Pn) be a real n-tuple such that E?leij #0 forany 1 <i; <..<ix<n and Y . pi=1. Also
Z Pij i

let ’ki € o, 8] forany 1 <iy <..<ir <n and R, R be defined by (21), (22), respectively . Then
.Z_:

(m—1) _ A(m— 1)
L ¢ (8) — ¢'

/m Ydt + 8 (o, 85 ¢), (25)

(8 = a)(m —3)!
where the remainder KL (a, B; ¢) satisfies the bound
L (o B p—« 1 p —a _ (m+1 ’
80,850 € A=A [ (¢ )8 - Dl V) (20)
(i)
A (z) IB)Z—2
T pio(e)) = [ Texpi Gl (§j¢ — )w
(m—1) _ 4(m— 1)
§ O [ i o) 27
where the remainder 82, (v, B; @) satisfies the bound
2 . p—« RPN ? _ _ (m41) (4112 ’é
%, 0,850 £ S AR [ (e ) (- Dl ™ V0] (29)

Proof (i) If we apply Theorem 3.1 for f+— R and h — ¢(™) | we get

‘B—a/ R(t)p™ (¢ t77/ R(t dti/ gb(m)(t)dt'
1

[A(R, )2

1

B 2
| [ - o - orar

ﬂ_

V)

Q

Hence, we have

I ) R A
-~ (B-a)(m=3)

/m Ydt + 8 (o, B; ¢),
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where the remainder 8} («a, 3;¢) satisfies the estimation (26). Now from identity (7), we obtain (25).
(#4) Similar to the above part. O
The following Griiss type inequalities can be obtained by using Theorem 3.2.

Theorem 3.4 Let m > 3 be a positive integer, let ¢ : [, B] = R be such that &™) s an absolutely continuous

function and ¢+t >0 on [, B], and let the functions R, R be defined by (21), (22), respectively. Then we
have:

(i) the representation (25) and the remainder RL (o, 8;¢) satisfies the estimation

1 . B—a g [67DB) + 9 D) 9mD(B) — M (a)
Sl 550 < o | : I
(ii) The representation (27) and the remainder 82, (v, B; @) satisfies the estimation
) . ﬁ —a ., ¢(m—1)(6> =+ (b(m—l)(a) ¢(m—2)(6) _ ¢(m—2) (a)
0,550 < B 15| : SePm et )

Proof (i) Applying Theorem 3.2 for f+— R and h — ¢(™) | we get

‘Bia/jfﬁ(t)gﬁ(m dt—i/ R(t dti/ o™ ’

1 ! ’ (m+1)
Sz(g_a)”%”oo/a (t —a)(B— )™ P (t)dt. (31)

Since

B B
/ (t — a)(B — )™ (t)dt = / 26— (o + A6 (1)t

=(B—a) [ V(B) + 6" V()] = 2(6D(B) — ¢ (a)),

therefore, using identity (7) and the inequality (31), we deduce (29).
(#4) Similar to the above proof. O

Now we intend to give the Ostrowski type inequalities related to generalizations of Popoviciu’s inequality.

Theorem 3.5 Suppose all the assumptions of Theorem 2.1 hold. Moreover, assume that (p,q) is a pair of

conjugate exponents; that is, 1 < p,q < oo, 1/p+1/q=1. Let |p™ 7 : [a, 8] = R be an R-integrable function
for some m > 3. Then we have

(4)

—= (z=2)!

B m—1 (2) (s — o 2—9
T(x, ps é(x)) — / nx,p;G(m’s))(qu (a)(s — a) ) .

(e

1

B
< G0l [ i Gl ) s = 07l (32)
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The constant on the R.H.S. of (32) is sharp for 1 < p < oo and the optimal for p =1.

(i)

B m—1 (2) s — z—2
T(x, p; ¢(x)) — /T(x,p;G(ags)) (Z ¢ (2( 2)!5) >ds

[e3

1

< m”‘b(m)HpH/T(X7P3G($,S))(S—t)m_?’dqu. (33)

The constant on the R.H.S. of (33) is sharp for 1 < p < oo and the best possible for p=1.

Proof (i) Let us denote

1

v - m/ T, ps Gla, ) (s — )" 2ds, t € [o, B

t

Using identity (7) and applying Holder’s inequality, we obtain

= (z —2)!

B m—1 (2) (s — o 2—9
Yixpio(e) - [ nx,p;g(as))(Zgb (0)(s — ) ) .

[e3

B
=| [ woem @ < o190,

where

) (Trora) s <<,
] sw 0 g=o
t€[o,p]

For the proof of the sharpness of the constant ||2(¢)||4, let us define the function ¢ for which the equality in
(32) is obtained.
For 1 < p < oo take ¢ to be such that

6™ (t) = sgnB(t)|B(t)|7 7.

For p = oo take ¢("™ (t) = sgn(t).
For p =1, we prove that

] / (e <t>dt\ < max [9(1) ( / ’ ¢(m)(t)dt> (34)
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is the best possible inequality. Suppose that |(¢)| attains its maximum at ¢g € [a, §]. To start with, first we
assume that U(tp) > 0. For ¢ small enough we define ¢5(t) by

0, a<t<tp,
bs(t) = { st —to)™, to<t<to+9,
Lt —to)™ 1, tg+6<t<B.

Then for § small enough:

‘ /a ’ B(t)p!™ (t)dt‘ =

to+9 1 1 to+0
/) m@(ﬂ:/‘ B(#)dt.
. 5% 7%

Now, from inequality (34), we have

1 to+48 to+48
i/ m@ﬁgmm/ Lt = u(ty).
0 Ji, to 1)
Since
1 t0+6
%15(1) 5 . U(t)dt = V(to),

the statement follows. For the case when U(tg) < 0, we define ¢5(t) by

Lt—to—86m', a<t<t,
¢s5(t) = 8 st —to—0)", t,<t<to+d,
0, to+6 <t <8,

and rest of the proof is the same as above.

(74) Similar to first part. O

4. Mean value theorems and m-exponential convexity

We recall some definitions and basic results from [1, 4, 5] that are required in the sequel.

Definition 3 A function ¢ : I — R is m-exponentially convez in the Jensen sense on I if
m
T + T
D &ikio (2) >0
i,j=1
holds for all choices &1, ...,&n € R and all choices x1,...,xm € I. A function ¢ : I — R is m-exponentially

convez if it 1s m— exponentially convex in the Jensen sense and continuous on I .

Definition 4 A function ¢ : I — R is exponentially convex in the Jensen sense on I if it is m-exponentially
convex in the Jensen sense for all m € N.

A function ¢ : I — R is exponentially convex if it is exponentially convex in the Jensen sense and

continuous.
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n
Proposition 4.1 If ¢ : I — R is m-exponentially convex in the Jensen sense, then the matriz [¢ (MT%) }
i,j=1

is a positive semidefinite matriz for all n € Nyn < m. Particularly,

wlo(52] o
i,j=1

forallmeN, n=1,2,...m

Remark 4.2 It is known that ¢ : I — R is log-convex in the Jensen sense if and only if

a?(z) + 2a 6¢><x+y> + 526(y) > 0

holds for every o, € R and z,y € I. It follows that a positive function is log-convex in the Jensen sense if
and only if it is 2-exponentially convex in the Jensen sense.

A positive function is log-convex if and only if it is 2-exponentially convex.

Remark 4.3 By virtue of Theorem 2.2, we define the positive linear functionals with respect to m-convex

function ¢ as follows:

B m—1 (z)a 8—04272
I (6) :== Y(x, p; d( /Txp7 xs))<z¢ (@) ) )dsZO, (35)

B m—1 (2) 5 — z—2
Ix@:r@mww»/Nxmaam<§j¢(@{m? )@za (36)

Lagrange and Cauchy type mean value theorems related to defined functionals are given in the following

theorems.

Theorem 4.4 Let ¢ : [o, ] — R be such that ¢ € C™[w, 8. If the inequalities in (12) (i = 1) and (14)
(i = 2) hold, then there exist & € [a, 5] such that

Ti(¢) = o™ (&)Ti(p), i=1,2 (37)

where @(x) = %T,L and T;(+) (i =1,2) are defined by (35) and (56).

Proof Similar to the proof of Theorem 4.1 in [5]. O
Theorem 4.5 Let ¢,v : [a, f] = R be such that ¢, € C™|«, 5]. If the inequalities in (12) (i =1) and (14)
(i = 2) hold, then there exist & € [, 8] such that

ri(e) _ ¢™(&)
Ti(0) ~ 9t(E)

i=1,2 (38)

provided that the denominators are nonzero and I';(+) (i =1,2) are defined by (35) and (36).
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Proof Similar to the proof of Corollary 4.2 in [5]. O

Theorem 4.5 enables us to define Cauchy means, because if

() ().

it means that & (i =1,2) are means for given functions ¢ and .

Next we construct the nontrivial examples of m-exponentially and exponentially convex functions from

positive linear functionals T';(-) (¢ =1,2). In the sequel I and J are intervals in R.

Theorem 4.6 Let Q = {¢; : t € J}, where J is an interval in R, be a family of functions defined on an
interval I in R such that the function t — [xg,...,Tm; dt] is m-exponentially convez in the Jensen sense on
J for every (m+ 1) mutually different points xg, ..., &y € I. Then for the linear functionals T;(¢:) (i =1,2)
as defined by (35) and (36), the following statements are valid:

(i) The function t — T;(¢¢) is m-exponentially convex in the Jensen sense on J and the matriz [T;(¢ i N7 i=1

is positive semidefinite for all n € Nyn <m, t1,..,t, € J. Particularly,

det[['i(¢pr;+4 )]} =1 >0 foralln € N, n=1,2,...,m.
2

(ii) If the function t — I';(¢t) is continuous on J, then it is m-exponentially convex on J.

Proof (i) For {; € R and t; € J, j=1,...,m, we define the function

h(z) =" §i€i9ri+u (@).

Jl=1

Using the assumption that the function t — [z, ..., Zm; @] is m-exponentially convex in the Jensen sense, we
have

[370, ey Lm, h] = Z §j§l[x07 R ) d)tj+tl] Z 0,
Jd=1 ’
which in turn implies that h is an m-convex function on J, and therefore from Remark 4.3 we have T';(h) > 0,

i =1,2. The linearity of I';(-) gives

m
Z fjglri@fj*fl) > 0.
dil=1 ’
We conclude that the function ¢ +— T';(¢:) is m-exponentially convex on J in the Jensen sense.
The remaining part follows from Proposition 4.1.
(ii) If the function ¢ — T';(¢:) is continuous on J, then it is m-exponentially convex on J by definition. O

The following corollary is an immediate consequence of the above theorem.

Corollary 4.7 Let Q = {¢; : t € J}, where J is an interval in R, be a family of functions defined on an
interval I in R, such that the function t — [To,...,Tm;Pt] is exponentially conver in the Jensen sense on J
for every (m + 1) mutually different points xq, ..., 2, € I. Then for the linear functionals T;(¢p:) (i = 1,2)
as defined by (35) and (36), the following statements hold:
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(i) The function t — T';(¢¢) is exponentially convez in the Jensen sense on J and the matriz [T';(¢ it )]?,l:l

1s positive semidefinite for all n € Non < m, t1,..,t, € J. Particularly,

det[li(¢e;+4)]7 =1 =0 foralln €N, n=1,2,....,m.
2

(i) If the function t — T;(dy) is continuous on J, then it is exponentially convex on J.

Corollary 4.8 Let Q = {¢: : t € J}, where J is an interval in R, be a family of functions defined on an
interval I in R, such that the function t «— [xg,...,Tm;d:] is 2-exponentially conver in the Jensen sense on
J for every (m + 1) mutually different points xg,...,x, € I. Let T;(), i = 1,2 be linear functionals defined
by (35) and (36). Then the following statements hold:

(i) If the function t — T;(¢p¢) is continuous on J, then it is a 2-exponentially convexr function on J. If
t — Ti(¢t) is additionally strictly positive, then it is also log-conver on J. Furthermore, the following

inequality holds true:
[Li(¢a)] ™" < [Cid)) ™ [Ti@)]* ™", i =1,2

for every choice r,s,t € J, such that r < s <'t.

(ii) If the function t — T;(¢+) is strictly positive and differentiable on J, then for every p,q,u,v € J, such
that p < wu and q < v, we have

tip,q (Ui, ) < puo (T, ), (39)
where
1
Fi(¢p) P—q
ol ) = £r6) (40)
P\ Ty ) PTG
for ¢p, Pq € Q.
Proof

(i) This is an immediate consequence of Theorem 4.6 and Remark 4.2.

(ii) Since p +— T'y(¢) is positive and continuous, by (i) we have that ¢ +— T';(¢;) is log-convex on J; that is,

the function t — log';(¢:) is convex on J. Hence, we get

log ' (¢p) — log I'i(¢g) < log T's(¢y) — log T's(y)

P—q u—v (1)
for p <wu,q <wv,p# q,u # v. Thus, we conclude that
g (Lis ) < (L, ).
Cases p = ¢ and u = v follow from (41) as limit cases.
O
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5. Applications to Cauchy means

In this section, we present some families of functions that fulfill the conditions of Theorem 4.6, Corollary 4.7,
and Corollary 4.8. This enables us to construct large families of functions that are exponentially convex. An

explicit form of this function is obtained after we calculate the explicit action of functionals on a given family.

Example 5.1 Let us consider a family of functions

O ={p:R>R:teR}

defined by
etz
t#£0
- { F 120
=0
Since ‘Z;j? (x) = e > 0, the function ¢; is m-convex on R for every t € R and t — ‘Z:ff (z) is ex-

ponentially convex by definition. Using analogous arguing as in the proof of Theorem /4.6 we also have that
t = [Xoy...,Tm;Pt] is exponentially conver (and so exponentially convex in the Jensen sense). Now, using
Corollary 4.7, we conclude that t — T;(¢:) (i =1,2) are exponentially convex in the Jensen sense. It is easy
to verify that this mapping is continuous (although the mapping t — ¢, is not continuous for t =0), so it is

exponentially convex. For this family of functions, p 4T, Q1) (i=1,2), from (40), becomes

1
Di(ds) ) ¢
(R‘(%)) ) t#q,
peq(Ti, Q1) = exp 7Fi;(;(d¢;fa),,) — %) , t=q#0,
1 Ti(id-¢o) o
exp (s T ) . t=a=0,

where “id” is the identity function. By Corollary 4.8 piq(Ti, Q1) (i = 1,2) are monotone functions in
parameters t and q.

Since

i g\
( jﬁﬂ) (loga) =,

dzm™

using Theorem 4.5 it follows that:
My,q(Ti, Q) = log pie (Ti, ), i =1,2

satisfies
aSMt,q(F’iaQI) Sﬁa 12172

Hence, My 4(T';,1) (i =1,2) are monotonic means.

Example 5.2 Let us consider a family of functions
Qo ={g::(0,00) > R:t R}

defined by

t

gi(x) = { Pl )
O 1 i m= 1)1

t¢{0,1,...,m—1},
t=je{0,1,...,m—1}.
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9t (x) is exponentially convex by

gm
Since G2 (x) = 2~ dm

definition. Arguing as in E:cample .1, we get that the mappings t — Ti(g:) (i = 1,2 ) are exponentially convex.
Hence, for this family of functions p, 4(T;,Q2) (i=1,2), from (40), are equal to

1

Di(ge) | ¢
(Fi(gq)) ’ t7é q,
m— ry (509f) 1 _
exp((—l) Ym — 1)1-09090) 4 Z ), t=q¢{0,1,...,m—1},
pit,g(Tiy Q2) = Tilge) Rt
exp | (—1)™ Y (m — 1)1 5% 4 z L t=qe{0,1,...,m—1}.
;ﬁ

Again, using Theorem /.5, we conclude that

s (54) < s

Hence, p4(Ti,Q2) (i=1,2) are means and their monotonicity is followed by (39).

Example 5.3 Let
Q3 ={¢ : (0,00) > R:t € (0,00)}

t— " .
Gla) = | o AL
%7 t: 1

be a family of functions defined by

Since dTCt( ) = t~% is the Laplace transform of a nonnegative function (see [13]) it is exponentially convez.

Obuviously (¢ are m-convex functions for every t > 0.
For this family of functions, pq (Li,Qs) (i =1,2), in this case for [, 8] C RT, from (40) becomes

1

Li(¢e) ) -9 .

(Fz‘(Cq)) , t# q;
peg (Ti,Q3) = 1 exp _Fi(z?-CS) = t) . t=q#1;
exp m+1 i" =t ) t= q= 17

where id is the identity function. By Corollary 4.8 p, ¢(T'i,Q3) (i = 1,2 ) are monotone functions in parameters

t and q.
Using Theorem /4.5 it follows that

M (i, Q23) = —L(t, q)logpu,q (Ui, Q23) ;i =1,2
satisfy
a <M (I, Q3) < B i=1,2.
This shows that M4 (T';,Q3) (i = 1,2) are means. Because of inequality (39), these means are monotonic.

L(t,q) is a logarithmic mean defined by

t— .
Tgt—logq ' F

L(t,q) =
t, t=q.
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Example 5.4 Let
Qy={7:(0,00) > R: t € (0,00)}

be a family of functions defined by

Since ‘5;3} (z) = e~™Vt is the Laplace transform of a nonnegative function (see [17]) it is exponentially convez.
Obuviously ¢ are m-convex function for every t > 0.
For this family of functions, piq (L, Q) (i =1,2), in this case for [, 8] C RT, from (40) becomes

1
Di(ye) \ 4 .
(FL(’VY:)) ’ t?é &

Ht,q (Fi’ Q4) = T, (id.~e) m
cap (—3hi —8). t=a

i=1,2.

By Corollary 4.8, these are monotone functions in parameters t and q.
Using Theorem 4.5 it follows that

Myg (Ui, ) = — (Vi /) Inpueg (T, Q) =12
satisfy
a< Mg (Ti,Q4) < B35 i=1,2.

This shows that M, (T';,Q4) (i = 1,2) are means. Because of the above inequality (39), these means are

monotonic.
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