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Abstract: The Jungck—Khan iterative scheme for a pair of nonself operators contains as a special case Jungck—Ishikawa
and Jungck-Mann iterative schemes. In this paper, we establish improved results about convergence, stability, and data

dependence for the Jungck—Khan iterative scheme.
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1. Introduction
The case of nonself mappings is much more complicated than that of self ones and therefore it is not considered

in many situations. Inspired by the work of Khan [7], here we tackle this problem in the context of two nonself
operators.

Definition 1 [5] Let X be a set and S, T : X — X be mappings.
1. A point x in X is called:
(i) coincidence point of S and T if Sx =Tz,
(i) common fized point of S and T if x = Sx =Tx.
2. If w= Sx =Tz for some x in X, then w is called a point of coincidence of S and T'.
3. A pair (S,T) is said to be:
(i) commuting if TSx = STx for all © € X,

(i1) weakly compatible if they commute at their coincidence points, i.e. STx = TSz whenever Sx =Tx.

Let X be a Banach space, Y be an arbitrary set, and S,T : Y — X be two nonself operators such that
T(Y)CS(Y).

Definition 2 (/15]) We say that the sequences {Szy},—, and {Sy,},—, in X are S— equivalent if

lim ||Sz, — Sy,| = 0.
—r 00

n
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Definition 3 Let S,T : Y — X be two nonself operators on an arbitrary set Y such that T (Y) C S(Y),
p be a coincidence point of S and T, and {Swn}fzo C X be an iterative sequence generated by the general

algorithm of form

9 €Y,
Stpi1=f(T,zn), n €N,

where xq is an initial approzimation and f is a function. Suppose that {Sx,}, —, converges to p.

1. ([11]) Let {Syn}flozo C X be an arbitrary sequence. Then {an}fbozo 18 said to be stable with respect to
(S,T) if and only if limy,— o0 [|Syn+1 — f (T, yn)|| = 0 implies that lim, o0 Sy, = p.

2. ([15], [16]) Let {Syn}ory C X be an S— equivalent sequence of {Sxy,}o— o C X. Then {Sz,}oo, is said
to be weak w?— stable with respect to (S,T) if and only if lim,, o0 ||SYnt1 — f (T, yn)|| = 0 implies that

lim, 00 Syn =p-
Recently, Khan et al. [8] defined the Jungck—Khan iterative scheme as

0 €Y,
S$n+1 = (1 — Qp — ﬂn) Smn + anTyn + ﬁnTmna
Syn = (1 = by —cp) Sxp + b, T2 + e T,
Szn = (1 —ayp) Szy + anTx,, n €N,

(1)

where {an}o— o, {Bntoeos {antreo, {bntoeo. and {c,},—, C [0,1] are real sequences satisfying o, + 35,
b, + ¢n €10,1] for all n € N.

The following definitions and lemmas will be needed in proving our main results.

Definition 4 ([9])The pair of operators S, T :Y — X is contractive if there exist a real number § € [0,1) and

a monotone increasing function ¢ : RT™ — RT such that ¢ (0) =0 and for all x, y €Y, we have

[Tz = Tyll < Sz = Syl + ¢ (| Sz = T=[]) . (2)

Definition 5 ([/]) Let T,T:X — X be two operators. We say that T is an approzimate operator of T if for
all x € X and for a fized € > 0, we have

a7 <<
Lemma 1 ([17]) Let {o,},— and {pn},—, be nonnegative real sequences satisfying the following inequality:
On+1 S (1 - )\n) On + Pns
where \, € (0,1), for all n > ng, .02, Ay = 00, and = —0 as n— o00. Then lim, .o 0, =0.

n=17""1"

Lemma 2 ([1/]) Let {o,},—, be a nonnegative sequence of real numbers. Assume there exists ng € N, such

that for all n > ng one has the inequality

On+1 § (1 - Nn) On + Nn"}/n;
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where p, € (0,1), for all n € N, > up, =00 and v, >0, Vn € N. Then the following inequality holds:
n=0

0 <lim sup o, <lim sup ~,.
n—r 00 n— o0

2. Convergence and stability results

For the sake of simplicity, we make the following assumptions in the rest of the paper: S,T :Y — X satisfies
contractive condition (2), where T (Y) C S(Y), S(Y) is a complete subspace of X and C(S,T) denotes the
set of coincidence points of S and 7.

Theorem 1 Let {Sz,},—, be the Jungck-Khan iterative scheme (1) with > a, = co. Suppose that there
n=0

exists a z € C(S,T) such that Sz =Tz =p (say). Then {Sxz,},., converges strongly to p. Moreover, p is
the unique common fized point of the pair (S,T) provided Y = X, and S and T are weakly compatible.

Proof. Tt follows from (1) and (2) that

||an+1 _pll < (1 — Qp — Bn) stn _pH + an HTyn _pH + Bn HTxn _pH , (3)
|Tzy —p|l < 61Szn —pll , (4)
[Szn —pll < [1—an (1 —98)] ISz, —pll, (5)
|Tzn —pll <6[1—an(1—09)][[Szn —pll, (6)
and
[Tyn —pll < 6{(1 —bn —cn) + b6 [1 —an (1 = 9)] + ¢,6} [[Szn — p|| - (7)

Combining (3)—(7), we get
1Szp+1 —pll <{l—an — Bn +and {1 —by —cp + 0,01 —apn (1 —0)] +cnd} + Bnd}||Szn — pll, (8)

Since 1 —a, (1 —9) <1 and 1— (b, +¢,) (1 —9) <1, (8) becomes

IN

{1 —ap — P+ and [1 - (bn +cn) (1 - 6)] + 6n5} ||S$n -l
< [ —(an+Bn) (1 =0)][|Szn —pl . 9)

[SZnt1 = pll

Since ay < ay + Fx for all k € N, therefore we get

k k
ZanSZ(an+Bn)a

n=0 n=0

which implies when k& — oo,

D an <> (an+B).
n=0 n=0
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Thus assumption Y a, = oo implies Y (a, + ) = 00. Now it can be seen easily that inequality (9) fulfills
n=0 n=0

all the conditions of Lemma 1. An application of Lemma 1 to (9) gives lim, . ||Sz, — p|| = 0.
Now we prove p is a unique common fixed point of S and 7', when ¥ = X.

Assume there exists another coincidence point ¢ of the pair (S,T). Then there exists z* € X such that

Sz* =Tz* = q. However,
0<lp—qll < |ITz = Tz"[| < 5[5z = 52" + ¢ ([[Sz = Tz[)) = llp— gl ,

which implies p = ¢ as 6 € [0,1). Since S and T are weakly compatible and Sz =Tz =p,s0o Tp=TTz =
TSz = STz and hence Tp = Sp. Therefore, T'p is a point of coincidence of S, T" and as the point of coincidence
is unique so Tp = p. Thus Tp = Sp = p and therefore p is unique common fixed point of S and T'.

We now prove that Jungk—Khan iterative scheme (1) is weak w?—stable with respect to (S,T).

&)
Theorem 2 Let {Sz,}, , be the Jungck-Khan iterative scheme (1) with Y a, = co. Suppose that there
n=0

ezists a z € C(S,T) such that Sz =Tz =p (say) and {Sxz,},-, converges strongly to p. Let {Su,} -, C X
be an S— equivalent sequence of {Sxyn}— o C X . Set

En = ”Sun-l-l - (1 - Qp — Bn) Sup, — apTv, — ﬁnTunH s
Svy = (1= by — ¢n) Sup, + by Twy, + ¢y Ty, (10)
Sw, = (1 — ay) Suy + apnTuy, for alln € N,

Then {Szn},, is weak w?— stable with respect to (S,T).

Proof. The sequence {an}zozo will be weak w?—stable with respect to (S, T) if lim,, ;oo Su, = p. Let
lim, yso€p = 0.
It follows from (1), (2), and (10) that

1Stunes —pll < [Sunss — Seasall + 1251 —
< ||Sun+1 - (1 — Qp — Bn) Sty — ap T, — ﬂnTunH
+ (1= an — Bn) |Szn — Supl| + an |[Tyn — Ty
+Bn [|T2n — Tup|| + [[STpt1 — pll (11)
[Tzn — Tun || < 8[|Szn — Sun | + ¢ (|Szn — Tanl)) (12)
”Tyn - TUHH S 4 ||Syn - Svn” + @(”Syn - Tyn“)a (13)

1Syn — Svnll < (1 —bp —cp) |[|Szn — Sun|
+b, | T2y, — Twy|| + cn | Txn — Tuy||, (14)

[Tzn = Twall < 01520 — Swal + @ ([[Szn = T2l , (15)
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1Szn — Swy|| < (1= an) [|STn — Sunl| + an |Txn — Tuy|| , (16)
Combining (11)—(16), we get
1Sups1 —pll < en+{l—an—LBn+ad(l—b,—cp)
+ by 6® [1 = ap (1 = 0)] + ancnd® + Bnd} |S2y — Sus |
+ {ﬂn + apanbnd? + anécn} o (||Szn — Txy||)
+an (15yn — Tynll) + andbn (1520 — Tznll) + [|Szn 41 — pl| - (17)

Since 1 —a, (1 —6) <1 and 1— (b, +¢,) (1 —0) <1, (17) becomes

[Stunt1—pll < en+[1—(an+Bn) (1 =0)][|Szn — Suy|
+ [Bn + and (anbnd + cn)] @ (|Szn — Tyl
+an® (1Syn = Tynll) + anbnde (1520 = Tanl)) + [|1Sznta — pll - (18)

Now we have
[Szy — Tanl| < (1+9) Sz, —pl,

1Syn = Tynll < (1 +0) [1 = (bn + cn) (1 = )] | Sz — pll,
1520 = Tzn|| < (14 6) [1 = an (1 = 0)] [|Szn —pl|.-

It follows from the assumption lim, . || Sz, — p|| = 0 that
lim ||Sz, — Tx,|| = Um ||Sy, — Tyl = lim [|Sz, — Tz,| = 0.
n—oo n— oo n— oo
As ¢ is continuous, so we have
Jim o ([|Szy — Taal) = lim o ([|Syn = Tynl)) = lm @ ([[Sz, = T2n|)) = 0. (19)
Since {Sun},~ o, {Sn},—q C X are S—equivalent sequences, therefore we have
lim || Sz, — Su,| = 0. (20)
n—oo

Now taking the limit on both sides of (18) and then using lim, , [|[Sz, —p|| = 0, (19), and (20) lead to
limy, 00 [|Stn+1 — pl| = 0. Thus {Sz,},-, is weak w?—stable with respect to (S,T).

Example 1 Let X = [0,1] be endowed with the usual metric. Define two operators T , S :[0,1] — [0,1] by
Ty = % and Sx = x with a coincide point p = 0. It is clear that T ([0,1]) € S([0,1]), and S ([0,1]) = [0,1]

is a complete subspace of [0,1]. Now we show that the pair (S,T) satisfies condition (2) with § = +. To do
this, define ¢ by ¢ (t) = ﬁ. Now ¢ is increasing, continuous, and ¢ (0) = 0. Therefore, for all x,y € [0,1],
we have
T —Ty| = |~ Q’<l‘ f‘+}| |
AR PRI e S IR
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or equivalently

which holds for all x € [0,1]. Thus the pair (S,T) satisfies condition (2).
Let {Sxz,},2, be the sequence defined by Jungck-Khan iterative scheme (1) with o, = By = a, = b, =

Cn = %H and zo € [0,1]. Then we have
= Szn<1n_1~_2)xn+n_1~_2?<14(;:_2))xn, (21)
o = Syn_<1n—2i—2)xn+n—1&—2if+n—lﬁ—2?’ (22)
Top1 = an+1:<1—$>xn+n12%+n12:,VneN, (23)
Combining (21)-(23), we get that
Tp+1 = STp+1 = (1 — % (n—lﬁ—Z + 4(n:—2)2 + - (n1+ 2)3)) ZTn, YN € N. (24)
Let t, = % (%H + 4(ni2)2 + 32(n1_~_2)3) . It is easy to see that t, € (0,1) for all n € N and ni::[) t, = oco. Hence

an application of Lemma 1 to (24) leads to lim, .o x, =0=5(0) =T (0).
To show that Jungck—Khan iterative scheme (1) is weak w?— stable with respect to (S,T), we use the
sequence {Syn} defined by Sy, = %‘1‘3 It is clear that the sequence {Sy,} is an approzimate of {Sxzy,}. Then

&n = |Syn+1_f(T n)|

Y
1 3 1 n 1 n 1
Yn+1 2\n+2 4t 2)2 32 (n + 2)3 Yn

LN PR ¥ (N S L, 1 1
n+4 2\n+2 4(n+2?> 32mn+2)°))n+3

32n3 + 408n2 + 1299n + 1228
64 (n+3) (n+4) (n+2)°

Clearly, lim,, ,oo €, = 0. Therefore, Jungck-Khan iterative scheme (1) is weak w?— stable with respect to
(S5, 7).

3. Data dependency

The study of data dependence of fixed points in a normed space setting has become a new trend (see [2-
4,6,8,10,12-14] and references therein). For data dependency of fixed points, the reader is referred to the book
by Berinde [1].
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Definition 6 Let (S,T), (5, f) 1Y — X be nonself operator pairs on an arbitrary set Y such that T (V) C

S(Y) and T(Y) C g(Y) We say that the pair (5'7 T) is an approzimate operator pair of (S,T) if for all

x € X and for fired e1 > 0 and €2 > 0, we have

HTJ? — TxH <eq,

’Sa: — gasH < g5.

Theorem 3 Let (57 T) : Y — X be an approzimate operator pair of the pair (S,T) : Y — X satisfying

contractive condition (2). Suppose that S (Y) is a complete subspace of X . Let z € C(S,T) and Z € C(S,T)

be the coincidence points of S , T and S , T respectively, that is, Sz = Tz = p and Sz =Tz = p. Let

o0

{Sxn}”, be the Jungck-Khan iterative scheme (1) with . oy, = oo and {gfn} , @ sequence defined by
n=0

n=

Tg € X,
S%Q-H = (1 — Qp — /Bn) ST, + a@ngn + ﬁETiTw

- ~_ = - 2
SYn = (1 = by —cp) STy + 0, 7%, + ¢, TT, (25)
Sz, = (1 —ap) STy + a,TTp, n € N.
Assume that {Sz,},-, and {gfn} . converge to p and p, respectively. Then we have
n=
Ip 5l <
p=pll <1
where € = max {e1,e2}.
Proof. Using the same arguments as in the proof of ([3], Theorem 4.1), we have
HSIn-&-l *gffn—&-lH S (I*O[nfﬂn) ‘an*g%n
t o | Tyn — T || + Bn || T2n — TZ)| (26)
|7y = T | < 6115y = STull + ¢ (1Syn = Tynl)) + 21, (27)
HTxn Tl <6 Han — Sin |l + o (IS — Tap) + 0ea + 1, (28)
1Syn = STall < (1= bu = cx) || S — S
+bn Tzn - Tvgn +cn Txn - faEn + €2, (29)
720 = 72| < 611520 = SZall + 0 (120 = Tzall) + 1, (30)
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1Sz — SZa|| < [1—an(1—5)]Han—§5n

+ane (|Szn — Tpl|) + an (deg + £1) + 2. (31)
Combining (26)—(31), we get
stn—i-l _S;in—i-lH < {l_an _5n+ﬂn5+an5(1_bn_cn)

+ 002 (e + b [1— an (1= 0))} Han — 5%,

+an0bng ([|S2n — Tznl[) + e ([[Syn — Tyall)
+ [an§2bnan + apde, + ﬂn] @ (|Sxp — Txnl)
+ [an§2bnan + anébn + O[n(SCn + ap + ﬁn] (5‘52 + 51) . (32)
As an, Bn, an, b, oy ap + Bn, by + ¢, €[0,1] for all n € N, and 6 € [0,1), so we have
1—an(1-6) <1,
1—(by+cn)(1-90) <1,
oy < ap + B, (33)

Bn < ap + B,
[52bnan + by, + e, + 1] (582 + 61) <4 (82 + 61) .

An application of inequalities in (33) to (32) gives

| Snis = SFuia| < 1= (@ + 8 (1 - )| Sz - S

+ (an + Bn) {000 ([|S2n — Tznll) + @ ([[Syn — Tynl|)

+ [0%bnan + 6cn + 1] @ (|[Szp — Tay|]) + 4 (2 +€1) } (34)
Define
o = Han—gfn,
fn = (on+B,)(1-6)€(0,1),

by ([[S2n — Tznll) + @ (1Syn — Tynll)
+ [0%bpan + 6cn + 1] @ (| Sz — Tan|) + 4 (e2 + €1)

Tn = 1—9o
Thus, (34) becomes
Tpt1 < (1= pn) O + fin Y- (35)
As in the proof of Theorem 1, the assumption Y «, = co implies > (e, + 3,) = 00. It is easy to check that
n=0 n=0

On, ln, and 7, satisfy all the conditions of Lemma 2. Also as in the proof of Theorem 2, we have

Jim o (|[Szn = Taa|)) = Tm @ ([[Syn = Tyall) = Tim @ ([[Szn — T2nl]) = 0.
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Hence an application of Lemma 2 to (35) leads to

- 8¢
— <
Ip =5l < 7.

where € = max {e1,e5}.

Remark 1 In this revisit of [5], we have:

1.

2.

Proved Theorem 1 in a slightly different way than Theorem 2.1;

Established ([S], Theorem 4.1) without the condition B, < ay, for all n € N in Theorem 3.

Remark 2 In the definition of stability, the sequence {Syn}, oy is taken as an arbitrary sequence, say Sy, =

_n_

n+1 -

Now using Syn = ;47 in place of Sy, = n%m in Example 1, we obtain

en = [Syny1— f(T,yn)l

U I S S 1
Yn+t 2\n+2 4(n+2)7° 32(n+2)>° o

n+1 3 1 1 1 n
—(1-= + 5 + 3
n+2 2\n+2 4(n+2) 32 (n+2) n+1

)

which implies €, — 0 as n — co. However, lim, s Sy, = lim,_, nLH = 1. Therefore, lim, o0 €, = 0 does

not imply lim, o0 Sy, = 0 for an arbitrary sequence {Syn}

nen - Thus the Jungck-Khan iterative scheme (1)

is not stable.

Here we have improved the stability result in [S] for weakly w?— stability. The new result is supported by

a numerical example.

Acknowledgment: The author A. R. Khan is grateful to King Fahd University of Petroleum and
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