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Abstract: In this study, we introduce and investigate two new subclasses of the bi-univalent functions; both f(z) and
f'(2) are m-fold symmetric analytic functions. Among other results, upper bounds for the coefficients |am41| and

|a2m+1| are found in this investigation.
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1. Introduction

A function is said to be univalent (or schlicht) if it never takes the same value twice: f(z1) # f(22) if 21 # 22.
Let A denote the class of functions f(z) that are analytic in the open unit disk U= {z : z € Cand |z| < 1}

and normalized by the conditions f(0) = f'(0) — 1 =0 and having the form:

f( :z—i—Zakzk. (1.1)
k=2

Moreover, let S denote the subclass of functions in A that are univalent in U (for details, see [5]).
The Koebe one quarter theorem (e.g., see [5]) ensures that the image of U under every univalent function

f(z) € A contains the disk of radius 1/4. Thus every univalent function f has an inverse f~! satisfying

) =2 (=€)

and

retw) =e (el <), ) = 7).

In fact, the inverse function f~! is given by
g(w) = fFH(w) = w — azw? + (243 — a3)w® — (5a3 — basas + ag)w* + - - -

A function f € A is said to be bi-univalent in U if both f(z) and f~!(z) are univalent in U. We denote
by ¥ the class of all bi-univalent functions in U given by the Taylor-Maclaurin series expansion (1.1).

For a brief history and examples of functions in the class X, see [11] (see also [3, 8, 9, 14]).
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In fact, the aforecited work by Srivastava et al. [l1] essentially revived the investigation of various
subclasses of the bi-univalent function class ¥ in recent years; it was followed by such works as those by Ali et
al. [2], Srivastava et al. [12], and Jahangiri and Hamidi [7](see also [1, 4, 6, 10], and the references cited in each
of them).

Let m € N. A domain E is said to be m-fold symmetric if a rotation of E about the origin through an
angle 2w /m carries E on itself. It follows that a function f(z) analytic in U is said to be m-fold symmetric
(m e N) if

FeIme) = 2T (),
In particular, every f(z) is 1-fold symmetric and every odd f(z) is 2-fold symmetric. We denote by S,, the

class of m-fold symmetric univalent functions in U.

A simple argument shows that f € S,, is characterized by having a power series of the form

f(z) =2+ Z Umpy1 2™ (z €U, meN). (1.2)
k=1
In [13] Srivastava et al. defined m-fold symmetric bi-univalent function analogues to the concept of m-

fold symmetric univalent functions. They gave some important results, such as each function f € 3 generates
an m-fold symmetric bi-univalent function for each m € N in their study. Furthermore, for the normalized

form of f given by (1.2), they obtained the series expansion for f~! as follows:

glw) =w — am+1wm+1 + [(m + l)af,H_l — a2m+1} w?mtl (1.3)

1
- i(m +1)(3m +2)ad, 1 — (3m + 2)amt1a2mi1 + azmir | W+

where f~! = g. We denote by %, the class of m-fold symmetric bi-univalent functions in U.
The object of the present paper is to introduce new subclasses of the function class bi-univalent functions
in which both f and f~! are m-fold symmetric analytic functions and obtain coefficient bounds for |a,,1]

and |agp,+1| for functions in each of these new subclasses.

2. Coefficient estimates for the function class A%?ﬂ

We begin by introducing the function class %f‘n by means of the following definition.

Definition 1 A function f(z) given by (1.2) is said to be in the class A%i‘n (0<a<1, A>0,meN) if the

following conditions are satisfied:

aTm

1), Af’(z)‘ <5 (2 € 1) (2.1)

feX, and —
z

arg(l— M)

and

arg(l — A)%

+ )\g’(w)‘ < O;i (w e D) (2.2)
where the function g(w) is given by (1.3).
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Theorem 1 Let f € A%i‘n (0<a<1l, A>0, meN) be given by (1.2). Then

2«

famal < VL +mA)2 + am(1 4 2mA — mA2) 23)
and
20%(m + 1) 2
lazm+a] < (1+mA)?2  1+2m)\ (2:4)
Proof From (2.1) and (2.2) we have
@ - ) = e (25)
and for its inverse map, g = f~!, we have
(-2 4 2g'(2) = g (2.6

where p(z) and ¢(w) are in familiar Caratheodory class P (see for details [5]) and have the following series

representations:

and
q(w) = 14 g™ + @emw®™ + ggmuw®™ + - - . (2.8)

Comparing the corresponding coefficients of (2.5) and (2.6) yields

(I1+mNami1 = apm (2.9)
-1
(1 4+ 2mA)agmi1 = apam + %pfn (2.10)
—(14+mNams1 = agm (2.11)
-1
(L4 2m)) [(m+1)a2, ;1 — asm+1] = agom + %qfn. (2.12)
From (2.9) and (2.11), we get
and

2(1+mA)?ag, 4 = *(p, + q5,)- (2.14)

Moreover, from (2.10), (2.12), and (2.14), we get

2

2 « (p2m + q2m) (215)

mt1 = (14+mA)2 + am(l +2mA —mA2)’
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Note that, according to the Caratheodory Lemma (see [5]), |pm| < 2 and |g¢n| < 2 for m € N. Now
taking the absolute value of (2.15) and applying the Caratheodory Lemma for coefficients ps, and ¢o, we

obtain
2

|am+1| S .
V(@ +mA)2 + am(l +2mA — mA2)

This gives the desired estimate for |a,,+1| as asserted (2.3).

Next, in order to find the bound on |agm+1|, by subtracting (2.12) from (2.10), we get

ala—1)
2

(2, — a2)-

2(1 + 2mA)agm+y1 — (1 4+ 2mA)(m + 1)afnJrl = a(pam — ¢2m) +
Upon substituting the value of a2, ,; from (2.14) and observing that pZ = ¢2, it follows that

a _ a2(m + 1)p$n a(pZm - q2m)
P 1+ mA)2 T 201+ 2m)

(2.16)

Taking the absolute value of (2.16) and applying the Caratheodory Lemma again for coefficients py,, pam , and
Qom We obtain

202 (m +1) N 2

(14+mA)? 1+ 2mA’

laomt1] <

This completes the proof of Theorem 1. O

3. Coefficient estimates for the function class A3, ,,(5)

Definition 2 A function f(z) given by (1.2) is said to be in the class Agﬁm(ﬁ) (0<1, A>0,0<8<1,mEe
N) if the following conditions are satisfied:

f e, and Re{(l)\)f(zz)+>\f'(z)} > f (z € U) (3.1)
and
Re{(l—)\)giﬂw)+/\g’(w)} > 3 (we ) (3.2)

where the function g(w) is given by (1.3).

Theorem 2 Let f € Agﬁm(ﬁ) (0<1, A>0,0<8<1, meN) be given by (1.2). Then

1-p
[ma < 2\/(1+2m)\)(m+1) (3:3)

and
2(1-§)°m+1) _20-p)
(1+mM)? 14 2mX’

lagm+1]| < (3.4)
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Proof It follows from (3.1) and (3.2) that

1= =8+ - ) (35)
and
(1= 02 g (w) = B+ (1~ Ba(w) (3.0

where p(z) and ¢(w) have the forms (2.7) and (2.8), respectively. Equating coefficients (3.5) and (3.6) yields

(L+mA)amy1 = (1= B)pm (3.7)
(1 + 2m>\)a2m+1 - (]- - B)p2m (38)
(14 2mA) [(m+1)al, 11 — azm1] = (1 = B)gam. (3.10)
From (3.7) and (3.9) we get
Pm = —Qm (311)
and
2(1+mA)ag, 1 = (1= B)*(p), + ¢r)- (3.12)

Moreover, from (3.8) and (3.10), we obtain

(14 2mA) (m + 1)a2, 11 = (1= B)(Pam + G2m). (3.13)
Thus we have
2 (1-5)

41-7)
(1+2mA)(m+1)’

which is the bound on |a,,+1| as given in Theorem 2.

In order to find the bound on |agm,+1|, by subtracting (3.10) from (3.8), we get

2(1 + 2mA)azmir = (1 — B)(p2m — @om) + (1 + 2mA)(m + 1)aZ,

or equivalently

(L= B)2m —d2m) , (m+1) »
2(1 +2m)) 2 Ml

a2m+1 =
Upon substituting the value of a2, ,; from (3.12), we get

(1= B)P2m — @2m) | (m+1)(1 = B)*(py, + a1)
2(1 4 2mA) A(1+m))? '

a2m+41 =
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Applying the Caratheodory Lemma for the coefficients p.,, ¢m, P2m, and qon, , we find

2(1-fPm+1) | 2(1-9)

< .
(21l < ——770 % 1+ 2m\

which is the bound on |ag;,+1| as asserted in Theorem 2. O

Remark For 1-fold symmetric bi-univalent functions, Theorem 1 and Theorem 2 reduce to results given by

Frasin and Aouf [6]. In addition, for 1-fold symmetric bi-univalent functions, if we put A =1 in our Theorems,

we obtain the results given by Srivastava et al.[11]. Furthermore, for m-fold symmetric bi-univalent functions,

if we put A =1 in Theorem 1 and Theorem 2, we obtain to results which were given by Srivastava et al. [13].
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