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Abstract: In this paper, we reconsider the (1, 3)-Bertrand curves with respect to the casual characters of a (1, 3)-normal
plane that is a plane spanned by the principal normal and the second binormal vector fields of the given curve. Here,
we restrict our investigation of (1, 3)-Bertrand curves to the spacelike (1, 3)-normal plane in Minkowski space-time. We
obtain the necessary and sufficient conditions for the curves with spacelike (1,3)-normal plane to be (1, 3)-Bertrand

curves and we give the related examples for these curves.
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1. Introduction

Much work has been done about the general theory of curves in a Euclidean space (or more generally in
a Riemannian manifold). Now we have extensive knowledge on their local geometry as well as their global
geometry. Characterization of a regular curve is one of the important and interesting problems in the theory of
curves in Euclidean space. There are two ways widely used to solve these problems: figuring out the relationship
between the Frenet vectors of the curves [15], and determining the shape and size of a regular curve by using
its curvatures k; (or ») and ko (or 7).

In 1845, Saint Venant [21] proposed the question of whether the principal normal of a curve is the principal
normal of another on the surface generated by the principal normal of the given one. Bertrand answered this
question in [3], published in 1850. He proved that a necessary and sufficient condition for the existence of such a
second curve is required; in fact, a linear relationship calculated with constant coefficients should exist between
the first and second curvatures of the given original curve. In other words, if we denote the first and second
curvatures of a given curve by kjand ko respectively, we have Ak; + puks =1, A\, u € R. Since 1850, after the
paper of Bertrand, the pairs of curves like this have been called conjugate Bertrand curves, or more commonly
Bertrand curves [15].

There are many important papers on Bertrand curves in Euclidean space [4, 7, 20].

When we investigate the properties of Bertrand curves in Euclidean n-space, it is easy to see that either
ko or ks is zero, which means that Bertrand curves in E™ (n > 3) are degenerate curves [20]. This result
was restated by Matsuda and Yorozu [17]. They proved that there were not any special Bertrand curves in

E" (n > 3) and defined a new kind, which is called (1, 3)-type Bertrand curves in 4-dimensional Euclidean
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space. Bertrand curves and their characterizations were studied by many researchers in Minkowski 3-space and
Minkowski space-time (see [1, 2, 8, 10, 12, 13, 22, 23] as well as in Euclidean space. In addition, there are some
other studies about Bertrand curves such as [9, 14, 16, 19, 24].

Many researchers have dealt with (1,3)-type Bertrand curves in Minkowski space-time. However, they
only considered the casual character of the curves. Therefore, there are some gaps in this approach. For
example, they take no account of whether a Cartan null curve can have a nonnull Bertrand mate curve. In this
paper, we reconsider (1,3)-type Bertrand curves in Minkowski space-time with respect to the casual character
of the plane spanned by the principal normal and the second binormal of the curve. For now, we look into the

spacelike case of the plane.

2. Preliminaries

The Minkowski space-time E} is the Euclidean 4-space E* equipped with an indefinite flat metric given by
g = —dz? + da + da? + da?,

where (21,72, 23,74) is a rectangular coordinate system of E. Recall that a vector v € E{\{0} can be spacelike
if g(v,v) > 0, timelike if g(v,v) < 0, and null (lightlike) if g(v,v) = 0. In particular, the vector v = 0 is said
to be a spacelike. The norm of a vector v is given by ||v|| = v/[g(v,v)]. Two vectors v and w are said to be
orthogonal if g(v,w) = 0. An arbitrary curve «(s) in E} can locally be spacelike, timelike, or null (lightlike)
if all its velocity vectors o'(s) are respectively spacelike, timelike, or null [18].

A null curve « is parameterized by pseudo-arc s if g(a”’(s),a”(s)) =1 [5]. On the other hand, a nonnull
curve « is parametrized by the arc-length parameter s if g(a/(s),o/(s)) = 1.

Let {T, N, By, B>} be the moving Frenet frame along a curve o in Ef, consisting of the tangent, the
principal normal, and the first binormal and the second binormal vector field respectively.

From [11], if « is a spacelike or a timelike curve whose Frenet frame {T', N, By, Bo} contains only nonnull

vector fields, the Frenet equations are given by

T’ 0 €K1 0 0 T

N/ o —€1R1 0 €3RQ 0 N (2 1)
Bi o 0 —€o2K2 0 —€1€2€3K3 B1 ’ ’
Bé 0 0 —€3K3 0 B2

where g(T7T) = €1, g(NvN) = €2, g(BlaBl) = €3, g(BQ7BQ> = €4, €1€2€3€4 — _17 € € {_131}7 1€
{1,2,3,4}. In particular, the following conditions hold:

g(T,N) = g(T, B1) = g(T, B2) = g(N, B1) = g(N, Ba) = g(B1, B2) = 0.

From [5, 6], if « is a null Cartan curve, the Cartan Frenet equations are given by
T 0 K1 0 0 T
N/ _ K9 0 —K1 0 N
Bi o 0 —K2 0 K3 Bl ’ (22)
B —k3 0 0 0 By
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where the first curvature x1(s) = 0 if a(s) is a null straight line or x1(s) = 1 in all other cases. In this case,

the next conditions hold:

g(T,T) =g(B1,B1) =0, g(N,N)=g(Bz,Bs) =1,

g(T7N) = g(T7B2) :g(N7B1) :g(NaBQ) :g(BlvBQ) = 05 g(TaBl) =1

3. On (1,3)-Bertrand curves with spacelike plane sp{N, B} in E}

In this section, we discuss (1, 3)-Bertrand curves according to their (1,3)-normal planes, which are planes
spanned by the principal normal vectors and second binormal vectors of the curves. Here we assume that the
(1,3)-normal planes are spacelike. As a result, we obtain the necessary and sufficient conditions for the curves

to be (1, 3)-Bertrand curves with spacelike (1,3)-normal plane.

Definition 1 Let 8 : I C R — E} and p* : I* C R — E} be C*-special Frenet curves in Minkowski
space-time Ef and f : I — I* a regular C° -map such that each point B(s) of B corresponds to the point
B*(s*) = B*(f(s)) of B* for all s € I. Here s and s* are arc-length parameters or pseudo-arc parameters of
B and *, respectively. If the Frenet (1,3)-normal plane at each point 3(s) of B coincides with the Frenet
(1,3) -normal plane at each point B*(s*) = B*(f(s)) of B* for all s, then B is called a (1,3)-Bertrand curve
in Minkowski space-time ET and B* is called a (1,3)-Bertrand mate curve of 3 [10].

Let 3:1 — Ef bea (1,3)-Bertrand curve in E with the Frenet frame {T', N, By, By} and the curvatures
K1, ko, k3 and 8% : I — E] be a (1,3)-Bertrand mate curve of 3 with the Frenet frame {T*, N*, B}, B3} and
the curvatures k7, k3, k5. We assume that the (1,3)-normal plane spanned by {N, By} is a spacelike plane.

Since sp{N, By} = sp{N*, B3} is a spacelike plane, we have the following four cases:

Case 1 [ is a spacelike or timelike curve with nonzero curvature functions k1, Ko, k3 and spacelike vectors
5, an 1s also spacelike or timelike curve with nonzero curvature functions Ky, k5, k% and spacelike
N, By, and 3* l lik timelik th t t T, K, K3 and lik

vectors N*, B3 ;

Case 2 [ is a spacelike or timelike curve with nonzero curvature functions k1, ko, k3 and spacelike vectors

N, By, and p* is a Cartan null curve with curvature functions k] =1, k5, kK5 #0;

Case 3 [ is a Cartan null curve with curvature functions k1 = 1, ko, k3 # 0, and B is a spacelike or

timelike curve with nonzero curvature functions ki, k5, k3 and spacelike vectors N*, B3 ;

Case 4 (5 is a Cartan null curve with curvature functions k1 = 1, ko, k3 # 0 and B* is also a Cartan null

curve with curvature functions k] =1, k5, &5 #0.

In what follows, we consider these four cases separately.

Case 1. Let 8 be a spacelike or timelike curve with nonzero curvature functions 1, ko, x3 and spacelike
vectors N, By, and 8* be also a spacelike or timelike curve with nonzero curvature functions sj, k%, k3 and

spacelike vectors N*, Bj. In this case, we have the following theorem.
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Theorem 1 Let 3 : I C R — Ei be a spacelike or timelike curve parameterized by arc-length parameter s
with the nonzero curvatures K1, ks, k3 and spacelike (1,3) -normal plane. Then the curve 8 is a (1,3)-Bertrand
curve and its Bertrand mate curve is a spacelike or timelike curve with nonzero curvatures if and only if there

exist constant real numbers a, b, h # F1, u satisfying

ary (s) — bz (s) # 0, (3.1)
1 = eyar; (s) + esh(ars (s) — brs (s)), (3.2)

pts () = hky (s) — K2 (s), (3.3)

—k1 (5) K2 (s) (h* +1) + h(k] (s) + K3 (5) + K3 (5)) # 0 (3.4)

forall sel.

Proof We assume that 3 : I C R — E} is a spacelike or timelike curve parameterized by arc-length parameter
s with the nonzero curvatures x1, Ka, k3 and spacelike (1,3)-normal plane, and the curve 8* : I* C R — E} is
a spacelike or timelike (1,3)-Bertrand mate curve parameterized by arc-length parameter s* with the nonzero

curvatures ki, k3, x5 of the curve 8. Then we can write the curve 5* as follows:

B7(s") = B7(f(s)) = B(s) + a(s)N(s) + b(s) Ba(s) (3.5)

for all s* € I*, s € I where a(s) and b(s) are C*°-functions on I. Differentiating (3.5) with respect to s and

using the Frenet formulae (2.1), we get
T*f' = (1 —ae1k1)T + @' N + e3(aka — bks) By + b Ba. (3.6)
Multiplying equation (3.6) by N and Bs, respectively, we have
a’=0and b =0. (3.7)
Substituting (3.7) in (3.6), we find
T*f' = (1 — ae1k1)T + e3(ake — bks)By. (3.8)

Multiplying equation (3.8) by itself, we obtain

e (f)? = e1(1 — aerk1)? + ez(akra — brsz)?. (3.9)
If we denote
0= 1-eam _;/61'%1 and v = 63<aﬁ2f,_ bﬁg), (3.10)
we get
T* = 6T + 7B (3.11)

Differentiating (3.11) with respect to s and using the Frenet formulae (2.1), we have

FRIN* =0'T + (6k1 — yk2)N ++' By + vk3Bs. (3.12)
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Multiplying equation (3.12) by T and By, respectively, we get
' =0and v =0.

From (3.10), we find

(1 — aerk1)y = ez(ake — br3)o.

Assume that v = 0. From (3.11), T* = 67. Then
T =4T.
Differentiating (3.15) with respect to s and using the Frenet formulae (2.1), we find

f'kiN* = £K1N.

(3.13)

(3.14)

(3.15)

(3.16)

From (3.16), N is linearly dependent with N*, which is a contradiction. Therefore, v # 0. Since v # 0, from

(3.10), we find (3.1)
ako — brg # 0.

From (3.14), we have (3.2)

1 = ae1ky + hez(aks — bks),

where h # F1 from (3.14) and (3.9). Substituting (3.13) in (3.12), we get
F'EIN* = (6Kk1 — yK2) N + vk3Ba.
Multiplying equation (3.19) by itself, we obtain
(f")?(s1)? = (Ok1 — vR2)® +7°K3.
Substituting (3.10) in (3.20), we find

aky — brg)?
W[(hm — k)2 + K2

Substituting (3.18) in (3.9), we have
(f)? = €fer(arg — brg)?[h? — 1]

where h? # 1. Substituting (3.22) in (3.21), we get

(PP 1) = ot ((hs — wa)? + .

If we denote

)\1 _ (5/&1 — ")/IQQ) _ Eg(alig — blig) [(h,l{l _ 52)]

f'st (f")?K7
o YRz eg(cu-ig—b,‘-zg)n37

frey ()%

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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we get
N* =X N + \oBs. (3.26)

Differentiating (3.26) with respect to s and using the Frenet formulae (2.1), we find
—e1 f'RIT* + &5 f k5B = —e1kaM T + N|N + e3(A1k2 — Aakiz) B1 + A\ Ba. (3.27)
Multiplying equation (3.27) by N and By respectively, we obtain
N, =0 and X, = 0. (3.28)
From (3.24) and (3.25), since Ay # 0, we have (3.3)
K3 = hiky — kKo (3.29)
where g = A\;/A\y. Substituting (3.28) in (3.27), we find
—e1 f'RIT* + €5 f k3B = —e1kaMT + e3(A1ka — Aakiz)By. (3.30)

From (3.8) and (3.30), we obtain

esf k3 By = A(s)T + B(s) By, (3.31)
where
6163((1/<62 — bﬁg)
A(S) = m[*ﬁlﬁ‘zZ(hQ + ].) + h(li% + /f% + H%)} (332)
and
B(s) = ccsh(ars = brg) [—r1ka(h? + 1) + h(k? + K3 + K2)]. (3.33)
(f)?(h* = )7 e
Since € f'k3B; # 0, we get (3.4)
—r1k2 (R + 1) + h(k] + K3 + K3 # 0. (3.34)

Conversely, we assume that 3 : I C R — E} is a spacelike or timelike curve parameterized by arc-length
parameter s with the nonzero curvatures ki, ko,x3 and spacelike (1,3)-normal plane, and the relations
(3.1),(3.2),(3.3), (3.4) hold for constant real numbers a,b,h # F1,u. Then we can define a curve S* as
follows:

B*(s*) = B(s) + aN(s) + bBa(s). (3.35)

Differentiating (3.35) with respect to s and using the Frenet formulae (2.1), we find

dj: = (1 — ae1k1)T + e3(ary — br3)By. (3.36)
From (3.36) and (3.2), we get
W — estans — bry)WT + B1]. (3:37)
From (3.37), we have
= Liiss* = H dj: = my(aks — brz)\/erma (h2 —1) >0 (3.38)
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where m; = F1 such that mj(aks — brs) > 0 and mg = F1 such that e;mg (h2 — 1) > 0. Now, by rewriting
(3.37), we obtain

T*f/ = 63(@:“&2 — bﬁg)[hT + Bl] (339)
Substituting (3.38) in (3.39), we find
€311
T" = —————=—[hT + By], 3.40
e 1)[ 1] (3.40)

which implies that g(T*,T*) = ms = €} . Differentiating (3.40) with respect to s and using the Frenet formulae
(2.1), we find

ars €3my

ds*  f\/ermg (B2 — 1)

[(h/@l — KZQ)N + H3Bg]. (341)

Using (3.41), we have

d7* Tk — F2)? + 12
K= H _ Vhm —mP 4R (3.42)
ds* FiyJerms (h2 — 1)
From (3.41) and (3.42), we have
1 dT™ €31
e ——— = hk1 — k)N + k3 B3], 3.43
A T [(hr1 = r2) 3 B2 (3.43)
which leads to g(N*, N*) = 1. If we denote
B —
A3 = esmi (hk1 — kK2) and Ay = €3M1k3 7 (3.44)
V(hky — k)2 + K32 V(hk1 — K2)? + K2
we obtain
N* = AsN + \4Bs. (345)

Differentiating (3.45) with respect to s and using the Frenet formulae (2.1), we find

,AN*
ds*

f = —e1 3511 + )\SN + 63(/%2)\3 — Ii3)\4)Bl + )\2132 (346)

Differentiating (3.3) with respect to s, we have
(h&] — Kkh) ks — (hk1 — Ka)Khy = 0. (3.47)
Differentiating (3.44) with respect to s and using (3.47), we get
A5 =0and X} = 0. (3.48)
Substituting (3.44) and (3.48) in (3.46), we obtain

dN* mik1(hk1 — K2) my[ka(hk1 — Ka) — K3]

ds* '/ (ki1 — K2)% + K3 '/ (hi1 — k2)? + K3

(3.49)
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From (3.40) and (3.42), we find

—myy/(hk1 — Ko)? + K2

EERIT™ = o r— (W + By]. (3.50)
From (3.49) and (3.50), we get
W + €1K,1T = R(s) [T + hBl] (351)

where

P(s) = —my[—kiko(h® + 1)+ h(k3 + K2 + k2)] #0, (3.52)

R(s) = f'(h* — 1)/ (hwr — ra)? 4 53 # 0.

Using (3.51) and (3.52), we have % as

€313 (h2 — 1) (353)

where mg3 = £1 such that egmg (h? — 1) > 0. Consider (3.51), (3.52), and (3.53) together, we obtain B} as

* 63 dN* * krk m4€§
== + kT = ———=—=[T+hB 3.54
= R e = ) (350
where my = ;Ez; /28 = +1. From (3.54), we have g(B}, Bf) = m3 = €} = —¢}. Besides, we can define a
unit vector B3 as Bj = —A4IN + A\3Bs; that is,
B = e (k3N + (hisy — k2)Ba). (3.55)

V(b1 — K2)? + K3
Lastly, from (3.54) and (3.55), we get k% as

mymyezesrikz(h? — 1)

dB;
B3) =
) f'\/esms (h2 — 1)/ (hr1 — k2)? + K3

ds* 2

K3 =9g( # 0.

Consequently, we find that 8* is a timelike or spacelike curve and a (1,3)-Bertrand mate curve of the curve
since span{N*, B4} =span{N, Ba}. O

Case 2. Let 8 be a spacelike or timelike curve with nonzero curvature functions x1, ko, k3 and spacelike
vectors N, Bs, and * be a Cartan null curve with curvature functions ki = 1, k3, k3 # 0. In this case, we

get the following theorem.

Theorem 2 (i) Let :1 C R — Ef be a spacelike or timelike curve parameterized by arc-length parameter s
with the nonzero curvatures ki, k2, ks and spacelike (1,3)-normal plane. If the curve S is a (1,3)-Bertrand

curve and its Bertrand mate curve is a Cartan null curve with nonzero third curvature then there exist constant
real numbers a, b, h = F1, p satisfying

aks (s) — brg (s) # 0, (3.56)
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1 =e1ary (s) + esh(ara (s) — brs (s)), (3.57)
pks (s) = hiy (s) — ka2 (s), (3.58)
and
PP (s) = P3 (s), (3.59)
where
Pi(s) = 2p°k1(s) ks (s) + hp? (K3 (s) = w7 (5)) + 2um3 (5) (1 (5) — hria (5))
+hi (s),
Pa(s) = 201 (5) s (5) + 12 (k3 () — K2 () — 263 (5)) — w2 (5) £ 0,
forall se .

(ii) Let B : 1 C R — E} be a spacelike or timelike curve parameterized by arc-length parameter s with the
nonzero constant curvatures k1, ka, ks and spacelike (1,3)-normal plane. If the curve B satisfies the conditions
(3.56), (3.57), (3.58), (3.59), and

k1 (s) P (s) = (k2 (s) + prs (s)) Po (s) # 0, (3.60)

for all s € I, then the curve B is a (1,3)-Bertrand curve and its Bertrand mate curve is a Cartan null curve

with nonzero third curvature.

Proof The theorem can be proved by a similar technique to that in the first theorem. Therefore, we omit the

proof of the theorem. O
Case 3. Let 8 be a Cartan null curve with curvature functions k1 = 1, ko, k3 # 0, and 8" be a

spacelike or timelike curve with nonzero curvature functions sj, 3, k3 and spacelike vectors N*, Bj. Then

we have the following theorem.

Theorem 3 Let 3: 1 C R — E{ be a Cartan null curve parameterized by pseudo-arc parameter s with the
curvatures k1 = 1, ko, kg # 0. Then the curve B is a (1,3)-Bertrand curve and its Bertrand mate curve is a
spacelike or timelike curve with nonzero curvatures if and only if there exist constant real numbers a # 0, b, h,

W satisfying

aky (s) — bks (s) =ah —1, (3.61)
ks (s) = h+ ko (s), (3.62)
W~ 3 (5) — W3 (5) £0, (3.63)

forall sel.

Proof We assume that 3 : I C R — Ef is a Cartan null curve parameterized by pseudo-arc parameter s with
the curvatures k1 = 1, k9, k3 # 0, and the curve 8* : I* C R — E{ is a spacelike or timelike (1, 3)-Bertrand
mate curve parameterized by arc-length parameter s* with nonzero curvatures x7, 3, x5 of the curve 8. Then

we can write the curve 8* as follows:

B7(s") = B7(f(s)) = B(s) + a(s)N(s) + b(s) Ba(s) (3.64)
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for all s* € I'*, s € I where a(s) and b(s) are C*°-functions on I. Differentiating (3.64) with respect to s and

using the Frenet formulae (2.2), we get
F'T* = (1 + aky — bks)T + a'N — aBy + V' B,. (3.65)
Multiplying equation (3.65) by N and Bs, respectively, we have
a’'=0and b =0. (3.66)
Substituting (3.66) in (3.65), we find
f'T* = (1 + aky — br3)T — aBy. (3.67)

Multiplying equation (3.67) by itself, we obtain

& (f)? = —2a(1 + aky — bks). (3.68)
If we denote
5 (1—|—a1<;/—b113) and ~ — —bey (3.69)
we get
T =0T 4+ vB;. (3.70)

Differentiating (3.70) with respect to s and using the Frenet formulae (2.2), we have
F'EIN* =0T+ (6§ — yk2)N ++' By + yk3Ba. (3.71)
Multiplying equation (3.71) by T and Bj respectively, we get
8 =0and+ =0. (3.72)
Assume that v = 0. From (3.11), T* = 67T. Then
T = +T. (3.73)

Differentiating (3.73) with respect to s and using the Frenet formulae (2.2), we get that N is linearly dependent
with N*, which is a contradiction. Since 7 # 0, from (3.10), we find (3.61)

ake — brky = ah — 1,
where h = —§/v. Substituting (3.72) in (3.71), we get
F'KiN* = (6 — yk2)N + vr3Ba. (3.74)
Multiplying equation (3.74) by itself and using (3.68) and (3.69), we have

h+ /{2)2 + k2]

"2 *2_6*[(
(77 ey = Gl

(3.75)
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If we denote

d—vk2  a(h+kK2)
)\1 = % = 2 ?
fwi (f')" K3
YK3 - —aks3

et () ke

A2

7

from (3.74), we obtain
N* =X N+ \oBs.

Differentiating (3.78) with respect to s and using the Frenet formulae (2.2), we find

—e1 f'RIT* + €5 f k3 By = (AMka — Aakiz) T+ N|N — A1 By + A\, Bo.

Multiplying equation (3.79) by N and Bs respectively, we obtain
A =0and \, = 0.
From (3.76) and (3.77), since Ay # 0, we have (3.3)
Uks = h + Ko
where = —%. Substituting (3.80) in (3.79), we find
—e1 f'RIT* + €5 f k3 By = (AMka — Aakiz) T — A\ By.

From (3.67) and (3.81), we obtain
esf'k3BY = A(s)T + B(s) By

where

and

Since €% f'k3 BT # 0, we get (3.4)
h* — k3 — K3 # 0.

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)

Conversely, we assume that 3 : I C R — E{ is a Cartan null curve parameterized by pseudo-arc parameter

s with the curvatures ki, ks, k3 and the relations (3.61), (3.62), and (3.63) hold for constant real numbers

a,b, h, ;. Then we can define a curve * as follows:
B*(s") = B(s) + aN(s) + bBa(s).
Differentiating (3.82) with respect to s and using the Frenet formulae (2.2), we find

dg*
ds

= (1 + arkg — br3)T — aB;.

(3.82)

(3.83)
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From (3.83) and (3.61), we get

dg*
ds

= a[hT — By). (3.84)

From (3.84), we have

i =lw]-

V2mia?h > 0 (3.85)

where m; = £1 such that 2mja®h > 0. Now, by rewriting (3.84), we obtain

T*f" = alhT — By]. (3.86)
Substituting (3.85) in (3.86), we find
ma
T = hT — B 3.87
(T~ B (37)

where mg = a/|a] = F1. From (3.87), we get ¢(T*,T*) = —my = ¢j. Differentiating (3.87) with respect to s

and using the Frenet formulae (2.2), we find

ar

ma
T W[(h + ko) N — K3 Ba]. (3.88)

Using (3.88), we have

dT* (h+ K2)? + K3
1= > 0. 3.89
1 H ds* f'v/2mih ( )
From (3.88) and (3.89), we have
147 ma
N* = — = h+ ko)N — k3B, 3.90
kY ds* (h + Kk2)? + K3 . ) 35 (3.90)
which implies that g(N*, N*) = 1. If we denote
h _
SV Uk ) N S Y maks (3.91)
(h+ K2)? + K3 (h+ K2)? + K3
we obtain
N* = A3N + \4Bo>. (392)

Differentiating (3.92) with respect to s and using the Frenet formulae (2.1), we find

dN*
ds*

f = (k2A3 — ki3 As)T + AN — A\3B1 + N, Bo. (3.93)
Differentiating (3.62) with respect to s, we have

kokg — (h+ ka)rh = 0. (3.94)
Differentiating (3.91) with respect to s and using (3.94), we get

Ay =0 and X, = 0. (3.95)
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Substituting (3.91) and (3.95) in (3.93), we obtain

dN* :mg (hﬁ2+H%+K§)T7 mg(h-f—IiQ) Bl. (396)
ds* '/ (h+ k2)? + K3 I/ (h+ k2)? + K3

From (3.87) and (3.89), we find

may/(h + K2)? + K2

SRITY = — ShF [hWT — By]. (3.97)
From (3.96) and (3.97), we get
dN* ma (k3 + k3 — h? 1
S aRT = (5 + 5 — 1) [T + - B]. (3.98)
ds 2f'\/(h+ k2)? + K3 h

Using (3.98), we have s} as

K2 + k2 — h?
‘2 3

Ky = >0 (3.99)
2 V2R + R2)? + K2
Considering (3.98) and (3.99) together, we find B} as
2 dAN* 5 \/2|h 1
Br = S | ey = Gmams2 IR L (3.100)
K% ds* 2 h

where mg = (k3 + k3 — h?) /|k3 + k3 — h?| = £1 and € = +£1. From (3.100), we have g(B},B}) = m; =
€5 = —e;. We can define a unit vector B3 as By = —A\4N + A3DBy; that is,

h
B = M2fs N Tl k) Bs, (3.101)

Vh+r2)2+63  /(h+r2)? + K3

which implies that g(Bj, B5) = 1. Lastly, from (3.100) and (3.101), we obtain s} as

dBT e§m3\/2|h\m3

g P = '/ (h+ k2)? + K3

k3 =g(

Consequently, we find that 8* is a timelike or spacelike curve, and a (1, 3)-Bertrand mate curve of the curve g
since span{N*, B3} =span{N, By}. O
Case 4. Let S be a Cartan null curve with curvature functions k1 = 1, ko, k3 # 0 and B* be also a

Cartan null curve with curvature functions k] =1, 3, x5 # 0. In this case, we get the following theorem.

Theorem 4 Let 3: 1 C R — E{ be a Cartan null curve parameterized by pseudo-arc parameter s with the
curvatures ki, ks, k3. Then curve § is a (1,3)-Bertrand curve and its Bertrand mate curve is also a Cartan
null curve with nonzero third curvature if and only if there exist constant real numbers X\ # 0, 0, v, u # 0
satisfying

1+ Aka (s) — pks (s) =0, (3.102)
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)\2
K2 () + K3 (s) = 5 (3.103)
K2 (s)
- =", 3.104
s (3.104)
forall sel.
Proof We omit the proof of the theorem since it can be seen in [13]. O

4. Some examples

Example 1 Let us consider the spacelike curve with the equation

B(s) = % (sinh (\/§8> , cosh (\/39) ,3sin s, —3 cos s) )

The Frenet frame of B is given by

T(s) = LQ (cosh (V3s) ,sinh (V3s) , V3eoss, Vasins)
N (5) = — (snh (V) scosh (V) —sin s, coss).
Bi(s) = 7= (VBcosh (Vs) , VBsinh (V3s) coss,sins)
By (s) = i? (sinh (\/ﬁs) _cosh (\/és) sin s, — cos s) .

The curvatures of B are ki (s) = v/3, ko (s) = —2, ks (s) = 1. Let us take a =0, b =+/3, h = 1/V/3, and
=3 in Theorem 1. Then it is obvious that the relations (3.1), (3.2), (3.3), and (5.4) hold. Therefore, curve
B is a (1,3)-Bertrand curve in E{ and the (1,3)-Bertrand mate curve B* of curve 3 is a timelike curve given

as follows:
B* (s) = (2\3/6 sinh (V3s), @ cosh (V3s) , VBsin s, — /6 cos s> :
The Frenet frame of B* is given. by
T*(s) = (2cosh (V3s) ,2sinh (V3s) , V3 coss, V3sins)
N*(s) = % (2 sinh (\/ﬁs) “2cosh (\/ﬁs) . — sin s, cos s) ,
Bi () = (—V3cosh (V3s) , —v/3sinh (V3s) , ~2cos 5, ~2sins) |

B;(s) = % (sinh (\/38) , cosh (\/gs) ,2s¢in s, —2 cos 8) .
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The curvatures of B* are ki (s) = v/30/2, k3 (s) = 4v/10/5, k% (s) = 1/3/10 and also the following equalities
hold:

* = ——N(s L s
5 N s 3 s

Example 2 Let us consider the timelike curve with the equation

B(s) = (\/ﬁsinh s,V/2cosh s, sin s, cos s) .

The Frenet frame of B is given by
T(s) = (\/icosh s,v/2sinh s, cos s, — sin s) ,

N (s) = ? (\@sinh 5,v/2cosh s, — sin s, — cos s) ,

By (s) = (— cosh s, — sinh s, —v/2 cos s, V2 sin s) ,
3
By (s) = % (sinh s,cosh s, V2sin s, V2 cos s) .

The curvatures of B are k1 (s) = /3, ko (s) = 2v/6/3, ks (s) = 1/v/3. Let us take a =0, b= /6, h = —1//2,
and = —7/\/2 in Theorem 1. Then it is obvious that the relations (3.1), (3.2), (3.3), and (3.4) hold.
Therefore, curve B is a (1,3)-Bertrand curve in E} and the (1,3)-Bertrand mate curve 5* of curve B is a

spacelike curve with timelike first normal vector given as follows:

B (s) = (2\/§sinh $,2v2cosh s, 3sin s, 3 cos s) .

The Frenet frame of B* is given by
T"(s) = (2\f2cosh s,2v/2sinh s, 3 cos s, —3 sin 8) ,

1
N*(s) = —= ( v/2sinh s,2v/2 cosh s, —3 sin s, —3 cos s) ,

V17
B (s) = (73 cosh s, —3sinh s, —2v/2 cos s, 2v/2 sin 5) ,
1
B3 (s) = Wevi (3 sinh s, 3 cosh s,2v/2sin s, 2v/2 cos s) .

The curvatures of B* are ki (s) = /17, ki (s) = 12v/34/17, ki (s) = —1/\/17 and also the following equalities
hold:
7 V2

N*(s) = ﬁN(s)—ﬁBg(s),
B3 (s) = ﬁN(S)—‘r ! Bs(s).

VAL VAL
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Example 3 For the same spacelike curve in Example 1, let us take a = 1, b = —1 —+/3, h = 1, and

p=2++/3 in (ii) of Theorem 2. Then it is obvious that the relations (3.56), (3.57), (3.58), (3.59), and

(3.60) hold. Therefore, curve 3 is a (1,3)-Bertrand curve in E{ and the (1,3)-Bertrand mate curve B* of
curve B is a Cartan null given as follows:

B* (s) = <—\26 sinh (\/§5> ,—? cosh (\/§s> ,—V2sin s, V2 cos s) .

The Frenet frame of B* is given by

T(s) = f2i (cosh (V3s) ,sinh (V3s) , coss, sins)

N (s) = % (V3sinh (VBs) . VBcosh (V3s) . ~sins, coss)
Bi(s)= (cosh (V3s) ,sinh (V3s) , — cos s, — sins) ,
By (s) = %(Slnh (\f s) _cosh (\/??s) ,\/ésins,—\/écoss).

The curvatures of B* are ki (s) =1, ki (s) = v/2/4, ki (s) = V6/4 and also the following equalities hold:

N'(s) = - (ﬁ“g) N(s) - (221@) By(s),

s = (L Y e [(Y2EV3Y 5
Bi(s) = (2 2+ﬂ>m>+< > )Bgm.

Example 4 (The null curve equation given in [13]) Let us consider the null curve with the equation

(sinh s, cosh s, sin s, cos s) .

1
T(s) = 7 (cosh s,sinh s, cos s, —sin s) ,

1 . .

N (s) = 7 (sinh s, cosh s, —sin s, — cos s) ,
1 . .

By (s) = 7 (—cosh s, —sinh s, cos s, —sin s) ,
1. .

Bs (s) = 7 (sinh s, cosh s, sin s, cos s) .

The curvatures of B are ki (s) = 1, ka(s) =0, ks (s) = —1. Let us take a =b =1, h =2, and p = —2
in Theorem 3. Then it is obvious that the relations (3.61), (3.62), and (3.63) hold. Therefore, curve § is a
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(1,3)-Bertrand curve in E} and the (1,3)-Bertrand mate curve 3* of curve B is a timelike curve given as

follows:

1 1
B (s) = (;)ﬁsinhs, g\@coshs, iﬁsins, 2\/50055) .
The Frenet frame of B* is given by

3 3 1 1
T*(s) = (4\/§cosh s, 1\/§Sinh s, 1\/§COS s, —Z\/isin s) ,

3 1 1

v10sinh s, —+/10cosh s, ——+/10sins, ——+/10cos s | ,
10 10 10

f

1
2 cosh s, —Z\@sinhs, —%\/icos S, g\/isin s> ,

. 3
1
B ()= (-
4

1 1
B; (s) (mmsinhs,m\/ﬁCOShS,ﬁ)\/ﬁSiHS,i\/ﬁCOSS) .

The curvatures of B* are ki (s) = V/5/4, k3 (s) = 3v/5/20, k3 (s) = 1/v/5 and also the following equalities
hold:

T SO
N*(s) = \/5N()+\/332( )s
Bi(s) = —=N(s)+ —=Ba(s).

V5 V5

Example 5 For the same null curve in Example 3, let us take a =1, b= -3, h = -2, and pu = 2 in Theorem
3. Then it is obvious that the relations (3.61), (3.62), and (3.63) hold. Therefore, curve 8 is a (1,3)-Bertrand
curve in Ef and the (1,3)-Bertrand mate curve 3* of curve 3 is a spacelike curve with timelike first binormal

vector given as follows:

-1
B (s) = ﬁ (sinh s, cosh s, 3sin s, 3 cos s) .

The Frenet frame of B* is given by

(cosh s,sinh s,3 cos s, —3sins),

T(s) = ﬁ

N*(S)Z\/T—O

(sinh s, cosh s, —3sin s, —3 cos s) ,

Bj (s) (3cosh s,3sinh s, cos s, —sin s) ,

1
=3
-1
B3 (s) = —— (3sinh s, 3 cosh s, sin s, cos s) .
The curvatures of B* are ki (s) = /5/4, k3 (s) = 3v/5/20, k3 (s) = —1/+/5 and also the following equalities
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hold:

By(s) = -
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