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Abstract: We consider the nonlinear equation —Au = |[u[P " 'u—ecu in Q,u=0 on 99, where Q is a smooth bounded
domain in R", n > 4, ¢ is a small positive parameter, and p = (n+2)/(n—2). We study the existence of sign-changing
solutions that concentrate at some points of the domain. We prove that this problem has no solutions with one positive
and one negative bubble. Furthermore, for a family of solutions with exactly two positive bubbles and one negative

bubble, we prove that the limits of the blow-up points satisfy a certain condition.

Key words: Blow-up analysis, critical Sobolev exponent, sign-changing solutions

1. Introduction

In this paper, we study the sign-changing solutions for the following semilinear elliptic problem:

—Au = |ulP~lu —eu in Q,
(Fe) { u=0 on 09,

where  is a smooth bounded domain in R™, n > 4, ¢ is a small positive parameter, and p+ 1 = % is the

critical Sobolev exponent for the embedding of H{(€2) into LPFTL((Q).

The Sobolev embedding H}(Q) — LP1(Q) is known to be noncompact, and for this reason, the
solvability of (P;) is quite delicate. Pohozaev’s identity [24] shows that the problem (P.) has only a trivial
solution if the domain () is assumed to be strictly star-shaped.

Moreover, during the last two decades, there has been extensive research on this problem, and much
progress has been made with regard to the existence of positive solutions. It is known that there is an effect of
the domain topology on the existence of positive solutions. The first attempts were made by Bahri and Coron
[2], who found a positive solution for (Pp) in the case that the domain € satisfies some nontrivial topological
conditions. Moreover, Dancer [13] and Ding [14] gave an example of contractible domains on which a solution
still exists, showing that both topology and geometry of the domains play a prominent role.

The great contribution was the work of Brezis and Nirenberg [10]. Assuming that Q is a bounded regular
domain in R™, n >4 and € € (—=A\1(Q2),0), where A\;(Q2) denotes the first eigenvalue of —A under the Dirichlet
boundary condition. They proved that (P.) has a solution. Furthermore, for n = 3 there exists A7 > 0 such

that (P:) has a solution if € € (—A1(2), —AT). This paper highlighted the crucial role played by the dimension
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n in the study of (P.). The reason for this difference relies on the presence in the equation of the lower order
term eu, which makes the estimates quite different.

After the work of Brezis and Nirenberg, Han in [16] proved that the solution found by them blows up
at the critical point of Robin’s function defined by ¢(x) = H(x,z), where H is the regular part of Green’s
function as € < 0 goes to zero. Conversely, in [25, 26] Rey proved that any C!-stable critical point of Robin’s
function generates a family of solutions that blow up at this point as & goes to zero. Moreover, in [19], Musso
and Pistoia considered the case where € > 0 is close to 0. They also proved the existence of a family of solutions
that blow up and concentrate in two points if € is a domain with a small “hole”.

The existence and qualitative behavior of sign-changing solutions for elliptic problems with critical
nonlinearity have been extensively investigated during the last few decades (see [4, 5, 7, 8, 11, 12, 15, 17,

, 20, 21]). Ben Ayed et al. in [7, 8] studied the blow-up of the low energy sign-changing solutions of (P_.),
which converges to the value 25/ as ¢ — 0. More precisely, they proved that the solution blow-up occurs at
exactly two points, which are the limits of concentration points of the positive and negative parts of the solution
and whose distance from each other and from the boundary is bounded. In [11], Castro and Clapp considered a
suitable symmetric domain €2 and proved the existence of one pair of solutions that change sign exactly once,
provided that n > 4 and ¢ < 0 small. Micheletti and Pistoia in [18] and Bartsh et al. in [1] generalized such a
result showing the existence of at least N pairs of sign-changing solutions with one positive and one negative
blow-up point.

The study of asymptotic behavior would become difficult in the absence of solution positivity assumption.
The major difficulty is that the limit problem of (P.) after a change of variable is

—Au = |[ulf"'u in R, (1.1)

having many unknown sign-changing solutions. However, interesting information about energy shows that (see

[27])
/ |Vw|? > 28™2,  for each sign-changing solution w of (1.1), (1.2)

where S denotes the best minimizer of the Sobolev inequality on the whole space; that is,
S = inf{|Vu\2Lz(Rn)\u|;3n/(n_2)(Rn) : Vu e L2(Rn)’ u e I,QTL/(n—?)(IRn)7 w ?é 0}

When we add the positivity assumption, the solutions of (1.1) are the family

\(n—-2)/2
5(a,>\)(‘r) =Co (1 + A2|J? _ a|2)(n—2)/27

co=(n(n—2)""2/4 X>0, acR™ (1.3)
The space Hi () is equipped with the norm |.|| and its corresponding inner product < .,. > defined by
1/2
ul| = (/ |Vu|2> and < u,v >= / VuVu, u,ve HHQ). (1.4)
Q Q

When we study problem (1.1) in a bounded smooth domain €2, we need to introduce the function Pd(4 z),

which is the projection of (4 x) on H}(Q). This function satisfies the following:

7AP(S(Q7)\) = 7&6(,17/\) in Q; P(S(a)\) =0 on 09.
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We are particularly interested in the existence and nonexistence of sign-changing solutions that blow up
positively and negatively at different points of Q0 as the parameter € goes to zero in the sense of the following

definition.

Definition 1.1 Let (u:) be a family of solutions for (P.). We say that (ue) blow up positively at different kq

points, ai,...,a, , in 2 and blow up negatively at different ko points, ajg, 41, ..., Gk, +k, , 1§ if there exist ki+ko

POINES A1y .eoey Oy +hoe € 0 and ki + ko concentration \i e, ..., gy 4kqe With lir% Qe = a;, Hn% Aie = +00,
E—r E—r

Nied(ae,00) = 400 fori=1,...k + ks and &;; = (i—’ + ?\—J + Nidjla; — aj|2) —0ase—0 fori#j,

2—n
2

such that
k1 k1+k2
‘ e (ZP‘S(%M,J -2 P5(ai,5,xi,s>)H — 0 in Hy () as e — 0. (1.5)
i=1 i=k1+1

Our first result concerns the nonexistence of sign-changing solutions that blow up at two points.

Theorem 1.1 Let Q2 be any smooth bounded domain in R™, n > 4. There exists €y > 0, such that, for each
e € (0,29), problem (P.) has no sign-changing solutions u. that blow up positively at a1, € Q and negatively
at az . € Q.

To state the result in the case of three concentration points, we need to introduce some notations. We denote

by G Green’s function of the Laplace operator defined by: Vx € Q
—AG(z,.)=cpd, in Q, G(z,.)=0 on 09,

where 0, denotes the Dirac mass at « and ¢, = (n — 2)w,,, with w,, being the area of the unit sphere of R™.
We denote by H the regular part of G; that is,

H(zy,72) = |v1 — 22> ™™ — G(w1,20) for (z1,12) € Q2.

Note that the construction of positive solutions that concentrate at different k& points of 2, with k£ > 2, is

related to suitable critical points of the function Wy : ]Rff_ x QF — R defined by

k

1 1 _4_

V(A z) = 5 (M(2)A, A) + 5 SoArE
i=1

where A =T (Aq,...,Ag), M(z) = (mij)1<i j<k, being the matrix defined by
my; = H(a;,a;) for i =1,..., k,m;; = mj; = —G(a;,a;) for i # j.

Let p(z) be the smallest eigenvalue of M(z) and r(x) the eigenvector corresponding to p(z) whose norm is 1.
We point out that we can choose r(z) so that all their components are strictly positive (see [3, 6]).

Note that in the positive case, all positive solutions blow up with comparable speeds. However, for the
subcritical semilinear Dirichlet problem, Pistoia and Weth in [23] constructed a family of sign-changing solutions
with k& bubbles, concentrated at the same point in the case where  is a symmetric domain with respect to

the 1, ..., z, axes. This result is generalized by Musso and Pistoia in [22], under a suitable assumption on the
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nondegeneracy of Robin’s function. Moreover, Ben Ayed and Ould Bouh in [9] proved that the phenomenon of
bubble-tower solutions cannot occur in the supercritical case. In this theorem, we prove that this phenomenon
cannot occur in the case where k = 3, in the sense that the distances of the two positive blow-up points from

each other and from the boundary are bounded.

Theorem 1.2 Let Q be any smooth bounded domain in R™, n > 4. Assume that u. is a solution of (P.) that
blows up positively at (ac 1,a.3) € Q® and negatively at a. o € Q.
Then, when ¢ — 0, ac; — @; for i = 1,3, |a1 — as| > c¢o and we have either p(ai,as) = 0 and

Vp(al,a;g) =0 or:
If n>5 (A1, As,a1,a3) is a critical point of Vo, where A; = cp; with p; = 1in(1) aﬁ/\i >0 fori e {1,3}
e—
and c is a positive constant.

If n =4, let 7j; denote the limit of \ci/Ac; (T, =75 ) and A the limit of A; = C—Selog()\i) up to a
C1

subsequence, and then (7, \ ) satisfies

H(a;,a;) —7;,G(a@,a3) +A=0 and

_ 9H(@,@) +2*.8G(alfa3) =0, fori=1,3. (1.6)

Oa; K Oa;

Note that in the positive case, if {2 is a domain with a small “hole”, Musso and Pistoia [19] proved the existence
of a family of solutions that blow up at two points. In the case of sign-changing solutions, we have the following

example of the existence result.

Remark 1.3 Let D be a bounded domain in R™, n > 5, which is symmetric with respect to the hyperplane
T = {x = (21,22, ..., Tp)/xp, = 0} (ie. © = (x1,22,....,2n) € D iff x = (x1,22,...,—2p) € D). There exists
ro > 0 such that, if 0 < r < 1o is fixzed and Q is the domain given by Q = D \ w; Uws where wy C Bla,r)
(a € D\T) and wy is the symmetric of wy with respect to the hyperplane T, then there exists 9 > 0 such
that problem (P.) has a pair of solutions tu. for any 0 < e < go, which blow up positively at two points and

negatively at two points of €.

To state a more general situation in the case of four concentration points, we define the following subset of
H(9):
M. = {(a, A, a,v) € R* x (R})* x Q* x H}(Q) such that Vi € {1,..,4}, |a; — 1| < ao, d(a;,09Q) > do,

Ai € [cgte V) oe™ VD) ay —ay > do Vi # §, v € E, ||v]| < nol,

where 719, co, o, do are suitable positive constants and E = {Pd,_, a.,)» OPd(a., x..)/ONc i 8P6(ae,i,)\gyi)/8ag‘,
i<k;j<n}}T.
Assume that u, is a family of solutions of (P.), with exactly two positive blow-up points and two negative

blow-up points. Then, in the limit, the blow-up points have to satisfy a certain condition in terms of Green’s

function and its regular part and we have the following result.
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Theorem 1.4 Let Q be any smooth bounded domain in R™, n > 5. Assume that u. is a sign-changing solution
of (P:) of the form

4
te = Z%as,ipfs(as,i,xs,i) t Ve, (1.7)

i=1
where y1 =v3 =1, va =va = —1, (®, Ae, ac,ve) € M. Then when € = 0,00 — 1,00 — ai,CE_l/(”_‘L))\E’i -

A; fori=1,...,4 and (A,@) is a critical point of ®4, where ®4 is defined by

4
1 1 _4_
@i(Aa) = S (M(a)A,A) + 5 3 AT?,

i=1
where A =T (Ay,...,Ay), M(a) = (m;j)1<ij<a is the matriz defined by
my; = H(a;,a;) fori=1,..,4,m;; = mj; = —vv;G(ai,a;) fori# j.

This paper is organized as follows. In Section 2 we prove Theorems 1.1 and 1.2. Section 3 is devoted to

the proof of Theorem 1.4. Finally, the Appendix provides some integral estimates that are needed in Section 2.

2. Proof of Theorems 1.1 and 1.2

This section is devoted to the proof of Theorems 1.1 and 1.2. It presents some ideas introduced by Bahri [1]

and other technical estimates.
Let k > 2 be a fixed integer. We assume that there exists solution u. of (P.) as in Definition 1.1.

Arguing as in [1, 25], we see that there is a unique way to choose . ;, Ge i, Ac,i, and ve such that
k
Ue = Z 7ia57ip($(us,'ia>\s,i) + Ve, (21)
i=1
with

vi € {-1,1}, a.; €R, ae; — 1, as e — 0,
aie €8, N € RE, A d(ac;,000) — 400, as e = 0,
ve — 0 in H}(Q), as e — 0,

where v, € E such that:

E:={v:i<v,o>=0 Vpe Span{P(S(aE’“)\E,i), 8P5(a51i,)\5,i)/a)\a,ia 8P6(ag,i)>\svi)/8aj 1 <k;j<n}} (2.2)

£,17

J . is the jth component of a. ;.

where a ;

To simplify the notation, we write a;, a;, Ai, v, d;, and P§; instead of e i, aci, Aciis Ves G(ar 2 4) s
and Pd(q,, ., - We denote by f = O(g) as € — 0 that f/g is bounded for ¢ near 0 and by f = o(g) as
e — 0 that f/g goes to zero as € — 0.

This type of problem is usually handled by first dealing with the v-part of w., so as to show that it is

negligible with respect to the concentration phenomenon. Namely, we have the following estimate.
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Lemma 2.1 Let k=2, and the function v defined in (2.1) satisfies the following estimate:

2
€ 1 =2
Z( =z T /\idi)n_2) +€12(10g(€121)) 7, ifn=4,5,

N
Il
—_
>
N
—~

e(log A; 3 log(A;d; 12
ol =0 ( ( A2 ) * ()\Edi)4)> +e1o(log(e1y))3, if n =6,

2 e 1 ks PRI
Z()\z"'()\d)#)‘f'fu (log(eyy ) >, if n > 6,
i=1 i idi

Al A

o\ (2-7)/2
where €19 = (A—Z + N + A Az2|ar — as ) and d; := d(a;,00Q).

Proof Since u. = a1 Pd — aaPdy + v is a solution of (P.) and using the fact that v € E (see (2.2)),
multiplying (P.) by v and integrating on , we obtain

/ —Augv = |v|]? = / |y P81 — aa Py + 0P~ (1 PS1 — ao Py + v)v — s/ (1 P61 — agPds + v)v
Q Q Q

/ |y P6y — o PSP~ (a1 PSy — aia Pdo)v —|—p/ |y P&y — aig PP~ 102
Q Q

+ o(|lull?) —e / (a1 P61 — as P8y + v).
Q

Hence, we have

Q(v,v) +o([[v[*) = f(v), (2.3)

where

2
Q) = [l =p [ JarPs = aaPalr e = ol =Y [ PR+ oo
Q =1 /&
f(’l)) = /‘alpdl—042P62|p_1(061P(51—a2P52)U—€/(a1P51—CYQP(SQ)'U.
Q Q

According to [1], @ is a positive definite quadratic form on v, and thus there exists ¢ > 0 independent of ¢,
satisfying Q(v,v) > c||v||?, for each v € E. Then, from (2.3), we get

lol> = O(If (w)])-

It remains to estimate f(v). Using the fact that v € E, Holder’s inequality, and the embedding theorem, we
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find

n+2 n+ 2

f(U) — 041"72 P61n ’U—Oz; 2 / P6n 2U+O /6” 2 inf 62,6 |’U‘+Z /6 |'U|
Q i#]

- 2/6"26—P6 |u|+2/5“infaz,5)|m)

i#£j
2 . (log)\)% e .
+ O(IelY (= (ifn=4,5)+ DB (1fn:6)+y(1fn>6)))
i=1 A i
2 € 1
O(”””(Z()\M + ()\,d4)n—2) +erz(log(ery) ) if n=4,5,
i=1 A2 vt
2 2
e(log A\;)3 log(\;d; g .
= O(”””(Z( ( iz ) + (i(d)‘*)) + e12(log( 512 3)), if n =6,
lzzl e Z 1 42
o =t 7)) e , if n > 6.
<|U||<;()\l2 (/\idi)%) € Og 812 )) iorn

Now we are able to obtain the following result, which is a crucial point in the proof of Theorem 1.1.

Proposition 2.2 Assume that u. = a3 Pd — aaPds + v is a sign-changing solution of (P.). We have the

following estimate:
A 1 elog A\;d;
Snai(l—ai )—O(Z(W )\2 +(f 4) )\]2 )+€12),
J

where i € {1,2} and S :/ 5%12)( y)dy.
R"

Proof Tt suffices to prove the proposition for i = 1. Multiplying (P.) by Pd; and integrating on €, we
obtain

/ —Au. P = / |011P(51 — g Py + v|ﬁ(a1P51 — g Py + ’U)P61 - E/ (a1P51 — g Péy + ’U)P51. (24)
Q Q Q
By Lemma 2.1, we write

nt2 nt2
ar||Pa )P — a2<P52,p§1>: / (a2 P72 — =2 po, poy R 2y
Q

n+2 4/(n— = 2 1 £
_ n_2/QO¢1 OlP5 Pdy — ¢ Qa1P51 +O(zj:((>\]d])”2+/\j2)+€12) (25)

Using Lemmas A.1,..., A.4 and Lemma A.15, the result follows. O
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Proposition 2.3 Assume that u. = a1 Pd — aaPds + v is a sign-changing solution of (P:).

(a) For n > 5, we have the following estimate:

n—2 H(ai,ai) 3612 n—2 H(al,ag) Co2E -
— 2 C1 A;L_2 <)\ (9)\ 2 ()\1)\2)n;2) - )\2 A thh
_ log(Axdy) o 1 € 9
A = O(,; < WAL +e5y 2 log(ely ) + 12 + ()\idi)n72> +e°Ry,
2n dx dx
h € {1,2}, z"’z/ —_— :2/ ————— and R ti
where i € {1,2}, ¢1 = ¢} o AT co = ¢ e and Ry satisfies
1
O(ZF)’ ifn>06,
2 k=1 7 4
log A\i)3
Ry = O(Z( )\4) ), ifn=2~6,
k=1 k
21
O(Z)\Z_z), ifn=4,5
k=1

(b) For n =4, we have

_TL (azaaz) + ()\A8€12 n (alaa2) ) — g Og()‘zdz)

&1 )\?,2 n—2

i :Ai7
2 a2 ) TR

where c3 = %cgw4, with wy denoting the area of the unit sphere of R*.

Proof It is sufficient to prove the proposition for ¢ = 1. Multiplying (P.) by a1 A\10Pd1/0A; and integrating

on €2, we obtain

P P
— Aug.a1 A 0P = |0¢1P51 — g Py + Ul” 2 (0¢1P51 — Py + U)Oél)\l 0P
Q o\ M
0P,
— € (0¢1P51 — Py + 1])0[1)\1 =1 —I. (26)
Q O\

Using the fact that v € F and Lemmas A.6 and A.8, we derive

oPS oPS
_/QAUEOll)\lwll = < C¥1P(51 - CYQP62 +'U7Oél>\1wll >
O0P6, O0P6, 0P6,
= Py, A Pdy, A A
Oz1< 1, 18)\1 > —aian < 2, 18)\1 >+ < v, 13)\1
on—2 Hay,a1) B Oe12 n—2 H(ay,asz)
aq B) C1 )\?72 1 (gC1 ()\1 8)\1 9 ()\1)\2) - )+R (27)
where R satisfies
2
log /\kdk
! .
R= 0(512 og 512 + E Owde)” ) (2.8)

=1
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Using Lemma A.5 and the fact that n > 4, we derive

P 2 P
L = / |Oé1P(51 — a2P62|n 2 (Ozlpél — agPég)al)\la l n / |Oz1P(51 — a2P62|n 2va1)\18 o1
8>\1 6)\1
+ oIl + R
n42 JdPdy n+2 0P, n+2 4 0P,
= P n—2 - P P - P n—2
/Q(Oq 51) 0(1)\1 8/\1 n—Q/QOéQ 52(&1 51) 011)\1 a)\l —|—n_2/ﬂ(a1 51) 11011)\1 8>\1
— /(a2P52)"t2a1)\1 ! —|—O(/ (5152)"—2 + ||UH2) + R. (29)
Q aA Q
Using Lemmas A.5, ...,A.10, and A.19, (2.9) becomes
20 m—2 H(ay,ap) nt2 de1a  n—2 H(ay,as)
I - 2 n _ n
1 oq ( 5 a2 ) o1 oy (M o 5 (Al)\2)’%2)
ni2 8612 n—2 H(a17a2)
—ay Fajer (A + + R+ O(]||v 2.10
2 A 1( Yo 2 ()T ) (lel)- (210

Using Lemma A.16 and Lemma A.18, we obtain for n > 5

o 9 C2€ 3
n o= - +0(7(A1d1)n_2) +o(a/05152+5/9|v|51),
228 £ gllv || ellvlllog \)? | ellv]
e —_— < =
~ai Sy +O(()\1d1)"*2 teern+ (ifn< 5)/\ =+ (i =6) == 3 ) (2.11)

(2

Therefore, combining (2.6), ..., (2.11), with Proposition 2.2 and using the estimate of v, the proof of Claim (a)
of Proposition 2.3 follows.

To prove Claim (b), observe that we have used the fact that n > 5 only in I5. Then we need to compute

oPs, 96, 1
PoiA = [an2 o
/Q N /Q Mo T ((A1d1)2)

(951 851 1
A =—— +/ WA =— + O —— ).
/B(al,dl) MRoN T Sy N ((Aldl)Q)

An easy computation shows that

00 2/ M1 = Nz —af])
IhAM— = ¢ ~dz
/B(al,dl) Mo © JB(ar.any (1+ A3z — ay|?)3

CQmes(S3) /Ald1 (1—r2)r3
0N o (L+r2)3

o log()\ldl) 1
- e +O((A1d1)2A§)’

dr,

1
where ¢3 = gcgmes(Sg’).
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Now, we need to estimate

851 )\1 / C(Q)Al 1
A — < dr =0 ——=).
/Q\B(al,dl) Mhon T N @ O\ Blar,dy) (1+ M|z —a1]?) <(>\1d1)2)

Therefore,

00, log(A\1dy) 1
S 2L o8l Adn) ).
/Q ) W BV +O((Aldm)

The proof of Claim (b) follows.

O

Proof of Theorem 1.1 Arguing by contradiction, let us suppose that the problem (P;) has a solution u. as

stated in Theorem 1.1. This solution has to satisfy (2.1), and from Proposition 2.3, we have

n—2 H(ai,ai) 8612 n—2 H(al,ag) Co& .
— A ——=A,ifn>5
9 C1 /\?_2 1( i 8)\7, + D) ()\1)\2)%;2 ) )\12 , L n =29,
n—2 H(a;a;) Oe1a n—2 H(ay,as) cse log(A\id;) .
— i — =A, ifn=4,
5 G )\?72 + 01( N, 2 () m2 ) a2 ifn

where 1 =1,2, and A = 0(612 + Zizl (W + ﬁ))

Furthermore, an easy computation shows that

Oe12 n—2 Aj =25 o o
/\i a)\l = _7612(1_2)%1'612 2)’ for 1,] € {1,2}, 17&]

(2.12)

(2.13)

(2.14)

Without loss of generality, we can assume that Ay > A;. We distinguish two cases and we will prove that they

cannot occur. This implies our theorem.

)\1)\2|a1 - (l2|2

Case 1.
A2/ A

— 4o00. In this case, it is easy to obtain

! T o(era)
€12 = - 0(€12),
(MAelar — azf?) "7

which implies that
8612 n—2 1

i = — — +o(e12), fori=1,2.
OAi 2 (MAelay —aaf?) T
Then from (2.16), (2.12) and (2.13) become

—(n—=2) H(aj,a;) (n—2) 1 H(ay,as9) CoE
9 ‘@ A2 - 2 €1 =2 2 | T2 =

i ()\1/\2\a1 —a2| ) 2 ()\1)\2) 2 i

2 1 €
—_—t = ifn>5
0(612+1;((/\kdk)n2+)\%)>7 itn >5,
—(n— 2)0 H(ai,ai) (n— 2)0 1 _ H(ai,a2) | cselog(Nidi)
2 ' )‘?72 2 ' (/\1/\2|a1 - Cl2\2)"52 (>\1/\2)"52 >‘12

2
1 € e
O<€12+kz_1(()\kdk)"2+)\]2€))7 if n=4.

526
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Using the fact that

_O<H(a1,a2) | Glay,ar) ) :o(( 1 Gla, a2) ). (2.19)

MA)" T (M) T Adi)"2 0 (A g) T

we derive
2 H(a;,a;) G(ai,az) LAy
SN W 4 0(1) —2— 2 (14 0(1) = > —(ca40(1)) =0, ifn>5,
Z_§1,‘ (L o) =2 SR (L o(1) = 3 (e +ol1)
2 2
H az,az G(al,ag) ElOg(AZdZ) .
— 1)) —2-9092) 4oy = SO SR L b(1)) =0,  ifn =4,
E T +o(1)) ) — (1+o(1)) ;:1 N (c3+o(1))

which gives a contradiction. Hence, this case cannot occur.

)\1)\2|a1 - a2|2

Case 2:
A2/ A

— ¢ > 0. In this case, we note that Ao/A; — +oo0. Multiplying (2.12) by 2 for i = 2

and adding to (2.12) for ¢ = 1, we obtain

n—2 H(al,al) H(ag,ag) 8612 8612 n—2 H(al,ag)
— 2 A 2\ _—
2 1( oz T T ) ( Yo o, ) * 2 (A)'T
CoE CoE 2 1 €
2 2
—2— = —_— 4+ —=) ). 2.20
TN TN (e + ;((Akdk)w2 * )\%)) (220)
Now, using (2.14) and the fact that Ay > A1, an easy computation shows that
Oe12 Oe12 n—2
A 2\ < — . 2.21
1 N + 22 My = 1 €12 ( )
Furthermore, since H (a1, az2) < cdf‘" and Aa/A\; — +00, we get
H 1
(a1, 02) _ 0( _2). (2.22)
(M) T (Adq)™

Using (2.20), (2.21), and (2.22) we have

-3 (S5 o)+ g+ o) - 0 o) 20

Then we derive a contradiction and therefore this case cannot occur for n > 5, using the same argument for

n = 4. Hence, Theorem 1.1 is proved. O

Proof of Theorem 1.2 Let us assume that problem (P:) has a solution u. as stated in Theorem 1.2. This
solution has to satisfy (2.1),
Ue = a1P51 — QQP(SQ + O[3P(53 + v, (223)

with v orthogonal to each P§; and their derivatives with respect to A\; and a¥, where a¥ denotes the kth

7

component of a;.
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Note that for each ¢ = 1,2,3, as in Proposition 2.3, we have

n—2H (ai, al 651] -2 H (a‘i7 aj) €C2
. 0 — 7 J7 >
(E) o 5 /\?72 + v jéél %61( 2 ()\i)\j)ngz ) + )\2 (ifn>5)

log(Aids) , .
03%( ifn=4)= O(Z (Ml)nz + %) + Zsjk), (2.24)
i j=1 J j#k

where 71 =v3 =1, 7o = —1.

As in Proposition 2.3, we have the following result:

3
Proposition 2.4 Assume that u. = Z%‘%‘P@' + v is a sign-changing solution of (P.). We have
i=1
vi ¢ O0H(a;, a;) - 1 0H(a;,a;) 1 Oeyj ntl
(Fi) P —— Z’yjq( — +*7> :O(Z(€€ij+/\j|aifaj|5; )
2 )\,L- 804 gy ()\ A ) )\ da; i Oa; oy J
3 Og )\kdk Py > 2 2(10g )‘j)% 52
= Yy Ody) +Zsk] log(ei) )+ Y ((ifn<5)—— (zfn—6)7/\4 +F))'
( k=1 "'k K)" j=1 )‘j J J

Proof Asin the proof of Proposition 2.3, we get (2.6), but with a; \{@P§;/0A; changed by ay (A1) *0Pd;/0ay .
Thus, using Lemmas A.11,..., A.14, A.17, and A.20, the proposition follows. O

Now we distinguish many cases depending on the set
F :={(i,7) : ¢ # j and min(\;, \j)|a; — a;| is bounded}

and we will prove that all these cases cannot occur.
We note that if (¢,j) € F' we can derive A;/\; — 0 or oo and d;/d; =1+ o0(1) as ¢ = 0.

Furthermore, the behavior of €;; depends on the set F'. In fact, assuming that A; < \;, we have

i\ 2 AT
il <en < (2L ,
c(/\j) <egi < (A]) , it (4,7) € F, (2.25)
1
gij = iz toley), if (i,5) ¢ F. (2.26)

1
Lemma 2.5 The case €13 = 0(2 (7 + + Zzsr]) does not occur.

P (Nid;)™ _ry
Proof In the following, we focus only on proving the case n > 5. The case n = 4 is not proved since it can
be demonstrated using the same reasoning as in the first case.
Without loss of generality, we can assume that A; < Ay < A3. We distinguish three cases and we will

prove that they cannot occur. This implies our lemma.

Case 1. {(1,2),(2,3)} e F.
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Adding (E1) + 2(Es2) + 4(F3) and using (2.21), we have

3
H(a;,a;) n—2 n—2 n—2 H(ay,as)
2Z ! ’ 1 1 —
; )\;L_Q )+ 1 e12(l1+0(1)) +c €93 + O(e13) + 5cq 2 ) n-2
n—2 H(al,ag) —2 H a2,a3 1 3 €
—3c — 6 22" ( — )+ 5,.-).
T2 () T2 o) Z zz:; )‘?) ; ’

Using {(1,2),(2,3)} € F, we obtain

H(“i’aiﬁl _ 0( 1n_2)7 fori=1,2,
(Aidiv1) 2 (Asd)

which gives a contradiction. Hence, this case cannot occur.

Case 2. {(1,2),(2,3)}nF =0.
Adding (E1) + 2(E2) + 4(F3) and using (2.19), we have

Hla . a:
ch QZ 1 (CLZ,CL,L) +O(613)+501

n—2 H(a,a3) n—2/3G(ay,as)
An—2 ¢ (

2 ) 2 ()

6G( ag,ag i 1 3 € G(a1,a2) G(as, a3)
+ + C 2 N2 + n—=2 + n—2 °
(A2A3) = ) Z (Z )‘12) (AMA2) 77 (A2As) 2 )

i=1

Then we derive a contradiction and therefore this case cannot occur.
Case 3. (1,2) € Fand (2,3) ¢ F or (1,2) € F and (2,3) € F'. Assume that (1,2) € F and (2,3) ¢ F.
Adding (E1) + 2(E2) + 4(E3), using (2.19) and (2.21), we have

(n—2)_,_1H(ai,a;) (n—2) (n—2) Hay,as) (n—2) G(az,a3)
21~ —
;cl 2 T R YO A R $ S WETE
> G(az,as)
9i— 1 ( 2,03 )
O(e13 +202 ; )\d TR )\12)4—6124—7()\2)\3)%2
H 1
Asin case 1, (1,2) € F implies (Alg\Z;;fiQQ)/Q = 0(()\1d1)n_2), which gives a contradiction. Hence, Lemma 2.5
is proved. O

First, we start by providing the following crucial lemmas. We are only interested in proving the case

n > 5 since the same reasoning can be used for n = 4.

Lemma 2.6 There exists a positive constant ¢y > 0 such that

d
1. g'< d—; < ¢,

A
2. gt < T; < ¢,
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a) — a:
3. g51§¥§g0, fori=1,3.

%

Proof The proof will be by contradiction.
Claim 1. Assume that d;/ds — 0. In this case, we have

1
|y —as| > ecds and €13 = — +o(e13), (2.27)
(MAslar — as[2) "7

which implies that 13 = o((A1d1)>™" + (A3d3)?™™).
Using Lemma 2.5, we derive a contradiction. In the same way, we prove that ds/dy # 0. Hence, the
proof of Claim 1 is completed.

Claim 2. Assume that A\;/A3 — 0. By Claim 1, we have (\3d3)~! = o((A\1d1)~!). Four cases may occur.

Case 1. M\2/A3 4 0 or {(1,2),(2,3)}NF =0.
If )\2/)\3 7L> O, we have )\1/)\2 < C)\1/>\3, and then )\1/)\2 — 0.

Oe12 n—2 Oca3 n—2

Therefore, by (2.14), we have Ag D =-— €12 + o(e12) and Ay Do =—— €93 + 0(g23).
Thus, (F2) and (Fs5) becomes
n—2/H(az,a2) H(ay,as) H(ag,a3) CoE 2 1
€1 P - g — 7=z T €12 + €23 = (Ao T )+ Ekr )
2 ( )\2 2 (/\1)\2) 22 (>\2>\3) 22 ) )\2 ( ()\d)n 2 /\2 ’;
n—2 H(ag,ag) 3
1 (-813—7)4—0 €23) — Ekr)-
2 (A2A3) 2 ; Ai d Oudy2 " Al 1;

Using the fact that A\;/A2 — 0, A\1/A3 — 0 and Claim 1, we obtain

H(ay,a;) 1 H(as,a3) 1
o~ mare) =4 =~ (ar=)

We can choose m a fixed large constant, so that m(E,)—(Es3) implies €13 = o Z?:1(W+%)+Zk¢r Ekr) -

Hence, by Lemma 2.5, this case cannot occur.
If {(1,2),(2,3)}NF =0. (Ey) and (F3) imply that

n—2/H(az,a2) Gl(ay,as) G(as, as) Coe 3 ) .
c1 5 ( s+ 5 T "72> v:0( (W—Fi +ngr
Ay i)™ (Aadg)™ 3 24 (Nds 2
n-2 G(az,a3) > 1 c
Cq1 _551{’)"‘7”72 =0 (7’”7_1_7)_"_ rr).
2 ( ()\2)\3)T) (; (Aid;)"—2 )\12 kZ# )

Using the formula (E3) — (Es5), we obtain

n—2
2

C1

H(a27a2) + G(al,ag) ) 025 _ i

€13 + — )+ Ekr
( )\222 ()\1)\2) 2 P )\d (A.d;)n—2 AQ kz;ér
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3
1

which leads to e13 = of Z(W + %) + Z ekr). Hence, by Lemma 2.5, this case cannot occur.

i=1 i ks

7

Case 2. Xo/X3 — 0, {(1,2),(2,3)} N F # 0 and M/A — +4oo. In this case, it is easy to obtain

€13 = o(e12 + €23). Using Lemma 2.5, we derive a contradiction.

Case 3. Xo/x3 — 0, (2,3) € F, (1,2) ¢ F and A2/A; /4 +o0o. In this case, we have that Ag | as — a3 |
is bounded and Ay | a1 — as |— +oo. Hence, we derive that Ay | a; — a3 |— 400, which implies that

Ak | a1 — a3 |= +oo for k =1,3. Thus,

sz (L+o(1) = ()7 e
()\1)\3 | ay —Cl3| ) 2 3 ()\1)\2 | ay —G,gl ) 2

€13 = (14 0(1)) = o(ea3).

Then, by Lemma 2.5, we get a contradiction.

Ao n=2
Case 4. X/A3 — 0, (1,2) € F and X3/ 4 +oo. In this case, it is easy to get e93 < (/\72> T _
3

Azy g2 Az Agyng2
()\1) ()\3) 70(}\1) *0(612)'

Using the formula (2(E1) + (E2) — 4(E3)) , we obtain a contradiction, and Claim 2 follows.

Claim 3. Without loss of generality, we can assume that d; < d3. First, as in the proof of Claim 1, we get

| a1 — a3 |< cody. Now assume that | a; — ag | /di — 0, which implies

H(ai, 0,1')

N o(e13), fori=1,3.

We distinguish two cases and we will prove that they cannot occur.

Case 1. M < X or {(1,2),(2,3)} N F = (. Two cases may occur. If \; < Ag, using Claim 2, we have

co_l)\g < A9, and hence

6821‘ N n—2 -
Ao e~ 2 €9; + o(eq;) fori=1,3, (2.28)
Oe n—2 Oe
A1 8)\113 = - 5 €13 + 0(513) and \; 8)\112 = 0(512), (2.29)
H ,
m = ofe3) fori=1,3. (2.30)
27i) 2
Using (2.28), (2.29), (2.30), (E1), and (E3), we obtain
H(CLQ, ag) . €
—n = o(e13), €2 =o0(e13) fori=1,3 and = o(e13)- (2.31)
2 2
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On the other hand, we have

1 1 8H(a1,ai) W .
— = ofe; for i = 2,3, 2.32
nA)*= M dak (557) (2.32)
1 8613 (n—2))\3(a1 —ag)k
3 = - — (1 +0(1)), 2.33
A1 Qay (MAslar —as)?)= (1+0(1) (2.33)
1 Oery (n —2)A2(a1 — a2)k 2
W = - — = —(n—2) (a1 — a2)ke12e]y - 2.34
A OaF (3 + 22 + Adalar — agP)? ( JA2(a1 — az)ke12e1; (2.34)
By (2.31), ..., (2.34) and (F}), we obtain
(n —2)A3(a1 — a3)k 25 nl ntl
(Mslar — ag)2)® —(n—=2)A2(a1 — a2)rely 12 = o(ef3 *) + O(z—:12 2 Xalag — al\). (2.35)
It 1 2/m—2 _ Aslar —asf 2 o im—2
lay —as| > 5|a1 —as|, we have Aa(a1 — az)rel’s < < 0(513 ) Then

= Mdelar —ag? T (May —asf?)/2

n—1
n—2

Ao(ay — ag)keh"%e1y = O(e12514" %) = o(e{5 7). (2.35) becomes

n—1 n—1

15 =o(ef3 7)),

which gives a contradiction. Hence, this case cannot occur.

If la1 — as| < 3las — as|, we have |as — as| > |az — a1| — a1 — as| > 1/2|a; — as|. Using (F3), the same
argument as in (2.35), we obtain a contradiction.

If {(1,2),(2,3)}NnF=10.

Using the same reasoning, we derive a contradiction and therefore this case cannot occur.
Case 2. X < )\ and {(1,2),(2,3)} N F # 0. Let k € {1,3} such that (2,k) € F. Using Claim 2 and the
fact that Ao < A\{, we derive that e9, > c()\g/)\k)("_2)/2, which implies that ds ~ dj, A2/Ax — 0, and that
A2 | ag — ayg | is bounded.

Using (F;) for i = k, we get

B M3 f)

1 ol €
—(n—-2) (Az(az B e wal (R R e O(W + %E + 75)

ntl ntl
+ 0(6121’2_2)\2|042 — ak| —|—61"3_2 >\1|CL1 — a3|).

Since Ay | ag — ay, | is bounded and 13 = (M A3 | a1 — a3 [2)2~™/2(1 + o(1)) , we derive that
n—1 1 n—1 €
eit =o( g Y )
(Aadp) =t A3

which implies that

1 €
o — 2. 2.36
€13 O(()\gd2)"—2 + ];sk + )\%) (2.36)

By Lemma 2.5, we get a contradiction. O
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Lemma 2.7 There ezists a positive constant ¢, such that

(i) cphi < Aoy (i) di >, fori=1,3.
Proof The proof of this lemma is similar to that of Lemma 4.2 of [9] and therefore is omitted. O

We turn now to the proof of Theorem 1.2. By the previous lemmas, we know that A; and A3 are of the

same order, | a1 —agz [> ¢, Ay > ¢j\; and d; > ¢, for i = 1,3 where ¢, ¢, are positive constants. From (F3),

we obtain
n—2(H(a,a CoE 1 €
¢t ( 92:42) (1 4 (1)) + 1201 + (1)) + (1 +o<1>>)+;<1 +ol) =o(mm +2)  (237)
2 A 5 Af 1
Then
H(ag,ag) 1 e 1 9 .
= O()\?—2 )\%) €i2 O()\;z—2 )\%) or 7 ( )

Using (2.38), (F;) and (F;) for ¢ = 1,3 imply that

HifiS) - (i(i;)?) o : 2% = o(Anl2 + %) ifn>5, (2.39)
H(‘;Q @) _ G(;BZP’) + Z’elog;;i) - 0()\12 + eloi(;i)), if n =4, (2.40)
- e 2 00t () )
Three cases may occur.
Case 1. W = 0(/\%), ifn>5, (Aiili)Q _ 0(510;()\1')>7 ifn=4 fori=13.
9

We obtain €135 = O(P) . Hence, this case cannot occur.
i

€ 1 ) elog(\;) 1 ) .
. =0 ——= > = fn=4 =1,3.
Case 2 12 0<(>\¢di)"72)7 if n>5, 22 0((>\idi)2), if n , for i ,3

3

Let A; = )\EQ_H)/Q, A= (A1,A3), and = = (a1,a3). From (2.39) and (2.40), we have

tA
The scalar product of (2.42) by r(z) gives
tA
p(x)r(x). Al =o(1). (2.43)

Since the components of r(z) are positive and A1, A3 are of the same order, there exists a positive constant C',

such that r(x)”tTAH > C > 0. Hence, we get

p(x) = o(1). (2.44)
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Denoting by @ = (@1,as) € Q2 the limit of (a1,a3) (up to a subsequence) and using (2.44), we get p(a) = 0. It
remains to prove that p'(a) = 0.

We deduce from (2.41) that

S@ A= ol A, (2.45)

Observe that A may be written under the form

A =pr(z) +7(x), with r(z)7(x)=0,]|7|=0(8) and B~|A]. (2.46)

Using (2.45), we get

oM, oM, .
B e (@) + G @) 7(w) = of | A ). (247)

Since d; > ¢ for ¢ = 1,3 and | a1 — as |> ¢, the matrix

(z) is bounded. Furthermore, we have
%

|7 ||=o(]]| A||), which implies that

OM
s @)-17@) = o(| A ).

The scalar product of (2.47) with r(z) gives

Br@) 5. (z).'r(z) = o[ A)). (2.48)

Let us consider the equality

and its derivative with respect to a; implies

oM , _, o'r ap , 4 otr
. M = .
o (@):7(0) + M) 5. (0) = 57 (2).r(0) + pla) 5 @)
The scalar product with r(x) gives
oM , ., _Op
r(x). da, (x).'r(z) = da, (x). (2.49)
Passing to the limit in (2.48) and (2.49), we obtain
Ip
a) =0. 2.
(@) =0 (250)
Hence the results.
1 € ) 1 log(Ay)e . .
Case 3. Ww/\—?7 if n>5 and (Aidi)QN N if n=4,fori=1,3.
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Let us perform the change of variables

C1
Note that
n— 1
Ai52<”*24> —0ase—0, . < A; < e,
0
and that (2.39) and (2.41) imply, for 4,7 = 1,3 and j # 1,
9 6n
H(ai,a;)Ai — G(a,a)A; + 72/\{”"2 =o(1), (2.51)
n—
0H oG
_aiai(ai:ai)Ai + 287(11-(%’ aj)A; = o(1). (2.52)

Denoting by (a1, a3) € Q2 the limit of a1, a3 and by (A1, A3) € (R%)? the limit of Ay, Az (up to a

subsequence), from passing to the limit in (2.51) and (2.52), we obtain

- — 2 __6-n
H(ai,@;)Ai — G(@, @) Ay + — A" =0,

oH _ _ ~ 0G _ _ -

day (aia az)A1 - 287%((11', aj)Aj =0.

ovy — o, . _
This means that a—A?(Al,Ag,El,Eg) = 0 and Tﬁ(AhAg,Elﬁg) = 0, for ¢+ € {1,3}. The proof of

Theorem 1.2 is thereby completed for n > 5.
If n =4, denoting by n; = A;/A; with j # i and A; = Zelog();), then (2.40) and (2.41) imply

H(ai,ai) — mG(ai7aj) + Az = 0(].), (253)

GG(ai, aj)

Go = o(1). (2.54)

OH
7870”£(ai7 0,1') + 2771
From Lemma 2.6, we derive that 7; converges to a constant 7;, with 7; = ﬁgl := 7 (up to a subsequence).
Furthermore, since a; € Q and a; # as, using (2.53), we get that A; is bounded above and below, for

i =1,3. Thus, up to a subsequence, A; converges to a constant A;, and it is easy to prove that A; = Ag:= A
(lim.—0(A; — A3) = 0). Passing to the limit in (2.53) and (2.54), we get

H(ai,ﬁi) — ﬁiG(ahafi) +K =0
78H(aj,5i) N 2,_66‘(6;63)

=0.
aai K Oai

This ends the proof of Theorem 1.2. O
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3. Proof of Theorem 1.4
First of all, let us introduce the general setting. We define on H} () the functional:

n—2/‘ |2%+e/ ,
u|n- - u
2n Q 29

If u is a critical point of J., u satisfies on Q the equation (P.). Conversely, we see that any solution of (F;)

1
Jolw) = 3l -

is a critical point of J..

We introduce the following subset of Hj(£2):
M. = {(a, A, a,v) € R* x (R%)* x Q' x H}(Q) such that Vi € {1,..,4} |a; — 1| < o,

d(a;,09Q) > do, A € [eg eV coe V] a; —aj| > do Vi 4, v € E, |v]| <noby

where 79, co, dog are suitable positive constants.

Let us define the functional K. by the map

K.: M. —R, K.a,\a,v) Z%%PCS (ai.h) T ), (3.1)

where 11 =73 =1, 72 =y = —1.
4
Note that («, A\, a,v) is a critical point of K. if and only if u = Z%%P(S(a,, + v is a critical point
i=1

of J..
Assume that u. is a sign-changing solution of (P.), which has the form (1.7) where (ae, Ac, ac,v:) € M.

We first deal with the v-part of u, and we prove the following:

Lemma 3.1 There exists g > 0 such that, for 0 < & < &g, there exists a C'-map for which to any (a, \, a)
with (o, A, a,0) € M. associates U = V(g xq) € E. Such a v minimizes K. (o, A, a,v) with respect to v in E,

loll < no, with ng small enough, and we have the estimate

Z(E +)\3)+ZEU lOg 17 ))%’ an:5
=l A l#]
4 2
.l =0 Z(dbiji” OB 4 3 entog(er D irm =
=1 ’ i#j
Z(; )*Z 7 (log(e5)) 52, if n > 6.
=1 i#]

Moreover, there exists (B;,Ci, D;) € R* x R* x (RY)™ such that

K. _ . oPs; <~ 10P5;
81} (av)‘vav'vs) = Z(sz(sz +Cz>\z a/\ +Zle)\aak>’ (32)
i=1 v k=1 v i

where the a¥ is the kth component of a; .
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Next, we prove a useful expansion of the derivative of the function K. with respect to ay, A;, a;.

Proposition 3.2 Assume that (a, A, a,v) € M. and let v := U, be the function obtained in Lemma 3.1. Then

the following expansions hold:

1. K. (a)\av)faiSn(l—af%)—i-O(Z(%-l-%)),

Oa; . .
v j=1 7' J

oK Y/(n2) ci(n —2)H (ai, a;) 4/(n—2)
2. )\ia—)\j(a, A a,v) = —204?62 3 +ai(l -2« ) A2 — 1% ny]oz]ozz(l —aQ;

J#i
/( ) (n—2)G(a;,a; !
4/(n—2 - 7y j
Q; ) (Z( n— 2+ 2)—"_28]67“)7
2(Aid; ) k=1 Ak A rk
1 0K, 4/(n-2) c10H (a;, a;)
. — A 2 -1)—
)\i 6@2‘ (O[, 7CL,'U) O[ ( az ) 2)\?_18011;
4/(n=2) _ 4/(n=2) 1 1 0G(ai, a;)
+ 1\ 'yaall—a o; ) — —
; 7 ((AzAj) = N Oa )
(ZE +Z )\n N )
r#k
We now estimate the numbers B;, C;, D;; defined in Lemma 3.1. Taking the scalar product of (3.2)
Po; Pé; . . .. .
with respect to PJ;, 88)\ , and 88 o fori=1,..,4 and k =1,...,n and using Proposition 3.2, the solution
i a;

(3

of the system in B;, C;, D;, shows the following result.

Proposition 3.3 The coefficients B;, C;, and D,, that occur in Lemma 5.1 satisfy the estimates

o
BZ:O(J—l()‘n 2+/\2))
4
¢.=of (Af_2+f§>)7 (33)
=
4
O(; A 2+/\ )

For (A, a), our aim is to study the a-part of w. Namely, we prove the following result.

Proposition 3.4 There exists 9 > 0 such that, for 0 < & < g, there exists a C*-map for which to any (), a)

K. . : :
—(a, A\, a,T:) =0 for each i, and we have the following estimate:

8041'

associates o = a(y q) that satisfies
4

ai—11=0(Y (5 ° AH)

Jj=1
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Now we have to find (\,a) such that

K. 2Ps;, . & 02ps; ,
o Ci( 02\, ’UE) +k:1 ik(m,ﬂs)a Vi, (3.4)
oK. PP X~ PPS N\
dar = i(miaarvs)n: ik(m,ve), Vi, Vr. (3.5)

=

Using Lemma 3.1, Proposition 3.2, Proposition 3.3, and Proposition 3.4, we deduce that (3.4) and (3.5) are

equivalent to

4
c1(n—2)H(a;,a;) (n—2)G(ai,a;) € 1 €
— + 15 " — 202 = E —+)); 3.6
2\ 00T N O(k_l (/\’,;“2 Ai)) 30
4
C1 BH(ai,ai) 1 1 8G(ai,aj) 1 3
T e TN e )~ Tt ) (3.7)
2] Oa; o (NiXj) 2 A Oay ) <k_1 A} Ay )
Let us perform the change of variables
A\ = A;Q/(n—2)€71/(n74)(?)*1/(%4). (3.8)
1

Note that
A = A; € R% and a; — @;, as e — 0, for all .

Passing to the limit in (3.6) and (3.7) and using (3.8), we obtain

o o 4 __6—n
H(a: . a) A — o OEs TR b —— R
(@i, a;) A\ Z%%G(az,a])A] + p— 2AZ 0,
J#i

0H ,_ _ — oG _ _ —

aTli(ai, ai)A; — Z%%%(an a;)A; = 0.
J#i
0Py — 0D, —
This means that 5‘A£-1 (A,a) = 0 and 8al-l (Aya) = 0, for i € {1,...,4}. This concludes the proof of
Theorem 1.4.
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Appendix

In this appendix, we collect the estimates of the different integral quantities presented in the paper. These
estimates were originally introduced by Bahri [1] and Bahri and Coron [2]. For the proof, we refer the interested
reader to the literature [I, 2, 25]. We suppose that A;d; is large enough and ¢;; is small enough. We have the

following estimates

Lemma A. 1

_ H(a,a) log(Ad)
< P3,P3>= S, — i + O G ),

where Sy, is defined in Proposition 2.2 and ¢y is defined in Proposition 2.3.

Lemma A. 2

n 2n  H(a,a) log(Ad)
/Qpa = S - e +0(<Ad>n).

Lemma A. 3 For i #j

H{(ai, a;) i log(Axdi)
v k=i,j

Lemma A. 4 Fori+#j

log(Ardy)
5" 2P5 =< P§;, Pé; > +0|(¢€/]~ 2log + —— 7,

Lemma A. 5 For i#j

Lemma A. 6

Lemma A. 7

/ P&L”A@ =2(Ps, )\%> + 0(1‘(’%?)

Lemma A. 8 Fori#j

0PJ; Oeij  n—2 Hai,ayj) log(Axdy)
(Pas Aty =a (Mgl + 75 (AiAj)mfz)/z)*O( Hlog(ei) + ()\kdk)”)’

k=1i,j

Lemma A. 9 For i#j

s ey 200 <p§j,A68P‘S ) +0(<5 7 logle) + 3 kgii;’;‘;ﬁ).
Ai k=i,j
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Lemma A. 10 For i # j

222 [ o (i ) = (5,22 0.5 )+ 30 )

Lemma A. 11

l@>f -1 ¢ 0H

=5 7 g @9 +0(

)

Lemma A. 12

e )

Lemma A. 13 For i #j

LOPS;\ c1 1 0H 1 Oeyj 1 ntl
<P6]7X aai >__()\Z)\ )(TL 2/2)\ a (a/7,7a1])+C1>\ a +O( Z 7( L

Lemma A. 14

nt+2 ] 3P5 1 8[_)6 1 N
Py — L {pP§;. — i 1) | -1y
/Q ! Ai Oa; < 77 A Oay > + <k§: ()\kdk)n + 5” Og(gzg ))
Lemma A. 15 For n > 5, we have

/9”2 vt O<<Aidj>n*2)’

where ¢y 18 defined in Proposition 2.3.

Lemma A. 16 For n > 5, we have

/Pd)\ i: )\2+O(W)'
/gzpdi;ia;zfi N O(()\idil)”—l)

/ 6i6j = O(EU)
Q

1 o log(\:d;) 1
(Aidi)n—2 +(#fn=6) Nd)* (ndy) )

Lemma A. 17

Lemma A. 18 For i # j

Lemma A. 19 For v € E, we have

oPs;
n—2 . <
/Qpa Ay ||v||O<( ifn < 5)

Lemma A. 20 For v € E, we have
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