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Abstract: Veronese rings, Segre embeddings, or more generally Segre—Veronese embeddings are very important rings
in algebraic geometry. In this paper we present an original, elementary way to compute the Hilbert—Poincaré series
of these rings; as a consequence we compute their Castelnuovo-Mumford regularity and also the highest graded Betti
number. Moreover, using the Castelnuovo-Mumford regularity of a Cohen—Macaulay finitely generated graded module,

we compute that of its Veronese transforms.
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1. Introduction
Veronese rings, Segre embeddings, or more generally Segre—Veronese embeddings are very important rings in
algebraic geometry. It is well known that these rings are arithmetically Cohen—Macaulay; hence their Hilbert—

Poincaré series can be written: Pg(t) = (1?5‘%, where Qr(t) is a polynomial on ¢ with Qg(1) # 0 having

positive integer coefficients; the sequence of the coefficients of Qr(t) is also called the h—vector of R. The
degree of Qr(t) is the Castelnuovo-Mumford regularity (c.f.[5][Chapter 4]), and the coefficient of the leading
term of Qg(t) is the highest graded Betti number of R. By using very original and elementary methods we are
able to compute the leading term of Qg(¢). Our results allow to compute the Castelnuovo-Mumford regularity
of the n Veronese module of any finitely generated Cohen—Macaulay graded module, and the rings called of
Veronese type. Note that this result can be proved easily by using local cohomology, but our purpose is to give
a very elementary proof.
Our main results improve partially [1] and [4].

Theorem. Let consider the Segre—Veronese ring Ry, dim Ry, = b1+ --+b,, +1. Let Pr, , (t) = U_?)fﬁ
be the Hilbert—Poincaré series of Ry, with Qr,, = ho +hit+...+ hy, t"2, where 1y, is the Castelnuovo—
Mumford regularity of Ry, . We set appn = dim Ry, —ryn . After a permutation of by, ..., by, we can assume

that for all i =1,...,m, fbln—'*l'l] > % Then

Uz

b1 +1
ni

I

Q=
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and the highest graded Betti number of Ry, s

N1y, — 1 Ny Q. — 1
r — h,r — - P == .
i == (") ()

In fact we get a more general statement about a class of formal powers series:

Theorem. Fix integers d,n € N*, 7 € Z. Let (a;)icz be a sequence of complex numbers, such that a; =0 for
1 << 0, set:

f(t) = Zaltlv f<n7T> (t) = ZanlJr'rtl.

l€Z leZ

If f(t) = % with h(t) € C[t,t~] then f<™7>(t) = % for some h<">(t) € C[t,t™1] such that:

o deg h<n,’r>(t) <d-— [d*degh(t)+7-|

n )
o If all the coefficients of h(t) are positive real numbers then degh<™7>(t) =d — f%},

o If degh(t) =d then degh<">(t) =d.

2. Preliminaries on toric rings and Hilbert—Poincaré series

Let R = K|xo,...,xyp, xgl, . ,xb_l] be a Laurent polynomial ring over a field K on a finite set of variables.
For any finite set M of monomials in R, let K[M] C R be the subring of R generated by the set M. It is
the toric ring defined by the semigroup generated by M. In what follows we consider the special case where

R = K|xy,...,xp) is a polynomial ring over the field K and all the monomials in M are of the same degree.
Example 2.1. Let n € N*, R= Klzo, ...,z = @ienRi, and M ={z5° ... 2" | g + ...+ ap = n}. So that
Ry = K[M] = ®1enRi.

This toric Ting is known as the n— Veronese embedding of R.

Example 2.2. More generally, let Xy,...,X,,, m sets of independent disjoint variables, with Card(X;) =
bi+1. Let R(1) = K[X;] fori=1,...,m, R=K[X;UXoU...UX,], and M ={z129... 2y | 2; € X;}. So
that

Ry,,.p,, = K[M] = @ien(R(1)) @ ... @ (R(m)):.

This toric ring is known as the Segre embedding of the m polynomial rings R(1),..., R(m).

Example 2.3. Let Xq,...,X,,, sets of independent disjoint variables such that X; = {x;0,...,®ip, }, R() =
K[X;] fori=1,...,m, and ny,...,ny, € N. Let R=K[X; UXoU...UX,,], and
M ={ay" .z || os |= i}y
where a; = (@ 0,...,Qp,), Ti' = xf‘oo ... x?bb, and | a; |= a0+ ...+ a;p, The Segre-Veronese embedding
is defined by:
Ry, = K[M] = @ZEN(R(l))nll ®...0 (R(m))nmlv

where b= (b1, ...,bp),n=(N1,...,npm).
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Let R = KJxo,...,xs] be a polynomial ring over the field K, graded by the standard graduation, that is
degx; =1, for all i. Let T := R/I, where I C R is a graded ideal, and let M = @®;czM; be a finitely generated
graded T'-module; hence M is also an R—module. The Hilbert function of M is defined by Hys (1) = dimg M;,
for all [ € Z, and the Hilbert—Poincaré series of M :

Py(t) = Huy (1)t

leZ

It is well known that

Qum (1)

Pu(t) = 4wt

where Q/(t) is a Laurent polynomial on t,¢t= with Qas(1) # 0. Moreover, if M is a Cohen-Macaulay R-
module, all the coefficients of Qps(t) are natural integers, and the Castelnuovo-Mumford regularity of M is
the degree of Qps(t). For more details on Hilbert—Poincaré series see [7], [3][Chapter 4], [5][Chapter 4].

Theorem 2.4. (Hilbert’s Theorem) let M = ®ezM; be a finitely generated graded R-module. There exists
a polynomial with integer coefficients @y, (1) such that Hy (1) = @, (1), for I large enough. Moreover, the
leading term of ®p,, (1) can be written as: degT(!M)ld, where d+ 1 is the dimension of M and deg(M) is the

degree or multiplicity of M .

Remark 2.5. The postulation number of the Hilbert function is the biggest integer | such that Hpr (1) # @p,, ().
It is well known ([7], [3][Chapter 4]) that the postulation number equals the degree of the rational fraction defining

the Poincaré series.

Remark 2.6. We recall that binomial coefficients can be defined in a more general setting than natural numbers;

indeed for k € N, binomial coefficients are polynomial functions in the variable n.. More precisely:

(1) If k=0 then let (3) =1, for all n € C.

(2) If k>0 then let (}) W, for all n € C.

Note that for all n € C, (}) = (=1)*(*77") and if n € N,n <k, then (}) =0.

Example 2.7. Let R = K|xg,...,xs], be a polynomial ring. Then

(%) ifi>o0 1

Hp()=4\? =, Pa)= ———.

a(l) {o ifl1<0 ’(t) = G

Note that in fact V1 > —b, Hg(l) = (l'gb) and 0 = Hr(—b—1) # (_b_bl"’b) = (—=1)®, and so the postulation
number of R is —(b+1).

Example 2.8. Let R = Klxzo,..., x|, M = {ap° .. 2" | oo + ... + ap = n}, and Ry, = K[M)] the

n— Veronese embedding. Then

HRb,n(l):HR(nl):{O zfl<0 .
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Note that (”l;'b) = (”l+1)("lt!2)“'("l+b) is a polynomial on 1 with leading term %, so that deg(Rpn) =

n®,dim Ry, = b+1. Note also that V1 > —[*L], Hp, (1) = (",") and 0= Hp, , (—[2EL]) # (—V’%;Wb) =

b ([ n—1 ; ; bl —
(-1) ( " ), and so the postulation number of Ry, is —[*=]. More generally, let Ry ,[T] := GrenRniyr -

Note that Hp, (1) = (") for nl4+74+b >0, and Hpg, 7)) =0 # (”HbTer) fornl+7+1+b<0.

Hence the postulation number of Ry, [r] is —[2HET].

3. Veronese of generating series

In a recent paper [2], Brenti and Welker prove that taking the n— Veronese transform of the h polynomial is
a linear function; in this section we improve this result, giving an elementary proof of the fact that taking the
shifted n— Veronese transform of the h polynomial is a linear function on h.

Let us recall the following fact:

Theorem 3.1. Let (a;)icz be a sequence of complex numbers, such that a; = 0 for | << 0, set: f(t) =
ey wit!, TFAE:

o There exists h(t) € C[t,t™ '] and a natural integer d such that f(t) =

o There exists ®(t) € C[t,t™ ] of degree d — 1 with leading coefficient eq/(d — 1)!, such that ®(l) = a; for

I large enough.
Moreover, h(1) =eq.

Let us introduce some notations.

Notation 3.2. Fiz integers d,n € N*, 7 € Z. Let (a;)icz be a sequence of complex numbers, such that a; =0
for 1 << 0, set:

f(t) = Zaltla f<n’T> (t) = Zanl+7tl.

lez lEZ

By the Theorem 3.1 if f(t) = (1h_(?)d with h(t) € C[t,t71] then f<"7>(t) = }i:_i;{gt) for some h="7>(t) €

C[t,t71]. In Theorem 3.5 we will prove that h<"7>(t) can be written in terms of h(t). To any nonzero polyno-
mial h(t) = hot+....+ho+hit+...+hst® € C[t,t1] we associate the h-vector h= («.;0,hgy. .. hs,0,..0),
and we set degﬁ> = degh(t). For j € Z, let & be the h-vector of the polynomial t/. Let us denote by [t*]h(t)
the coefficient of t* in the polynomial h(t). For any i,j € Z define D; ; by

(1—tm)?

Di,j = [tin_j]( (1 — t)d

)= [t"I((A 4t 4 ..+t HD).

Note that
D; ; = Card{(z1,...,zq) € N [V, o; <n—1iz1+...+x4=1in—j}.
Finally let Dlo,T] be the infinite square matric Do, 7] = (Dito,j+r). For 0 =1 =0 we write D instead of

DI0,0].
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We can give some properties of the numbers D; ;.

Lemma 3.3. Let i,j,k € Z; then we have:
D;; =0 if either in—j <0 orin—j >d(n—1).
o Forany i,j, D;j =Dy—ia—;. That is D is symmetrical around the point (d/2,d/2).

o For 0<k<n—1, Daarr = ("7771).

e Diy= (”?ﬁ;l) —d, and for 1 <k<n, Dy} = (n_sjf_l)'

e For any integers q,k, Dayqng+k = Da k-

e Forany i, let d—i=mnq—k with ¢ = [4],0 < k < n; then

n

D o (k+d—1\ _ ([ +i-1
-5\ g—1 ) d—1 '

Proof The first claim is trivial. In order to prove the other claims, let us remark that the map (z1,..

(y1,-.-,Yd), where y; = (n—1) —a; for I =1,...,d, establishes a bijection between

{(z1,...,zg) eNV |y <n—1forl=1,....,d; 1 +...424=1in—j}

and
{1, y) eN | yy<n—1forl=1,....d; y1+...4ya=(d—i)n—(d—j)}.
The third claim follows from the second claim, because if 0 < k < n — 1, then the sets
{(z1,...,29) eN? |y <nm—1forl=1,....d; 1 +...+x9=dn—d—k}
and

{1, ya) N yr4 ... +yqg =k}

are in bijection.
The fourth claim follows trivially from the previous items.

The fifth claim follows from the equality: (d+ ¢)n — (ng+ k) =dn — k.

.7£Cd) —

Finally the sixth claim follows from the third claim, since, if d —¢ = ng — k with 0 < k < n, then

(d—q)n—1i=dn— (d+k); hence Dy_q; = Dgarr,and n[Si]+i—1=k+d—1.

Remark 3.4. Let (a;)iez be a sequence of complex numbers, such that a; =0 for 1 << 0, set:

&) => at'.

leZ

O

Fizx integers d,k,n € N*,7 € Z. With the notations introduced in 5.2, it is clear that f<™*"+7>(t) =

t=F f<mT> (), which implies h<"F"+7> () = t=*h<"7>(t) for any integer numbers k,T.

The following theorem improves and has a simpler proof than that of [2, Theorem 1.1]:
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Theorem 3.5. Fiz integers d,k,n € N*, 7 € Z. Let (a;)icz be a sequence of complex numbers, such that a; =0
for 1 << 0, set:

St M

leZ

h<n T> (t)

<n,‘r> l
f Z Qplyrt = 1 — t) )

leZ

where h(t), h<"7>(t) € C[t,t"1]. Then

_ .
h=mAntT> = Dl—k, —7]h.

Proof Because of Remark 3.4 we have to compute h<"7~(t) only for 0 < 7 < n — 1. The following formula

is clear:
f<n,0>(tn) + tf<n’1>(tn) N tn—1f<n,n—1>(tn) — f(t);
hence
H<n,0> (tn) + th<n’1>(tn) 4+ tn71h<n,n71>(tn) 7 h(t)
(1—¢tn)d (1=
and
(1)

h<n,0> (tn) 4 th<n,1>(tn) 4.+ tn—1h<n,n—1>(tn) _ h(t) (1 — t)d ,

tTh<"T> (t") equals the sum of all the terms Agt? of h(t )(11 ft)d with =7 mod n. In particular, h<™7~(t)

is a linear function of h(t). Therefore, it is enough to compute h<™7>(¢) for the canonical basis {¢; :=t/ ,j € Z}
of C[t,t~!]. We have

_ 4n\d
10 0) = [ )
hence
_4n)d . . __4n\d
i € Bl 0) = el T = G,
which proves our statement. O

Corollary 3.6. Fiz an integer d € N*. For j € Z, let e_; be the h-vector of the polynomial t7. Then for any

—> — d—j .
n € N*, we have dege;"” = [71 Moreover, the leading coefficient of 5" is ( ﬂ;jfj_l).
Proof Let us remark that the set of ¢/, j € Z is the canonical basis of C[t,t7!]. We have by Theorem 3.5 that
<n

— — d—i
Dz} = £ hence 5" is the j column vector of D. By Example 2.8, we have that dege;"” = d — [7”

J n
The last claim follows from Lemma 3.3. Indeed for any j € Z, we have D, _ rd=iq ("(d JH] 1) This

n[4i] 45— 1) O

‘__% .
proves that the leading coefficient of 5"~ is ("
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Example 3.7. Let d =2 and n € N*; we can describe the matriz D

. Tl 1) .. a1 0 1 2 3 n n+l nt2 ... 2n
1 2 ... 0 0 0 0 0 0 0 0 0
0 2 ... 2 1 0 0 0 0o 0 0 0
1 0 n-2 n-1 n nl n2 1 0 0 0
2 0 o 0 0 1 2 ni n  nil 1
3 0 o 0 0 0 0 0o 0 1 n-1

Theorem 3.8. Fiz integers d,n € N*, 7 € Z. Let (a;)icz be a sequence of complex numbers, such that a; =0
for 1 << 0, set :

)= ait!, () =D ant

lez leZ

If f(t) = 245 with h(t) € Clt,t™] then f<"7>(t) = 222G with h<">(t) € C[t,¢™"] such that:

o deg h<n,’r>(t) <d-— [d*degh(t)+7-|

n 3

o If all the coefficients of h(t) are positive real numbers then degh<™7>(t) =d — [%]

o If degh(t) =d then degh<"~(t) =d.
Proof Let f(t) = Zlez ait! = %, where h(t) € C[t,t71] h(t) = yot” +... 475t with degh(t) = s,7s # 0.
It follows that A =Y. £/ . We multiply this relation on the left by D[—7], and so Theorem 3.5 implies

— — — — — — —
h<™T> =377 4. Since deges™s < deg es"2 1 < ... < deges”, we have, degh<™"> < deges”]. It

. . . % A—_>
is clear that if all the coefficients of h(t) are positive real numbers then degh<""> = deges"".

—
l<n> =d— |‘d—lw <

In the special case s = d, we have seen that for 0 <! <d—1 and any n € N*, dege e
‘_% . . . H
d—1, and dege;™” = d, which implies deg h<"~ = d. O
As an application of the main results of this section, the following relates invariants of a module and that
of its Veronese transform.
Theorem 3.9. Let n € N*, R be a standard graded polynomial ring, M = ®iezM; be a finitely generated

t
Cohen—Macaulay graded R-module of dimension d > 1, and M<"> = ®czMy;. Let (1Q(t))d be the Hilbert—
Poincaré series of M, where Q(t) = ot + ...+ vst* € C[t,t71] is the h— polynomial of M , with reg(M) =
deg Q(t) =s. Then

e reg M<"> =d — f%]. Moreover, by taking the sum over all index | such that [“L] = f%]

we will get the leading coefficient of Q<"~(t):

d—l '
1| [dsby—[d=resM r@gMW

n

)
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o IfregM <d—1 and n > d then reg M<"> =d — 1, and the leading coefficient of Q<"~(t) is

(1)

o If n>regM > d then reg M<"> = d, and the leading coefficient of Q<" (t) is
Vi d—1/)
1=d
Proof We have 5 = le - 'ne_l) ‘We multiply this relation on the left by D, and so Theorem 3.5 implies that for
— — — —
any n € N*, Q<”> =Y, ner™” . Since v > 0 forall [, v, > 0, and dege;"” < degesly < ... <deges"”,

— —
we have deg Q<"~ = deges™” =d— [‘H%M]; this number is reg(M <">) since M <"> is a Cohen—-Macaulay

R-module. The computation of the leading coefficient of Q<" (¢) is immediate from Corollary 3.6. O

4. h-vector of the Segre—Veronese embedding

The next Theorem improves partially [1] and [4].

Theorem 4.1. Let us consider the Segre—Veronese ring Ry, dim Ry, = by + ... 4 by + 1. Let Pr,  (t) =

t
m be the Hilbert-Poincaré series of Ry, with Qr,,(t) = ho + hit + ... + hy,  t"=, where
Ton = degQg, ,(t) is the Castelnuovo-Mumford reqularity of Ry, . We set apy = dim Ry, — rpn. After
a permutation of by,..., by, we can assume that (bln—';l} > Z— Vi; then
b1 +1 b1 +1
O = [Tt = (b4 b+ 1) = 2],
1 ny

and the highest graded Betti number of Ry, s

N1y, — 1 Ny Q. — 1
e )...( ).
b b bl bm

Proof The proof is by double induction on m and b,,. The case m =1 is given by Example 2.8 and Corollary
3.6, and so we can assume m > 2. We have that (%—Tl} b b=l —, and so by induction hypothesis the

Mm

theorem is true for Ry, n, where b— €y = (b1, ..., bm—1,bm — 1). On the other hand, the Hilbert function of

Rb:ﬂ is HRQ,E(Z) = (méirbl) (nmé::bm), and so

Hp,,(1) = (1+=DHg,_.,, (). (1)

QRQ*Em n (t)

trememon - with h

Let Pgr, . ,(t) = be the Hilbert-Poincaré series of Ry, n, where Qr, . . (t) = ho +

hit+ ...+ h # 0. In order to avoid any confusion we also set: Pg, () =

Tb—em,n Tb—em,n
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Qr,, (1)

(1 — t)brtotbm+l

to be the Hilbert-Poincaré series of Ry ,, where

with Ay, . #0.
By simple calculations from (1) we get:

Nm
Pry(t) = Py, () + 22tPh, (1) 2)

Hence dim Ry ,, = dim Ry_,, » + 1, and Qg, ,(t) equals

N Nm N
QRy ey ) + QR (TR = 1)+ =@, () = 7=1QR,_ (D));
bin bin o bin s
note that Qg, , (1) = Z—n dim Ry_c,, n@r,_.,, ,(1) #O0.
In particular, we have rp,, <7y, n+1 and forall £ =0,...,7_,, »n+ 1 we have
hie = P (2 dim Ry, — (b — 1) — 1) 4 g (b + 1). (3)
bm m bm

By induction hypothesis we have ap_e,, » = [bln—fl] # z—’;, and so we put k = ry_., »n + 1 in equality

(3), and we get:
» NMmQAp—e,,,n — bm
Wy cmmt1 = h@—em,n(ib—) 70

Hence h,, . 41 is the leading coefficient of Qg,, and 7y, =7pc,,n +1 and A = Ve, 0 = (bln—;ﬂ} . By

h _ (M%n — 1 Nm—10;n — 1 NmQpn — 1
b emon bl o bmfl bm ’

3 _ (Mo — 1 Nm—10;n — L\ [(Mmapn — 1 (nm%2 - bm)
b bl o bm—l bm -1 bm

induction hypothesis

so that

5. Rings of Veronese type
Let b,n € N*,a = (ag,...,a;) € N°T! such that 1 < a; < n,ap + ...+ ap > n, and Mpy.n.q be the following
subset of the polynomial ring K|z, ..., z]:

Mpna={25" .. 2p" | awo+...+a=n0; <a;,Vi=0,...,b}.

Let us denote by Ry the toric subring of Klxo,...,xp] generated by My, . It is well known that Ry, 4 is
a Cohen-Macaulay ring. Let S be the collection of subsets S of {0,...,b} such that XS =3, ga; <n.
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Theorem 5.1. ([6]) With the above notations the Hilbert function of Rpn.q 1S

VI>0; Hy,a(l) = Z(_l)\5| <l(n — ZS)b— | S| +b>.

Ses

We have dim(Rp . 0) = b+ 1, and its degree or multiplicity is

deg(Rpma) = Y _(~1)!*I(n — x9)°.

ses
Our aim is to study the Hilbert-Poincaré series of Ry, 4:

Pr .~ (- 'S'Z( n—ES—|S|+b) | @

Ses >0

The following corollary follows immediately from Corollary 3.6 by setting d = b+1,n =k, and j = —|S|.
Note that 5"~ (t) = g™ ().

Corollary 5.2. For any S € S and k € N*, we have:
Z kl—|S|+b i Qs,k(t)

b (1 —t)b+1’
1>0

where Qs (t) is a polynomial with Qg (1) # 0, with leading term

(kas,ﬁ | S| —1)tb+1_as,k
b )

with agp = [M]

The following theorem is immediate from (4) and Corollary 5.2. It improves the description of the

Hilbert—Poincaré series given in [0].

Theorem 5.3. With the above notations, let S be the collection of subsets S of {0,...,b} such that £S :=

EieS a; <n. Then we can write the Hilbert—Poincaré series of Ry p.q -

Qb,n,g(t)

Pr, .. = (DG

with Qpnq(t) = Zses(_l)lleS,n(t)a where Qs (t) is a polynomial with Qs (1) # 0, with leading term

((n —¥S)asn-ss+ | S| —1> pol—asnoxs
b )

b+1—|S
where g p_ys = fnfizlsw

Part one of the following corollary improves [6][Cor. 2.12].
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Corollary 5.4. With the above notations:

1. reg(Rpnq) <b+1-— [%1 , and the equality is true if and only if

( _ZS) n— +|S|_1
3 rbﬂ](_l)ls< n as bzs ) 20,

S€S,as n-ss=

2. If b+1 > n? then reg(Rpn,a) = b+1—[2EL]. Moreover, the leading term of Qp . o(t) is (("rHTbl]_l)tb“’(%].
Proof

1. It is enough to prove that minges [%] = [HTI] . We consider two cases:

o if b4+ 1 <n then [1] =1 < [ vse s,

n

e If b+1>n, then

b+1<b+1f|S|
n — n—x8

Sb+H)(n—-X5)<nb+1-15))
S b+D)ES>n]|S|;

.. . s b1 |S]
this is true since by hypothesis == > 1> ¢=.

2. Let b+1>n? and S # 0. By definition [HTW is the integer ¢ such that b+1=qn —r, with 0 <r <n
and ¢ > n+ 1. We have

b+1—|S|l=gn—r—|S|=qn—38) —r—| S| +4¢X85,

[
-
o
d
£
JR—

and ¢XS—| S |> (n+1)ES—| S |>nXS > r, so that ¢©.S— | S| —r > 0; hence [b;rii;gl] >q

In general leading terms of the alternating sum can cancel, as we can see in the next example.

Example 5.5. Let us consider the ring Ry 3 (11,1,1,1), the sets S can have 0,1 or 2 elements, and we have: If
S =0 then agz =[2]1=2, if | S|=1 then ags = [3] =2, and finally if | S |=2 then agy =[2]=3. By
using Theorem 5.3 we can write

p Qo(t) —5Q1 () +10Q2(?)
Rysz (1,1,1,1,1) — (1 — t)5 )

with Qo(t) = 5t +...;Q1(t) = 3+ ...;Q2(t) = t> + ... Note that in this case Qo(t) — 5Q1(t) + 10Q2(t) =
ho 4+ hit+ hot?, where hg = 1,h1 =5 and since hg+h1 + ho = deg(R43,(1,1,1,1,1)) = 11, we get hy =5, so that

1+ 5t + 5¢2
PR4,3,(1,1,1,1,1) = W
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