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Abstract: A regular fourth-order differential equation that depends quadratically on the eigenvalue parameter A is
considered with classes of separable boundary conditions independent of A or depending on A linearly. Conditions are

given for the problems to be Birkhoff regular.
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1. Introduction

The spectral theory of Sturm—Liouville operators is well developed due to their intrinsic mathematical challenges
and their applications in physics and engineering. Apart from classical Sturm—Liouville problems, also higher
order linear differential equations occur in applications, with or without the eigenvalue parameter in the
boundary conditions. Such problems are realized as operator polynomials, also called operator pencils. Some
recent developments of higher order differential operators whose boundary conditions depend on the eigenvalue

parameter, including spectral asymptotics and basis properties, were investigated in [2—4, 11, 12].

The generalized Regge problem [13], the small transversal vibrations of a homogeneous beam compressed
or stretched problems investigated in [6—10], the sixth-order problem investigated in [11], and the self-adjoint
higher order problem investigated in [12] have boundary conditions with partial first-order derivatives with

respect to the time variable ¢ or whose mathematical model leads to an eigenvalue problem with the eigenvalue
parameter \ occurring linearly in the boundary conditions. Such problems have an operator representation of

the form
L) =X M —iAK — A (1.1)

in the Hilbert space H = Ly(0,a) ® C!, where [ is the number of eigenvalue dependent boundary conditions.
Spectral theory of differential operators originated from the works of Birkhoff, who defined Birkhoff
regular problems by providing conditions for eigenvalue problems to be regular [1]. Birkhoff also proved in
[1] an expansion theorem for eigenvalue functions and a theorem for the distribution of the eigenvalues of
a Birkhoff regular eigenvalue problem. Stone [15] showed that Birkhoff expansions are equivalent to Fourier
series. Salaff considered in [14] an arbitrary mth order linear differential expression and m linearly independent,
homogeneous, two-point boundary conditions and proved that if the problem is self-adjoint, then it is Birkhoff

regular.
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Separation of variables leads the vibration beam problems investigated in [6—10] to fourth-order boundary

problems with eigenvalue parameter dependent boundary conditions, where the differential equation
y @ —(gy) = Ny (1.2)

depends on the eigenvalue parameter. Mennicken and Méller [5] developed useful tools for the identification of
the Birkhoff regularity of boundary eigenvalue problems. These tools had been used to prove that the problems
under consideration in [6, 8—10] were Birkhoff regular. It follows that the eigenvalues for general g of these
problems are small perturbations of the eigenvalues for ¢ = 0. Hence, the asymptotics of the eigenvalues for
general g were obtained from those of g = 0. Note that the main operator coefficients A in the operator pencils
L(\) defined in (1.1) and investigated in [6, 8-10] are self-adjoint; see [7].

In this paper we consider eigenvalue problems with the operator representation given in (1.1), where the
main operator A is not necessary self-adjoint, consisting of the fourth-order differential equation (1.2) with
separated boundary conditions B;(A)y =0, j =1,2,3,4. The boundary conditions B;(\)y =0, j =1,2,3,4
are independent of A\ or depend on A linearly. We derive conditions for the problems to be Birkhoff regular.
For the definition of the boundary terms B;(\)y, we refer the reader to (2.3). In a forthcoming paper we will
investigate the asymptotics of the eigenvalues for which the problems are Birkhoff regular.

We introduce the eigenvalue problem under consideration in Section 2, while in Section 3 we give

conditions for the fourth-order eigenvalue problems under consideration to be Birkhoff regular.

2. The eigenvalue problem

On the interval [0, a], we consider the eigenvalue problem

y —(gv) = Ny, (2.1)

Bj(/\)y = 07 ] = ]-7 27 33 47 (22)

where g € C1[0,a], a > 0, is a real-valued function and (2.2) are separated boundary conditions independent

of A\ or depending on A linearly. We assume that

Pj aj
Bi(Ny =Y ajny®(ay) +ix D Biay™(ay), (2.3)
k=0 k=0

where j =1,2,3,4 and pg,qx € {—0,0,1,2,3}, at least one of the numbers p;, ¢; # —oc0, j € {1,2,3,4}, and

ajp, = 1if pj # —o0, Bj 4, # 0 if ¢j # —oo, while a; =0 for j =1,2 and a; = a for j = 3,4.
We define
01 ={s€{1,2,3,4} : Bs()\) depends on A}, ©¢ = {1,2,3,4}\O1,
ol =ein{l,2}, Of=6:n{34},
and

A={s€{1,2,3,4} : p, > —o0}, A°=AN{1,2}, A*=AN{3,4}. (2.4)
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Assumption 2.1 We assume that the numbers ps for s € A°, q; for j € ©Y are distinct and that the numbers

ps for s € A%, q; for j € ©f are distinct.

Assumption 2.1 means that for any pair (r,a;) the term y(") (a;) occurs at most once in the boundary conditions
(2.2).

We denote the collection of boundary conditions (2.2) by U and define the following operators related
to U:

Py q;
Uyy = (kzo aj,ky<k>) = 0.1, and Viy = (;?0 ﬁj,ky“ﬂ) , (2.5)

JEO, FISCH

y € Wi(0,a),

where W2(0,a) is the Sobolev space of order 4 on the interval (0, a).

We put [ = |0;] and consider the linear operators A(U), K, and M in the space Ly(0,a) ® C! with

domains

2a) = {7= (11, ) v e Wi, Uy =0}
D(K) = P(M) = Ly(0,a) ® C,

given by
AU))j = (y(4) Ul(ygy')') for § € Z(A(U)), K = (8 ?) and M = (é 8) .

It is easy to check that K >0, M >0, M + K =1 and M|gaw)) > 0. We associate a quadratic operator

pencil

L) = MM —i\K — A(U), MeC (2.6)

in the space L(0,a)@® C! with the problem (2.1), (2.2). We observe that (2.6) is an operator representation of
the eigenvalue problem (2.1), (2.2) in the sense that a function y satisfies (2.1), (2.2) if and only if it satisfies
LMy =0.

We will investigate in the next section the Birkhoff regularity of the problems (2.1), (2.2). That investi-
gation can be conducted using the quasi-derivatives associated with the differential equation (2.1). However, we
will use definitions and properties from [5], so we will use the normal derivatives for our investigation. Hence,

we are going to write the problem (2.1), (2.2) in the form

y @ — (g) = Ny, (2.7)

4
(D w20 + @yt V@) =o. (2.8)

It follows from (2.3) that the representations of w§?,2 and wj(},z, k=1,2,3,4, j=1,2,3,4 are

wj(?k)()‘) =+ i)\ﬁjJC 1f] =1,2,
WD) = 0if j = 3,4,
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while

WAy =0ifj=1,2
{wj7k( ) 7 ) <y (210)

W) = agp i if j = 3,4.

3. Birkhoff regular problems

The characteristic function of (2.1) as defined in [5, (7.1.4)] is 7(p) = p* —1, and its zeros are *~!, k =1,...,4.
We can choose

C(z,p) = diag(1, p, p?, p®) AU DEN

according to [, Theorem 7.2.4 A], where A = u?. Then it follows that the boundary matrices defined in [5,
(7.3.1)] of the problems (2.1), (2.2) are given by

@y e (@27 _
W) = (w202) | Clawp). w=0.1, (3.1)

where a, =0 for v =0, while a, =a for u=1.
It follows from (2.9), (2.10), and (3.1) that

4 4
Y1,k 0
0
wOw= " W= (3.2)
0/ =1 Tak/ k=1

3
where v, = Y (ozj)s + i/ﬂﬁj,s) D5 k=1,2,3,4 and j =1,2,3,4.
s=0

Recall that p; and g; are chosen according to Assumption 2.1, 3;,. # 0 if ¢; € {0,1,2,3} and ajp, =1
if j € A, see (2.4).

Let

v; = max{p;,q; + 2}. (3.3)

Choosing Cs(p) = diag(u*?, p¥2, p¥3, u¥*) according to [5, Definition 7.3.1 and Theorem 7.3.2], it follows that

Co(p)~ W = Wéu) +O0(u=Y), u=0,1, where

W1,k 4 0 4
0 w 1 0
we = G W= (3.4)
0 /=1 Wak/) p—1

and wj ) are the coeflicients of the terms with the highest degrees of the polynomials ;5 in p, k =1,2,3,4,
ji=1,2,34.
The Birkhoff matrices are defined as

WO Ay + W (I = Ay), (3.5)

where Ay, kK = 1,2,3,4 are the 4 x 4 matrices with 2 consecutive ones and two consecutive zeros in the

diagonal in a cyclic arrangement; see [5, Definition 7.3.1 and Proposition 4.1.7]. For definiteness A, Ag,
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As, Ay are respectively the matrices with 2 consecutive ones and two consecutive zeros in the diagonal with
a cyclic arrangement starting respectively from the first, the second, the third, and the fourth columns. It is
easy to see that after a permutation of columns, the matrices (3.5) are block diagonal matrices taken from two

consecutive columns (in the sense of cyclic arrangement) of the first two rows of Wéo) and the last two rows of

Wo(l) respectively.
Let 'y, and I'y 42, k =1,2,3,4 be the matrices respectively obtained from the first two rows and two

consecutive columns of WO(O) and the last two rows and two consecutive columns of Wél) , defined by

w w

FQu ou = 14+2u,k+2u 142u,k+1+2u ki =1.2.3 4: w=0.1. (36)

k) + 9 b b ) ) b
W24 2u,k+2u  W242u,k+1+2u

The indices of the entries of the above matrix are such that k+2u=k+2u—4 mod 4 and k+1+2u =
k+142u—4 mod 4, where u = 0,1. The determinants of the Birkhoff matrices are

det [Wg%k + WV = Ay)] = £det Ty, x det T jpo. (3.7)

The eigenvalue problems under consideration can be classified by the powers p; and g; of the derivatives

in the boundary conditions (2.8). Those classifications are given by:

Dj+2u > Gj+2u + 2,
Pjr2u < ¢jt2u + 2, (3.8)
Dj+t2u = Qjt+2u + 2.

Hence, we have three different cases for each boundary condition. Since we have two boundary conditions per
endpoint, then we have in total nine different cases for each endpoint of which three pairs are redundant. The

three redundant pair cases are:

1) pryou > qri2u + 2, Q2420 +2 > p2i2u and qryou +2 > Pri2u, P242u > G220 +2,
2) Pry2u > Qiy2u + 2, P2y2u = Q2420 + 2 and prioy = qrio2u + 2, Patou > Gatou + 2,
3) @i+2u +2 > Pri2u, P242u = Q2420 + 2 and Pri2u = qriou + 2, @220 + 2 > Patou-

We are going to adopt the following convention to eliminate the redundancies: if exactly one of the
left endpoint boundary conditions depends on A, we will enumerate it as the second boundary condition, and
if exactly one of the right endpoint boundary conditions depends on A\, we will enumerate it as the fourth
boundary condition. In the case where both boundary conditions at the same endpoint depend on A then
the one with the highest ¢; power will be enumerated as the second boundary condition if the two boundary
conditions are left endpoint boundary conditions, while it will be enumerated as the fourth boundary condition

if the two boundary conditions are right endpoint boundary conditions. Hence, we are left with six different

cases for each endpoint that we will denote by Case(“)T7 u=0,1and r=1,2,3,4,5,6. The six different cases
are:

Case™ 1: prioy > qriou +2, Dosou > Gorou +2;
Case™ 2 p1yoy > qryzu +2, Gi20 +2 > Paiou;
Case™ 3: p1yoy > quyzu + 2, Pasou = Ga42u + 2;
Case™ 4: qiiny + 2> Priou, Go42u + 2> Pagous
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Case™ 5: q1100 +2 > Priou; Patou = Gaiou +2;
Case™ 6: P12y = qii2u + 2, P2v2u = G2r2u + 2.
We are now going to evaluate det 'y, 124, Where u = 0,1 and k =1,2,3,4. For the above six cases we
obtain:
Case™ 1: pryoy > qiiow + 2 and poyoy > Goiou + 2.

j(k=14+2wWp1you  ;(k+2u)p1y2u
FQ’Uuk"rQU = i(k—1+2u)p2+2u i(k+2u)p2+2u

and

det Toy 2w = Z’(k+2U)(p1+2u+p2+2u)(i_p1+2u _ Z'—P2+2u) £0, (39)
since pi4oy 7# Pat2u, = 0,1, according to Assumption 2.1.
Case™ 2: pryoy > qiiou +2 and gaiou +2 > payou.

j(k=14+2u)p1i2y i(F+2u)p1t2u
Louktou =
, (k—142 wt1 (k42 utl
Z( )42+ 62+2u,q2+2u Z( u)42+2 B2+2u,q2+2u

and

detT'oy k420 = i(k+2“)(pl“”+q2+2”)+152+2u,q2+2u (g7P1+2u — gma242u) L () (3.10)
as Priou # @2+24, v = 0,1, according to Assumption 2.1.
Case™ 3: pryoy > qrizu +2 and poyoy = Goiou + 2.

i(F=14+2u)p1i2u

Foukrou = (i(kuzu)qﬂgu (i52+2u,lp+2u + (71)k71+2u)

3 (k+2u)p1y2u ) (3.11)
i(k+2u)q2+2u (i62+2u742+2u + (_1)k+2u) -
and
det F2u,k+2u = Z‘(k+2u)(1’1+2u+Q2+2u) {i62+2u,q2+2u (,L'—p1+2u _ i_q2+2u)
+ (_1)k(i_p1+2u + ,L'—Q2+2u)} . (3_12)
Since pi1y2y # gatou, = 0,1, see Assumption 2.1, it follows from (3.12) that
- B (_1)k+1(i_pl+2u + i—q2+2u,)
det F2u,k+2u =0«& 62+2u7Q2+2u - i(i7p1+2“ _ 'L'*112+2u)
—1)k+1(1 iD14+2u —q2+2u
Gl G ). (3.13)

(1 — gP1+2u—02+42u)

Recall that piyou,qiyo. € {0,1,2,3}. Since p1yoy > gog2u +2, u = 0,1, then pi1yoy — qiy20 =3, u=0,1.
Hence, it follows from (3.13) that

det Toy prou = 0 Botougeran = (—1)F, (3.14)
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where k£ =1,2.
Case™ 4: g4 +2 > pryou and gaiou + 2 > Poyou.

F2u,k+2u

B i(k*1+2“)q1+2“+151+2u,q1+2u z'(k+2“)q1+2”+151+2u,q1+2u
= i(k_1+2u)q2+2“+152+2u i(k+2u)q2+2u+152+2u

yqd2+2u sq2+42u
and
det qu’k+2u _ Z»(k+2u)(th+2u+qz+2u)+251+2u’q1+2u 52+2u’q2+2u (Z'_q1+2u _ i—qz+2u)
#0, (3.15)
as q1+2u 7 Q2+2u, © = 0,1, see Assumption 2.1.
Case™ 5: qii0y +2 > prioy and pajoy = Gatau + 2.
i(k_1+2u)ql+2u+161+2u7<h+2u

Do krou = (i(k1+2u)q2+2u (i52+2u,q2+2u + (_1)k71+2u)

i(k+2u)ql+2“+161+2u,Q1+2u (316)
 (k+H2u) g2 420 (2'52+2u7q2+2u + (—1)k+2u)

and

det I'ay pt2u = i(k?+2u)(ql+2u+q2+2u)+1/81+2u7q1+2u {i62+2u,q2+2u (i79ze 92420
4 (_1)16(7;*1114-2“ + Z‘*QQ+2u):| . (317)

Since pi1y2u # gat+ou, u = 0,1, see Assumption 2.1, it follows from (3.17) that

(_1)k+1(i_q1+2u + Z’—Q2+2u)
Z‘(Z'*Q1+2u — i7q2+2u)

det F2u,k+2u =0« /62+2u7qz+2u =

(_1)k+1(1 + iq1+2u7q2+2u)
- (1 — §91+2u—d242u) .

(3.18)

Recall that the numbers pjiou, ¢j+24, J = 1,2 and uw = 0,1 are mutually distinct; see Assumption 2.1. Recall
as well that g149, € {0,1,2,3}. Since patoy = gay2u + 2, then if follows that the pair (po4ou,got2,) only has
two values, which are (2,0) and (3,1). If g142, = 0, then it follows that ga42, = 1 and psi2, = 3, and hence
P1+2u = 2, which is not possible, since gi42,4 + 2 > p142,. On the other hand if g142, = 1, then go42, =0
and poio, = 2, thus piie, = 3 which is not possible since g1424 + 2 > p1y2,. However, if ¢142, = 2, then
G2+24 = 1 and poyo, = 3, and hence pii9, = 0. Finally, if ¢142, = 3, then goy9, = 0 and pajo, = 2 and
it follows that pji2, = 1. Hence, the possible values of the pair (q1424,¢2+24) are (2,1) and (3,0). Thus, it
follows from (3.18) that

(=DF i qriow — gagou = 1,

3.19
(—1)k if  qiyou — Q2420 = 3, (3.19)

det F2u,k+2u =0« 52+2u,q2+2u = {

where k£ =1,2.
Case™ 6: pryoy = qriou + 2 and Poyoy = Goiou + 2.
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Since for p; = q; +2, j =1,2,3,4, we will have p; =3 and ¢; =1 or p; =2 and ¢; =0, j =1,2,3,4.
Hence, p1y2u = 2, g1424 = 0 while poyoy, =3, g2424 =1, u = 0,1 and it follows from the second row of the
matrix (3.11) or (3.16) that

r _ (=) +iB1youo (—1)* 4+ if112u,0
2u,k+2u ik—1+2u((_1)k—1+2u 4 i62+2u,1) ik+2u((_1)k+2u 4 iﬂ2+2u,1)

and
det Toy prou = "2 ((—1)F 7 +iB11ou0) ((—1)% + iBoy2u1)
— " ((D)F 4+ iBryauo) ((F1)F +ifarou)

= (1)~ Brisuo) ((<DF + iBaroun)
~ (=1 + iB11200) (~1F " + B2t 2u1)]

= T i (1) Baraua — (1) Brrzuo
—Br42u0B212u1i + 1 — (=1)*Borou1i + (= 1) B1you0i

+B142u,082+2u,1]

(1= 4" =12 [1 = (=1)*B1i2u,0 + Bas2u,1 (1) + Biri2uo)] - (3.20)

It follows from (3.20) that if
Birouo = (—1)* 1 then  det Ty pion = 2(1 —i)i*71F2 £ 0. (3.21)
However, if 14240 # (—1)¥~!  then

-1+ (—1)k51+2u,o_
(—=1)% + B1+2u.0

det Iy k20 = 0 & Boyou = (3.22)

It follows from (3.9), (3.10), (3.15), and (3.21) and from Case(™ 1, Case(™ 2,
Case™ 4, and Case(™ 6 with Bi42u,0 = (—1)F=1 that:

Proposition 3.1 Let p;,q; € {0,1,2,3}, where pj,q; are as defined in Assumption 2.1, j = 1,2,3,4. Let u
such that u=0 if j=1,2 andu=1 if =3,4. Let k=1,2,3,4. Then

det F2u7k+2u 7& 0

for the following conditions:

1) pryou > Qiv2u +2 and payou > q2i2u + 2,

2) pryow > Qiyouw +2 and qayou +2 > Patou,

3) Qii2u +2 > piyow and qayou +2 > Paiou,

4) pryow = Qri2u + 2, Poyou = @oiou + 2 and Piioyo = (—1)F71.

Remark 3.2 For the remaining following three cases, Case™ 3, Case™ 5, and Case(™ 6 with Bi42u0 #

(—1)’“*1, k = 1,2, some additional conditions are needed for detI'g, 2, # 0. These conditions are given in

Proposition 3.3.
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It follows from (3.14), (3.19), and (3.22) that:

Proposition 3.3 Let p;,q; € {0,1,2,3}, where pj,q; are as defined in Assumption 2.1, j =1,2,3,4. Let u
such that u=0 if j=1,2 and u=1 if 7 =3,4. Let k=1,2,3,4. Then

det oy k420 7# 0

for the following three conditions:
1) pro2u > @razu + 2, Pasou = Qa0 + 2 and Paiouge.s, # (—1)F,
2) q1+4-2u +2> P14+2u, P242u = 92+u +2 and

Bora 4 (=DF i qryow — Geyou =1,
u, w .
e (—1)* if  qiiou — Q2420 = 3,

3) Pit2u = Qii2u + 2, Poyou = @420 + 2, Bryouo # (—1)F7! and
-1+ (_l)kﬂ1+2u,0 )

Bat2u,
242u,1 7é (_1)k ¥ ﬁ1+2u,0
Let C(r,u), r=1,2,3,4,5,6, u= 0,1, be the following conditions:
C(L,u): pig2u > Git2u + 2, Dag2u > Q2420 + 2;
C(2,u): pryou > Qieou + 2, Q2120 +2 > P2you;
C(3,u): Praou > qit2u + 2, Priouw = qot2u + 2 and Boiouge,s. # (—1)F, where k= 1,2;
C(4,u): qiyou+2> Priou, Q2420 + 2> Dagou;
C(5,u): qiyou+2 > Pit2u, D24ou = Q2120 + 2,

3 ” (=D i qriow — qagou = 1,

2+42u, u .
U,q2+4-2 (—l)k lf q1+2u — q2+2u — 3,

where k =1,2;

C(6,u): Priow = Qi42u+2, P2tou = @220 +2 and Biyouo = (1) 71 or prioy = 1424 +2, P2i2u = Gai2u+2,

B —1+ (*1)k51+Qu 0
k-1 :
Biy2uo # (—1) and fa42u1 # (—=1)F + Bi42u0

Then it follows from Proposition 3.1, Proposition 3.3, and [5, Definition 7.3.1 and Proposition 4.1.7] that:

, where k£ =1,2.

Theorem 3.4 The problems (2.1), (2.2) are Birkhoff regular if and only if there are ro,r1 € {1,2,3,4,5,6}
such that the conditions C(rg,0) and C(r1,1) hold.
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