Turkish Journal of Mathematics Turk J Math

(2016) 40: 895 — 904

© TUBITAK

T U B | TAK Research Article doi:10.3906 /mat-1507-13

http://journals.tubitak.gov.tr/math/

Overall approach to Mizoguchi—Takahashi type fixed point results

Giilhan MIKNAK*, ishak ALTUN
Department of Mathematics, Faculty of Science and Arts, Kirikkale University, Yahgihan, Kirikkale, Turkey

Received: 03.07.2015 . Accepted/Published Online: 17.11.2015 . Final Version: 16.06.2016

Abstract: In this work, inspired by the recent technique of Jleli and Samet, we give a new generalization of the well-
known Mizoguchi—Takahashi fixed point theorem, which is the closest answer to Reich’s conjecture about the existence
of fixed points of multivalued mappings on complete metric spaces. We also provide a nontrivial example showing that

our result is a proper generalization of the Mizoguchi—Takahashi result.
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1. Introduction and preliminaries

In 1922, Banach established the most famous fundamental fixed point theorem, called the Banach contraction
principle, for metric fixed point theory. This principle is a very powerful test for the existence and uniqueness
of the solution of considerable problems arising in mathematics and has played an important role in various
fields of applied mathematical analysis. The Banach contraction principle asserts that if (X,d) is a complete

metric space and T : X — X is a contraction mapping, that is, there exists L € [0,1) such that
d(Tz,Ty) < Ld(x, y)

for all z,y € X, then there exists a unique z € X such that * = Tx. This principle has been extended
and generalized in many ways (see [3, 4, 11, 16, 25]). In 1969, Nadler [19] initiated the idea for multivalued
contraction mapping and extended the Banach contraction principle to multivalued mappings and afterwards
proved the following result:

Theorem 1 (Nadler [19]) Let (X,d) be a complete metric space and T : X — CB(X) be a multivalued
mapping, where CB(X) is the family of all nonempty closed and bounded subsets of X . If T is a multivalued
contraction, that is, if there exists L € [0,1) such that

H(T,Ty) < Ld(x.y)

for all x,y € X, where H is the Pompeiu—Hausdorff metric on CB(X) defined by

H(A, B) = max {sup d(x, B), sup d(y, A)} ,
z€A yeDB

and d(z, B) = inf {d(z,y) : y € B}, then there exists z € X such that z € Tz.
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Inspired by his result, since then there has been continuous intense research activity for fixed point
results concerning multivalued contractions, and by now, there are a number of results that extend this result
in different ways (see [6, 7, 9, 14, 15]). Concerning these, Reich [20] proved the following result for multivalued

nonlinear contractions.

Theorem 2 (Reich [20]) Let (X,d) be a complete metric space and T : X — K(X) be a multivalued mapping,
where K(X) is the family of all nonempty compact subsets of X . If there exists a function « : (0,00) — [0,1)
such that
limsupa(t) < 1, Vs € (0,00) (1.1)
t—st
satisfying
H(Tz, Ty) < a(d(z,y))d(z,y),

for all x,y € X with x # vy, then T has a fized point.

In 1974, Reich [21] (see also [22]) asked if we can relax the compactness assumption on 7' to closed and
bounded subsets of X in Theorem 2. This question is called Reich’s conjecture in the literature. Although a
lot of researchers studied this conjecture, it has not been completely solved. There are some partial positive
answers to this conjecture and the nearest answer was given by Mizoguchi and Takahashi [18] in 1989 with the

substitution s > 0 instead of s > 0 in assumption (1.1). They proved the following theorem:

Theorem 3 (Mizoguchi and Takahashi [18]) Let (X,d) be a complete metric space and let T : X — CB(X)
be a multivalued mapping. If there exists a function « : (0,00) — [0,1) such that

lim supa(t) < 1, Vs € [0, 00) (1.2)
t—st
satisfying
H(Tz,Ty) < a(d(z,y))d(x,y), (1.3)

for all x,y € X with x # y, then T has a fixed point.

We can find in [23] both a simple proof of Mizoguchi and Takahashi’s result and an example showing that
it is real generalization of Nadler’s result. We can also find some general fixed point results in these directions
in the literature (see [2, 5, 8, 17]).

On the other hand, an attractive generalization of the Banach contraction principle given by Jleli and
Samet [13] introduced a new type of contractive condition, which throughout this study we shall call -
contraction. First we recall the basic definitions, relevant notions, and some related results concerning 6-
contraction.

Let © be the set of all functions 8 : (0,00) — (1, 00) satisfying the following conditions:

(61) 0 is nondecreasing;

(f2) For each sequence {t,} C (0,00), limy, o0 O(t,) =1 and lim, _,o ¢, = 0T are equivalent;

(03) There exist r € (0,1) and [ € (0, 00] such that lim;_,+ 7‘9(?:1 =1.
Let (X,d) be a metric space and § € ©. A mapping T : X — X is said to be a #-contraction if there

exists a fixed constant k € [0,1) such that
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0(d(Tx, Ty)) < [0(d(x,y))]" (1.4)

for all z,y € X with d(Tz,Ty) > 0.

An easy example of such mapping is the Banach contraction, which can be seen by taking 6(t) = eVt in

inequality (1.4). By choice of function 6(t) = eVt in (1.4), we obtain a contraction type condition

d(Tvay) ed(T:r,Ty)—d(rc,y) < k}Q, (15)
d(x,y) -

for all x,y € X with d(Tz,Ty) > 0.

Now we give some of its important properties. Let 01,0, € ©. If § = g—f is nondecreasing and 6 (t) < 65(t)

for all t € (0,00), then it is easy to see that every 6;-contraction is also a f,-contraction. Thus, if a mapping
T is a Banach contraction, then it satisfies contraction type condition (1.5). In addition, it is clear that if T is
a f-contraction, then T is a contractive mapping, i.e. d(Tx,Ty) < d(z,y) for all z,y € X with x # y. Hence,
every f-contraction on a metric space is continuous. Recently, Jleli and Samet [13] established a fixed point

result for a type of such mappings on complete metric spaces:

Theorem 4 (Corollary 2.1 of [13]) Let (X,d) be a complete metric space and T : X — X be a given mapping.

If T is an 6-contraction, then T has a unique fized point in X .

In the theory of fixed point literature, we can find more papers dealing with #-contraction mappings (see
[1, 12]).

Naturally, the concept of #-contraction was extended to multivalued mappings by Hanger et al. [10]
(see also [24]) and they introduced the concept of multivalued #-contraction: let (X,d) be a metric space,
T:X — CB(X) be a mapping, and 6§ € ©. Then T is said to be a multivalued #-contraction if there exists a
fixed constant k € [0,1) such that

O(H(Tx, Ty)) < [6(d(x,y)))" (1.6)

for all z,y € X with H(Tz,Ty) > 0.

Consequently, they established fixed point results for multivalued €-contractions on complete metric
spaces:

Theorem 5 ([10]) Let (X,d) be a complete metric space and T : X — K(X) be a multivalued 6 -contraction.
Then T has a fized point.

In the following example (Example 2.4 of [10]) we can see that C(X) cannot be replaced by CB(X) under

the same conditions in Theorem 5.

Example 1 ([10]) Consider the complete metric space (X,d), where X =10,2], and d(z,y) =0 if x =y and
dlz,y) =1+ |z —y| if x £y. Define a mapping T : X — CB(X), by Tx =Q if x € X\Q and Tx = X\Q if
x € Q, where Q is the set of all rational numbers in X . Then T is a multivalued 6 -contraction with 0 € ©

defined by 0(t) = eVt if t <1 and 0t)y=9 if t > 1, but T has no fized points.
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However, by taking into account the following condition, which is not strong, on 6, this replacement can

be made:

(64) 6(inf A) = inf (A) for all A C (0,00) with inf A > 0.

Note that if 0 is right continuous and satisfies (), then (64) holds. Conversely, if (64) holds, then 6 is
right continuous. Let = be the family of all functions 6 satisfying (61)—(64).

Theorem 6 ([10]) Let (X,d) be a complete metric space and T : X — CB(X) be a multivalued 6 -contraction
with § € Z. Then T has a fized point.

In the present paper, we give a new generalization of Mizoguchi and Takahashi’s result using this new
approach for multivalued mappings. We will consider the contractive constant k as a function of d(z,y) in
(1.6) and therefore we will introduce a new concept called multivalued nonlinear #-contraction. Later, we give
some fixed point results for mappings of this type on complete metric spaces. In a special case, we obtain the
Mizoguchi-Takahashi result. We also give an example showing that our result is a real generalization of the

Mizoguchi—-Takahashi result.

2. The results
Let (X,d) be a metric space, T : X — CB(X), and 6 € ©. Then we say that T is a multivalued nonlinear

f-contraction if there exists a function k : (0,00) — [0,1) such that
O(H (T, Ty)) < [0(d(x,y)] =D, (2.1)

for all z,y € X with H(Tz,Ty) > 0.

If kK €10,1) is a constant, then T is a multivalued #-contraction, and also, if () = eVt then T is a

multivalued contraction.
Our first result is connected to mapping T : X — K(X). For this, we will use the following lemma:

Lemma 1 Let (X,d) be a metric space and A be compact subset of X . Then, for x € X, there exists a € A
such that d(z,a) = d(x, A).

Theorem 7 Let (X,d) be a complete metric space and T : X — K(X) be a multivalued nonlinear 0 -
contraction. Then T has a fized point provided that

limsupk(t) < 1, Vs € [0,00) (2.2)

t—st

holds.
Proof Suppose that T has no fixed point, i.e. d(z,Tz) >0 for all x € X. Let 2o € X and x; € Txo. Since
0 <d(x1,Tx1) < H(Twxo,Tx1), then from (6;) and using (2.1), we get

0(d(x1, Ta1)) < O(H(Tmo, Ta1)) < [0(d(zo, 21))]FHE0*1) (2.3)

Since T'zy is compact, then from Lemma 1 there exists o € Tzy such that d(x1,z3) = d(x1, Tz1). From (2.3),

0(d(z1,22)) < 0(H(Tzo, T21)) < [0(d(z0, 21))]F(H @071
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By induction, we can find a sequence {z,} in X such that x,4+1 € Tz, and

0(d(n, Tnr1)) < [0(d(@n—1, 0))] ") < O(d(2n1, 20)) (2.4)

for all n € N. Thus, by taking into account (), the sequence {d(z,xn+1)} is decreasing and hence convergent.
From (2.2), there exists b € (0,1) and ng € N such that k(d(x,,zn4+1)) < b for all n > ng. Thus, we obtain,

for all n > ng,

1 < 0(d(wn, 2nt1))
< [G(d(a:n_hxn))]k(d(xn,l,xn))
< [0(d(@ns, Tn))]PEnzEn IR (En10))
< [0(d(zo, 1)) F 0 e R(dEn 2,1 )(d(En-1,20)
—  [0(d(wo0, 1)) F o) K(dl@ng -1 a0 k(Ao ng+1)) k(2201 k(d(zn1.20))
< [B(d(xo, x1))]F 0 Tno+ ) k(d@n—2,@n-1)k(d(@n—1,20))
< [B(d(zo,z))""

Thus, we obtain

p(n—m0)

1< 0(d(zn, Tni1)) < [0(d(zo,21))] (2.5)
for all n > ng. Letting n — oo in (2.5), we obtain
lim 6(d(xn, Tni1)) = 1. (2.6)

n—oo

From (63), lim, e d(®y,Tnt1) = 07 and so from (3) there exist r € (0,1) and [ € (0, 00] such that

lim O(d(n, Tpy1)) — 1

I
n=o00  [d(Tn, Tn1)]

Suppose that | < co. In this case, let B = % > 0. From the definition of the limit, there exists ng € N such
that, for all n > ng,

O(d(zp, Tnt1)) — 1
[d(xn, anrl)]r

-1 <B.

This implies that, for all n > ng,

O(d(zp, Tnt1)) — 1 L
daman) — P F

Then, for all n > ng,

n [d($m xn-&-l)]r < An [O(d(xn, Tpy1)) — 1] )

where A =1/B.
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Suppose now that [ = co. Let B > 0 be an arbitrary positive number. From the definition of the limit,
there exists ng € N such that, for all n > ny,

0(d(xp, Tnt1)) — 1
[d(-rnv xn+1)]T

> B.

This implies that, for all n > ny,
nd(zn, zn41)]" < An[0(d(zn, 2n41)) — 1],

where A =1/B.
Thus, in all cases, there exist A > 0 and ng € N such that, for all n > ny,

nld(zn, Tni1)]” < An[0(d(zp, Tpe1)) — 1] .
Using (2.5), we obtain, for all n > ng,

b(nfn(])

n[d(n, ne1)]” < An |[0(d(x0,21))] 1f.

Letting n — oo in the above inequality, we obtain

nh_{rgon [d(2n, Tni1)] = 0.

Thus, there exists ny € N such that n [d(z,,z,11)]" <1 for all n > n;. Therefore, we have, for all n > ny,

1
nl/r’

d(Zpy Tpt1) < (2.7)

In order to show that {z,} is a Cauchy sequence, consider m,n € N such that m > n > n;. Using the

triangular inequality for the metric and from (2.7), we have

d(xna xm) S d(wn» xn+1) + d(xn+1a xn+2) +-- d(xmfla mm)

m—1 0o o] 1
Z d(zs,zi41) < Zd(l‘i,l‘iﬂ) < Z BV

oo
By the convergence of the series > #, letting to limit n — oo, we get d(zy,z,;,) — 0. This yields that {z,}
i=1

is a Cauchy sequence in (X,d). Since (X,d) is a complete metric space, the sequence {x,} converges to some
point z € X, that is, lim,, o0 T, = 2.
On the other hand, from (2.1), for all z,y € X with H(Tz,Ty) > 0, we get

H(Tz,Ty) < d(z,y)

and so
H(Tz,Ty) < d(z,y)

for all x,y € X. Then we get
d(xpt1,T2) < HTx,, Tz) < d(xp, 2).
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Letting n — oo in the above, we obtain d(z,Tz) = 0. This contradicts that 7" has no fixed point. Thereby,
this completes the proof. O
As shown in Example 1, we cannot take CB(X) instead of K(X) in Theorem 7. However, by adding the

condition (64) on €, we can give the following:

Theorem 8 Let (X,d) be a complete metric space and T : X — CB(X) be a multivalued nonlinear 0-
contraction with @ € 2. Then T has a fized point provided that the condition (2.2) holds.

Proof Suppose that T has no fixed point, i.e. d(z,Tz) >0 for all z € X. Let 29 € X and x; € Tzg. Since
0 <d(zy,Tx1) < H(Txo,Tx1), then from (6;,) and using (2.1), we get

0(d(x1, Txy)) < 0(H(Txo, T21)) < [0(d(zo, 21))]F ¢ @071 (2.8)
From (64), we can write

O(d(x1,Tx1)) = yél’ll“fwl 0(d(z1,y))

and so from (2.8) we have

Jnf O(d(ary) < [Od(ro, )] ) (2.9)

< [B(d(wo, @)V A

Then, from (2.9), there exists xo € Tz such that

0(d(z1,22)) < [0(d(zo, 21))]V F @0z

By induction, we find a sequence {x,} in X such that x,41 € Tz, and

0(d(@n, Ta41) < [O(d(n, 3n—))]V AT
for all n € N. The rest of the proof can be completed as in the proof of Theorem 7. O

By considering 0(t) = eV and k(t) = \/a(t) in Theorem 8, we can obtain the following corollary, which

is the famous Mizoguchi—Takahashi fixed point result for multivalued nonlinear contractions:

Corollary 1 (Mizoguchi-Takahashi) Let (X,d) be a complete metric space. Suppose that T : X — CB(X)
satisfies
H(Tz, Ty) < a(d(z,y))d(z,y),

forall x,y € X, x # vy, where a: (0,00) = [0,1) satisfying limsup,_, .+ a(t) <1 for all s € [0,00). Then T
has a fized point.

The following provided nontrivial example shows that the investigation of this paper is significant.
Example 2 Consider the complete metric space (X,d), where X = {% :n € N}U{0} and
0 , T=Y
d(z,y) =
max {z,y} , z#y
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Define a mapping T : X — CB(X) by
{0} , =0

Tx =

1 1 _ 1
{0,—n+1,—n+27--~} , x=:,neN

We claim that T is multivalued nonlinear 0 -contraction with 6(t) = eV and k : (0,00) = [0,1) defined by

Ve~ , ift:%forneN

0 , otherwise

k(t) =

It is clear that limsup, ,.+ k(t) = 0 < 1 for all s € [0,00). Observe that taking 6(t) = eV the

contractive condition (2.1) turns to

H(Tx,Ty) H(Tz,Ty)—d(z,y) 2
i St Al 2P ' V< [k(d(z, .
(. y) < [k(d(x,y))]

In fact, if t =L and y = % with m > n, then

n

H(T2,TY) p(re,ry)-d@y) < mHleh-d

and ifa:z% and y =0, then

H(T'TaTy) eH(Tx,Ty)—d(x,y) < ntlooE-a
d(z,y) .

This shows that T is a multivalued nonlinear 6-contraction, and therefore all conditions of Theorem § are
satisfied and so T has a fized point.

Now we show that Mizoguchi and Takahashi’s result cannot be applied to this example.

Suppose that there exists a function « : (0,00) — [0,1) satisfying (1.2) and (1.3). Then, for x =0 and

Y= %, we get

H(Txz,Ty) =

1 1
dd(z,y) =
n+1 and d(z, y) n’
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and so we obtain

or

H(Tz,Ty) < a(d(z,y))d(z,y)

" <a(5)
a(—).
n+1~ 'n

Taking the limit supremum as n — oo in above, we have

1
1 <limsupa(—) < limsupa(t) < 1,
n—00 n t—0+

which is a contradiction.
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