Turkish Journal of Mathematics Turk J Math
(2016) 40: 789 — 805

© TUBITAK
TUBITAK Research Article doi:10.3906/mat-1507-11

http://journals.tubitak.gov.tr/math/

Idempotents of the Green algebras of finite dimensional pointed rank one Hopf
algebras of nilpotent type

Zhihua WANG”*
Department of Mathematics, Nanjing Normal University Taizhou College, Taizhou, P.R. China

Received: 03.07.2015 ° Accepted/Published Online: 18.10.2015 . Final Version: 16.06.2016

Abstract: In this paper, we intend to study idempotents of the Green algebra (complexified Green ring) of any finite
dimensional pointed rank one Hopf algebra of nilpotent type over the complex number field. We first determine all one
dimensional representations of the quotient algebra of the Green algebra modulo its Jacobson radical. This gives rise to
all primitive idempotents of the quotient algebra. Then we present explicitly primitive idempotents of the Green algebra
by lifting the ones of the quotient algebra. Finally, as an example, we describe all primitive idempotents of the Green
algebra of the Taft algebra T5.
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1. Introduction

As we all know, the finite dimensional module category of any finite dimensional Hopf algebra is a tensor
category, where the tensor product of any two indecomposable modules can always be decomposed as a direct
sum of indecomposable modules. However, there is a less obvious way to obtain this decomposition. One
method of addressing this problem is to consider the tensor product as the multiplication of the Green ring (or
the representation ring), and to study the ring-theoretical properties of the Green ring, due to J. A. Green for
the study of the modular representations of a finite group [4]. A lot of work have been done in this direction,
see e.g. [1, 3, 12, 18].

According to the Krull-Schmidt theorem, one knows that the Green ring of a Hopf algebra is a free
Z-module with the isomorphism classes of indecomposable modules as a basis, see e.g. [2, 11, 16]. It is natural
to think about how nilpotent elements, idempotent elements, etc., of the Green ring are expressed as a linear
combination of the basis. The problem has been considered in many special cases. For instance, the authors in
[12] presented all nilpotent elements of the Green rings of the generalized Taft algebras as a linear combination
of a basis. For an acyclic quiver @, the authors in [9] studied idempotents of the Green ring of @) and gave a
general technique for constructing such idempotents and for decomposing the Green ring into a direct product
of ideals. For any semisimple almost cocommutative Hopf algebra, all primitive idempotents of its complexified
Green ring (Green algebra) were obtained in [19], where the characters of the Green algebra were used to give
a linear expression of idempotents.

In [17], we studied the Green ring of any finite dimensional pointed rank one Hopf algebra of nilpotent
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type. It turned out that the Jacobson radical of the Green ring is a principal ideal generated by a special
element expressed linearly by a basis and unfortunately the Green ring has only the trivial idempotents. In this
paper, we turn to the study of idempotents of the complexified Green ring (Green algebra) over the complex
number field C.

The paper is organized as follows. In Section 2 we recall the algebra and coalgebra structure of any finite
dimensional pointed rank one Hopf algebra of nilpotent type, and present its Green ring in terms of generators
and relations. In section 3, we first determine all one dimensional representations of the quotient algebra of the
Green algebra modulo its Jacobson radical. Note that the quotient algebra is commutative semisimple over the
complex number field. Each representation of the quotient algebra determines a primitive idempotent of the
quotient algebra, and vice versa. This gives rise to all primitive idempotents of the quotient algebra. After that,
we obtain the primitive idempotents of the Green algebra by lifting those of the quotient algebra. In section 4,
as an example, we completely determine primitive idempotents of the Green algebra of the Taft algebra T5.

Throughout, N, Z, and C stand for the sets of natural numbers, integers, and complex numbers,
respectively. The symbol §; ; is the Kronecker delta. All algebras considered are associative with unity 1 over
the complex number field C. The complex primitive [-th root of unity is usually written as cos QT’T + isin 27",

2

where * = —1. If V is a finite dimensional vector space over C, its dimension as a vector space is denoted

dim V. For standard facts about Hopf algebras and related representation theory, we refer the reader to [8, 13].

2. Preliminaries
In this section, we recall some basic facts about finite dimensional pointed rank one Hopf algebras of nilpotent
;17

type and present the Green rings of such Hopf algebras in terms of generators and relations. We refer to |

for more details.

2.1. Hopf algebra structure of H
Throughout, G is a finite group, g is an element in the center of G, x is a C-linear character of G subject
to x™ =1, where n is the order of x(g). Then [, the order of x, is divisible by n. Let H be a Hopf algebra

constructed through the group (G, x,g). More explicitly, H is generated as an algebra by y and all h in G
such that CG is a subalgebra of H and

y" =0, yh = x(h)hy, for h € G.
H is endowed with a Hopf algebra structure, where the comultiplication A, the counit €, and the antipode S

are given respectively by

AW =yeg+10y, e(y) =0, Sy) =—yg~",
A\h)=h@h, e(h)=1, S(h) =h"",

for all h € G.
The Hopf algebra H is indeed a finite dimensional pointed rank one Hopf algebra of nilpotent type with

a C-basis {y’hlh € G, 0 <i <n—1};see [10, 17]. Thus dim H = n|G/|, where |G| is the order of G.
Typical examples of such Hopf algebras include the (generalized) Taft algebras [2, 12, 15], the Radford
Hopf algebras [14], the half quantum groups [5], etc. What we need to emphasize is that any finite dimensional

pointed rank one Hopf algebra of nilpotent type can always be obtained from this approach [10, Theorem 1].
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Observe that if the order of x(g) is n = 1, then H is nothing but the group algebra CG. To avoid this, we
always assume that n > 2 throughout this paper. In this situation x(g) # 1; this implies that g # 1 and
XFE-

2.2. Indecomposable representations of H

Since the Jacobson radical J of H is generated by y and H/J = CG, a complete set of nonisomorphic simple
CG-modules forms a complete set of nonisomorphic simple H-modules. In the sequel, we fix such a complete
set {V; | i € Q} consisting of nonisomorphic simple CG-modules (and also simple H-modules). Note that
0 € Q as we denote Vi = C, the trivial H-module.

Let & be a variable. For any k € N and i € Q, consider 2FV; as a vector space in the obvious way. Then
z*V; becomes a CG-module defined by

h(zFv) = x % (h)2z"ho,
for any h € G and v € V;. For 1 < j <n, we define an action of y on the direct sum

M(]vz) ::Vvi@ﬂﬂ/;@...@xjfl‘/i

as follows:
A Py, 0<k<j—2,
y(z'v) = :
07 k= J— 17
for any v € V;. Then M (j,i) becomes an H-module with dim M(j,7) = jdim(V;). It is easy to see that

v
M(1,i) =2 V;. In particular, the set {M(j,7) | i € Q, 1 < j < n} forms a complete set of finite dimensional

indecomposable H-modules up to isomorphism [17, Theorem 2.5(4)].

2.3. The Green ring of H

Let F(H) be the free abelian group generated by the isomorphism classes [M] of finite dimensional H-modules
M. The abelian group F(H) becomes a ring if we endow F(H) with a multiplication given by the tensor
product [M][N] = [M ® N]. The Green ring (or representation ring) r(H) of the Hopf algebra H is defined to
be the quotient ring of F'(H) modulo the relations [M & N| = [M] 4 [N]. The identity of the associative ring
r(H) is represented by the trivial H-module [Vp]. Note that »(H) has a Z-basis consisting of the isomorphism
classes of indecomposable H-modules [17]. For brevity and simplicity we denote by M][j,i] the isomorphism
class of indecomposable H-module M(j,i) in r(H). In particular, we set 1 = [Vj] and a = [V, -1]. Then the

order of a is [. The following proposition comes from [17, Proposition 4.1].

Proposition 2.1 The following hold in the Green ring r(H) of H :
(1) Mlj,i) = [VIM[j,0] = MIj,0)[Vi], for i €@ and 1< j <.
(2) M[2,0]M[j,0] = M[§,0]M[2,0] = M[j+1,0] +aM[j —1,0], for 2<j<n-—1.
(8) M[2,0]M[n,0] = M[n,0|M[2,0] = (1+ a)M|n,0].

(4) r(H) is a commutative ring generated by [V;] for i € Q and M[2,0] over Z.
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It can be deduced from Proposition 2.1 (3) that
Mls,0|M[n,0] = (1 +a+---+a* "YM[n,0], for 1 < s < n. (2.1)

Now we are ready to give the structure of the Green ring r(H) in terms of generators and relations. Let Zly, 2]
be the polynomial ring with variables y and z over Z and F;(y,z) the Dickson polynomials (of the second

type) defined recursively as follows (see e.g. [7]):
Fl(yvz) = ]-7 FQ(Z/,Z) =% E(yaz) = ZFi—l(yvz) - yﬂ—Z(yvz)7 i >3 (22)

Then the Green ring r(H) can be described as follows (see [17, Theorem 4.3]).

Theorem 2.2 The Green ring r(H) is isomorphic to the quotient ring r(CG)[z]/I, where r(CG)[z] is the
polynomial ring with variable z over the Green ring r(CG) of the group algebra CG, and I is the ideal of
r(CG)z] generated by (1+a— z)Fy,(a,z).

The Jacobson radical of r(H) is a principal ideal generated by the element M|n,0]6, where 6 =
(1 —a)(1+a"+a2" + -+ al~Hn) . Moreover, the square of M[n,0]0 is equal to zero by (2.1).

The Green ring r(H) of H can be embedded into the Green ring of a finite dimensional pointed rank
one Hopf algebra of nonnilpotent type [18, Section 4]. Note that the latter Green ring has only the trivial

idempotents [18, Theorem 6.5]. In view of this, »(H) has only the trivial idempotents as well.

3. Idempotents of the Green algebras

Since the Green ring r(H) has only the trivial idempotents, in this section, we intend to study idempotents of
the complexified Green ring R(H) := C®yr(H), called the Green algebra of H. We first determine all primitive
idempotents of the quotient algebra R(H)/J(R(H)), where J(R(H)) is the Jacobson radical of R(H). Then
idempotents of the quotient algebra are candidates to be lifted to the idempotents of R(H).

3.1. One dimensional representations of the quotient algebra

Since the Green algebra R(CG) := C®z7(CG) is commutative semisimple over the field C, there are || simple
R(CG)-modules and each of them is of dimension one. Let {W; | i € Q} be the set of all nonisomorphic (one
dimensional) simple R(CG)-modules and {e; | i € 2} the set of all primitive orthogonal idempotents of R(CG)
satisfying e;W; = 6; ;W;, for 4,7 € . We denote by w = cos 27” + 4 sin 27” a primitive [-th root of unity. Note

that the order of a is [. Then the action of a on W; is a scalar multiple by w'/, for some 0 < ¢; <[—1. Thus,

— tip.
afE we;.

JEQ
According to the exponent t;, one can divide the index set {2 into three parts:

O ={j|jet =0}
. l
ng{j\jEQ,tj;«éOandﬁJ[tj},
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L l
Qy={jljei;#0and —|t;}.

Then Q = Q1 U Qs UQ3, which is the disjoint union of subsets of (2.
In order to describe simple modules over R(H)/J(R(H)), we need to determine all distinct roots of the
equation
(1+wh —2)F,(w',2) =0, (3.1)

for any j € Q.

Lemma 3.1 Let o =cos ™ +isin . Then the distinct roots of the equation (3.1) can be described as follows:

(1) If j € Q3, then the equation (3.1) has n — 1 distinct roots:
i = Vwli(af +a7%), for1<k<n-1.
(2) If j € Q1 UQq, then the equation (3.1) has n distinct roots:
ajp = Vwli(d® +a™), for1<k<n—1and a;, =w +1.

Proof Let b, = cos(thTr +35) +i Sin(thﬂ + 3%). Then b? = —w'% . The relationship between the polynomials

Fp.(w', 2) and the Fibonacci polynomials F(—1,z) are established by induction on k as follows:
F(w",2) = b Fr(=1,b;"2), for k> 1.

In particular, F,(w%, z2) = b?_an(—l,belz). Since the distinct roots of the equation F,(—1,2) = 0 are

2icos BT = j(a* +a7F), for 1 <k <n—1, see e.g. [0], it follows that the distinct roots of Fy,(w,z) =0 are

n

. km
o = 2bjicos —
’ n

t,
= (cosg + isin g)(cos(JTﬂ-

t; t;
= (COS]T7r + isin jTW)(cu’C +a7h)

= Vwti(a® +a7F),

for 1 <k <n-—1. Here Vwt stands for cos t]Tﬂ + isinth’T. This implies that the equation (3.1) has roots
w' +1 and Vwli(a¥ +a~*), for 1 <k <n—1. Now w' +1 = Vwli(a* +a~*) if and only if cos 4" = cos &=
if and only if £ =s and t; = %, for a unique 1 < s < n — 1. We obtain the desired results. O

Let W, be a simple R(H)-module lifted by W;. That is, W, j is the same as W; as an R(CG)-module,
while the generator M([2,0] of R(H) that acts on W; is the scalar multiple by «;, which is a root of the
equation (3.1) by Lemma 3.1. It follows that

Wik |jeEMUQ1<k<n}U{W,i|j€s1<k<n-—1}
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forms a complete set of simple R(H)-modules up to isomorphism. Obviously, the set above is also a complete
set of simple R(H)/J(R(H))-modules since every simple R(H )-module is annihilated by the Jacobson radical
J(R(H)) of R(H). For any x € R(H), the image of z under the natural map R(H) — R(H)/J(R(H)) is
denoted by Z. For any simple R(H)/J(R(H))-module W j, there exists a unique algebra morphism ®; ; from
R(H)/J(R(H)) to C such that

‘bj,k(a) = 5¢,j, @jvk(a) = w% and ‘bj7k(M[2, 0]) = Qj k- (32)

Conversely, every algebra morphism from R(H)/J(R(H)) to C is determined in this way since R(H)/J(R(H))
is commutative semisimple over C. Hence there is a one to one correspondence between the set of nonisomorphic
simple R(H)/J(R(H))-modules and the set of distinct algebra morphisms from R(H)/J(R(H)) to C.

Lemma 3.2 For the algebra morphism ®; . defined above, we have the following:

(1) If j e UQUQ3 and 1 <k <n-—1, then

ks —ks

®; 1 (M, 0]) = (Va1 2

ok — -k

for 1 <s <n. Moreover, ®;,(M[n,0]) =0.

(2) If j € Q1 UQy and k =n, then

1— stj .
wt y J EQQ7

Djn(Ml[s,0]) = { e

S, jEQh

for 1<s<mn.
Proof (1) By induction on s. If s =1, it is trivial since M1, 0] is the identity of R(H)/J(R(H)). If s =2,
then ®; 1 (M[2,0]) = o = Vwhi(a® + a=F) by (3.2). Suppose it holds for s <i. To prove the case s =i+ 1,

we have by Proposition 2.1 (2) that

@, (NI 1 1,0])

= @ (M[2,0]) @, (M[i, 0]) — ®;1.(@) P (M[i — 1,0])
=Vl (0¥ + a™F)(Vwl ) T ((@F) T+ (@F) TP 4 4 (a) )
— Wl (VWi ) T2 (0F) 72 4 (o) T 4o (0F)2T)

= (Vwli ) ((a¥) + (@) 2 4+ (a¥)7)

E(i+1 —k(i+1

af — ak

Moreover,

because @ = cos % + i sin %
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(2) If j € Q1 UQy and k = n, it follows from (3.2) that

®;,(M[2,0]) = aj, = wh + 1.

Now the result follows by induction on s. O

3.2. Two bases of the quotient algebra

Let Ej belong to R(H) such that Ejj is a primitive idempotent of R(H)/J(R(H)) and ®; s(Ej i) = 0; j0s k-
Then
{Ej’k |j€QlUQ271 Skgn}U{Eng |j€Q3,1§k§n—1}

forms an orthogonal basis of R(H)/J(R(H)). Moreover, there is another basis of R(H)/J(R(H)) that we need.

Lemma 3.3 We have the following:
(1) The set {e;M[k,0]|j€Q,1<k<n} forms a basis of R(H).
(2) The set {e;M[n,0]|j € Qs} forms a basis of J(R(H)).

(3) The set {e;M[k,0] | j € QU Qa1 <k < n}U{e;M[k,0]|j€ Q,1<k<n-—1} forms a basis of

R(H)/J(R(H)).
Proof (1) Observe from (2.2) that the k-th Dickson polynomial Fj(a, z) is of degree k — 1 with the leading
coefficient 1 in the polynomial algebra R(CG)[z]. Let I be the ideal of R(CG)[z] generated by the element
(1+a—2)F,(a,2). Then the quotient algebra R(CG)[z]/I has a C-basis e;Fj(a, z), for j € Q@ and 1 <k < n.
The Green algebra R(H) is isomorphic to R(CG)[z]/I (see [17, Theorem 4.3]), where the isomorphism is given
by

R(H) — R(CQ)[2])/I, e;Mk,0] — e;F)(a, 2).

We conclude that e;M[k,0] for j € Q and 1 < k <n forms a basis of the Green algebra R(H).

(2) It j € Qg, then

(nonyy; _ L=w™

14wl + w2t oo 4w :
1—wh

Note that M[n,0]> = (1+a+---+a""')M([n,0] and eja = w'ie;. Then
(e;M[n,0])* = e;M[n, 0]
=ej(l+a+a*+---+a" " H)Mn,0
=e;(1+wh +w? + .. 4w D8 M[n, 0]
=0.
This implies that e;M[n,0] € J(R(H)) for j € Q3. Moreover, it forms a basis of J(R(H)) since e;M|n,0] for
j € Qg is linear independent by Part (1), and the dimension of J(R(H)) is equal to the cardinality of Q3 by

[17, Proposition 5.2].
(3) It follows immediately from Part (1) and Part (2). O
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3.3. Basis transformation

In the following, we shall present the primitive orthogonal idempotents E; ; as a linear combination of the basis
of R(H)/J(R(H)) given in Lemma 3.3 (3).
Let A =", BixEi be an arbitrary element of R(H)/J(R(H)) for f; ) € C. The equality ®; x(Ej,s) =

0; j0k,s implies that ®; x(A) = S, 1. It follows that

A= Z ®; k(A Es .
ik

By replacing A with e;M][s, 0], we obtain that

ejM[s’ 0} = Z (bi,k(ejM[sv O])m = Z (I)J}k(M[& 0])%? (3.3)
ik k

where the sum ), runs from 1 to n if j € Q1 Uy, and from 1 to n —1 if j € Q3.

For any j € ;3 UQy U3, we consider the following matrix:

@;,1(M[1,0) Djo(M[L,0) - @50 (M[1,0))
A ®;1(M]2,0]) Dj2(M[2,0) - PBjn-1(M]2,0])
<I)J,1(M[n— 1,0]) (1)372(M[1’L— 1,0]) <I>J7n_1(M[n— 1,0])

By Lemma 3.2, the (s, k)-entry of the matrix Aj is

ks —ks

B, 4 (M[s,0]) = (Ve )+ =%

ok — -k

where 1 <k <n—1 and o —a=" # 0. Let B be the matrix with (k, s)-entry o** —a =% for 1 < k,s <n—1.
Let C; and D be two diagonal matrices given respectively by

C; = diag(1, \/E, (m)27 REEI (\/E)nﬂ)v

and

12 2 n=l _ = (n=1))

D=diagla —a o —a -«

It is clear that B is symmetric, Aj = C;BD™! and A;j is invertible with the inverse Aj_1 = DB_l(JJ._l.
Suppose the (k, s)-entry of the matrix B™1 is 6 s, for 1 < k,s <n — 1. Then the (k,s)-entry of the matrix
-1 .
Aj is
Bt = (Vi)' =0 — a )b,

s =

for 1 < k,s <n—1. We are ready to present the primitive orthogonal idempotents £} as a linear combination
of the basis of R(H)/J(R(H)) given in Lemma 3.3 (3).
Case 1: j € Q3 and 1 <k <n— 1. Then the linear relations (3.3) can be written as follows:

ejM[lvo] m

e;M[2,0 Ejo

’ .[ ] = A ! (3.4)
ejM[n— 1,0] Ej,nfl
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Observe that the (k,s)-entry of the matrix AJ71 is ﬁ,(fz, It follows from (3.4) that the idempotents E; ; could

be expressed as a linear combination as follows:

n—1
Ej = Z B Je; M[s,0] = (a* — a™F) 3~ (Vils)' =0y, ;M [5, 0], (3.5)
s=1

for jeQzand 1<k<n-1.
Case 2: j € Q3 UQ and 1 <k <n. Then the linear relations (3.3) can be written as follows:

e; M1, 0] Eja
e M2,00 |/ A; b Eje (3.6)
: Lo ] '
e;M[n, 0] E;n
A; b . . . . . .
where 0 s is a block matrix with the entries determined by Lemma 3.2. More explicitly, the column
vector
1
14w
b= ) ,
14+ whi 4+ w2t ... 1 (=2)
the row vector 0 is a zero vector, and the scalar § = 14w’ 4+ w? + ... +w™= Dt £ 0. Similarly, the matrix

< i b > is invertible with the inverse given by

0 6
Aj b\ TN (AT —5TATTD
0 ¢ N 0 5t '

where —5'A; b is a column vector with the k-th entry

5! Z(l 4w w(s—l)tj) ’(gJ,g,

for 1 <k <n—1. Now the idempotents Ej;; for j € ; Ul and 1 <k <n—1 could be expressed as follows:

n—1 n—1
Ejr= Zﬁk ejMls, e;M[s,0] — 6! Z (14w ~--+w(571)tj)ﬁ,(€])gejM[n,O]
s=1
14 whi 4=t
Z 5’82 (e;M BT reT e; M|n,0]) (3.7)

n—1

) . 14w
(ko V1 )
=(a" —«a )5521(\/wt1) *Ok,s(e; M (s, 0] — TR Ty e;jM([n,0]).

The idempotents Fj; for j € 3 UQy and k£ =n could be expressed as follows:

1
1 + wtj + -+ w(nfl)tj

E;,=6"e;Mn,0] = e;M(n,0]. (3.8)
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3.4. Liftings of idempotents

We have obtained the primitive orthogonal idempotents E j as a linear combination of a basis of R(H)/J(R(H))
as shown in (3.5), (3.7), and (3.8) for each case. In the following, we delete the upper bar in the equations (3.5),
(3.7), and (3.8) and obtain the elements E;; in R(H) as follows:

o Eip:=(aF—a™F) Zz;ll(\/wtj)1’50k,sejM[s,0], for jeQgand 1<k<n-1

n— \N1—s w4t (5=t .
o By = (aFf — Ofk)zszf(‘/wt’)l Or se;j(M][s, 0] — iiwtjimj-_w(”*“‘]j Mi[n,0)), for j € Q1 UQy and

1<k<n-1.

° Eng =

1+wtj+---1+w<"*1)fj e;M[n,0], for j € Q1 UQy and k =n.

Now the idempotents of R(H) can be described explicitly as follows.
Theorem 3.4 Let e;j be the idempotent of R(H) satisfying €5 = Ej .
(1) If j e 1 UQq, then e = Ej i, for 1 <k <n.

(2) If j € Qs, then ej = E; ; + vjre;M[n,0], for 1 <k <n—1, where

(s+t)nt,j _ (s+t)ntj
Vi = (1 =20, n; ) —7 o > Orsbrala T —a T

al =« t s+t—1>n

Proof (1) Note that e;j is the idempotent of R(H) such that &, = F, . It follows that e;, — E; 1 €
J(R(H)). For any ¢ # j, we obtain that e;e;; € e;J(R(H)) C J(R(H)) since e;(e;r — Ej k) € e;J(R(H)) and
eiE;, = 0. It follows that e;ej; = 0 because e;e; is an idempotent as well. Hence e; 5, belongs to e; R(H).
By Lemma 3.3 (2), we have that

ek — Ejx € ¢;R(H) N J(R(H)) = e;J (R(H))

_ {sp{ejM[n,ou, j €9 59)

0, Jj € UQs.

Therefore, Part (1) is proved.
(2) By (3.9), we denote by e; = E; x+7;1e;M[n,0] for j € Q3 and v, € C. Note that (J(R(H)))? = 0.
We have

Ejk +7jke;Mn, 0] = (B + vje;M[n,0))* = E2 ) + 27, xe; M[n, 0] Ej .
This implies that
E? ) — Ejx = vjk(e;M[n, 0] — 2¢;M[n, 0] Ej ).

>
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Note that a =}, qw"e; and eja = w'e;. We have

e;M([n,0]E;

n—1

= (¥ —a™) Y " (Vwl) #0; ce; Mn, 0|M([s, 0]
s=1
n—1

= (af =) (Vwlhi) "0 se;(1+ a+ -+ a* ) M[n, 0] (3.10)
s=1
n—1

= (" —a7) Z(ij)l—sek,su +wh w(s_l)tj)ejM[n, 0]
s=1
n—1 woSti 1

k —k /S ti\1—s —
:(O[ — );( wt]) 9k7sm€jM[n,0}.

Note that j € 3 implies that % | t;. Suppose t; = %p for some integer p; then

tym o 4w T ., pT iz}
Vwti = cos 22— + isin -L— = cosp— +zs1np— =l =a 7.
l l n n
Now (3.10) can be written as
2snt;
. L n—1 (1ot o lj 1
e;M[n,0|E;, = (o —a™") E O T Op s ——¢; M([n, 0]
s=1 [ _1
k —k n-1 . .
)] — sntJ _sntJ
= ntj ntJ ejM[n7 O] E ek,s(a ! e l )
a T — o T s—1
k —k
a® —
a T —a T B
= 5k7#ejM[n,O];

sntj sntj

T —a” T ) =0, ny since BT'B = E, the identity matrix. Hence,

1

here 22;11 O, s (v

E) — Ejr =% — 28,, vt; e M(n, 0]. (3.11)

The rest is to determine the coefficient of the term e;M[n,0] in E]?’k — Fj . Note that Ej;; has no term

e;M[n,0]. It suffices to consider the coefficient of the term e;Mn,0] in Ejzk Note that

n—1

B2y = (o — ™) > (VW) "0 .e;M[s, 0])?
s=1
n—1
= (ak — a_k)2 (thj)Q_S_tﬁk’SGk,tejM[&O]M[LO].
s, t=1

799



WANG /Turk J Math

By [17, Proposition 4.2], the term e;M[n,0] appears in e;M[s,0]M|t,0] if and only if s +¢ —1 > n. In this
case, it is straightforward to check that the term e;Mn,0] in e;M[s,0]Mt, 0] is

s+t—1—n s+t—1—n

Soe( > a)Mn, 0= Y (Y w)e;Mn,0]
s+t—1>n q=0 s+t—1>n q=0
1 — lstt—n)t; 1 — s+t
= Z 1—whi e;M{n, 0] = Z 1—wh ¢ Mn. 0]
s+t—1>n s+t—1>n
We conclude that the coefficient of the term e;M|[n,0] in E, is
B L 1— w(ert)tj
(@ —a™")? Z (Vwhi )20k oOr s 1 — ot
s+t—1>n
Da ko —ky\2
aT (af — o (s+t)nt; _ (sttynt;
= nt(j ntj) Z ek,sek,t (a t : -« l :
a’l —a 1 s+t—1>n

nt;
since Vw! = aT . Comparing the scalars of the equation (3.11), we conclude that

—L Kk —k\2 N )
a1 ot — o (s+t)nt,; _ (s+t)nt
( ) S Oksbrila T —am T ) =7 — 20, ny)-

]
ot —a s+t—1>n

Therefore,

‘n,tj k _k\2

a T (OL —« ) (s+t)nt; _ (s+t)nt;
Yik = (1— 26k,"%j) n g > Oksbri(a T —a T

a o —« ! s+t—1>n

We complete the proof. O

4. An example

As an example, we shall determine all primitive idempotents of the Green algebra of Taft algebra T5.

4.1. Taft algebra T3

Let a =cos 5 +isin§ and w = a?. Then w is a primitive 3rd root of unity. The Taft algebra T3 is generated

over the ground field C by two elements g and y subject to the relations (cf. [2, 15])

@ =1, 9y"=0, yg=uwgy.

T3 is a Hopf algebra with comultiplication A, counit ¢, and the antipode S given respectively by
AW =veg+1®y, e(y) =0, Sy) =—yg™",

A =g®g, el9)=1, S(g)=g"
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Note that dim73 = 9 and {g¢’y? | 0 < i,j < 2} forms a C-basis for T3. Let G be the cyclic group
generated by ¢ and x a C-linear character of G such that x(g) = w. Then T3 is the pointed rank one Hopf
algebra associated to the group datum (G, x,g) and {M(j,i) | i € 2,1 < j < 3} forms a complete set of
indecomposable T5-modules up to isomorphism, where Q = {0, 1, 2}.

The Green ring r(7T5) of T5 is commutative with a Z-basis M[j,4i] for 0 < i < 2 and 1 < j < 3.
Denote by a one of M[1,i] for i € Q such that the character of M(1,i) as a simple CG-module is x~*. The

multiplication formulas of Green ring r(73) is stated as follows:
a® =1, M[j,i] = a'M[j,0]
M[2,0]M[2,0] = a+ M]3,0],
MI2,0]M[3,0] = (1 +a)M][3,0],
M([3,0]M[3,0] = (1 + a + a®)M][3,0].

By Theorem 2.2, the Green ring 7(73) is isomorphic to the quotient ring
Zla, 2]/ (a®> — 1,(1 +a — 2)F3(a, 2))

whose idempotents are trivial. Let R(T3) be the complexified Green ring. That is, R(T3) is isomorphic to the
algebra Cla,2]/(a® — 1,(1 + a — 2)F3(a,2)). In the following, we follow the notations given in Section 3 and

determine all primitive idempotents of R(T3).

4.2. Idempotents of the Green algebra R(T3)

Let R(CG) be the complexified Green ring of the group algebra CG. Then R(CG) is isomorphic to C[a]/(a®—1),
which is a subalgebra of R(T3). It is obvious that all primitive idempotents of Cla]/(a® — 1) are

1 . .
ej = 5(1 +wa+w Ha?),

for 0 < j <2, seee.g. [16, Equation (2.1)]. It follows that a = eg+we; +w?es. Let W; for 0 < j < 2 be all (one
dimensional) simple modules over R(CG) such that the generator a acts on W; is a scalar multiple by w? (i.e.
t; = j in this case). Then the subsets Q1,2 , and Q3 of € given respectively in Section 3 become Q; = {0},
Qy =0, and Q3 = {1,2}. Let W;; be the same as W, as a simple R(CG)-module while the generator z acts
on it as the scalar multiple by oz"(aj + a‘j) for 0 <¢ <2 and 1 <j <2. Moreover, let Wy 3 be Wy as an
R(CG)-module and z acts on Wy 3 as the scalar multiple by 2. Then {W;; |0 <:<2,1<j <2} U{Wy3}
forms all simple R(T3)-modules up to isomorphism.

Now the matrices B, Cj for 0 < j <2 and D given in Section 3 can be written directly as follows:

_ 1 1 1 0 a—a! 0
B=(a-a 1)(1 —1)’Cj(0 aj>’ D( 0 aQ—a_2>'

Aj = CjBD71 = < 1» 1 ) s

a] — a]

It follows that
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Let E;; be in R(T3) such that E;; is an idempotent of R(T3)/J(R(T3)) determined by the simple
module W; ;, namely, F; j - Wy, = 6; 1.6;, W, . Then the equations (3.4) and (3.6) become the following:

e; M[1, 0] Eja
P = A~ 2 4.1
( e M|2,0] "\ Ej2 )’ 1)
for 1 <j <2, and
eoM[L, 0] Eo1
—_— Ag b —_—=
eoM[2,0] | = ( 00 s ) Eoo |, (4.2)
60]\4[37 0} Eo,g
. 1 . Ay b . . . .
where b is the column vector (2) and 6 = 3. Since A; and 0 s are both invertible with the inverse

matrices given respectively by

A7l =

1/1 a9
J 9\1 —ai)

(Ao b>_1_<A01 —§1}01b>_1 A
0 0 0 3 6o o 2

for 0 <j <2, and

In view of this, all primitive idempotents of R(T3)/J(R(T3)) are completely determined by (4.1) and (4.2), and
they can be expressed explicitly as follows:

o Bj1=3e;M[L0] + 27 ¢;M[2,0], for 1 <j <2,

o E; 5= Lte;M[1,0] — &2 ¢, M[2,0], for 1<j <2,

e Eo1 = 2eoM[1,0] + 2egM[2,0] — 1eqM([3,0],

o Eoos=1egM[1,0] — $eoM[2,0] + LegM[3,0],

[ ] EQ3 = %eoM[S,O]

In the following, we shall lift the idempotents E; ; of the quotient algebra R(T3)/J(R(T3)) to the Green

algebra R(T3). We first delete the upper bar in the above equations and obtain the element E;j in R(H) as
follows:

1 —j
Ej = €j(§M[17O] + QTM[Q,O]), for1<j <2,

1 -j
Ejo = ej(iM[LO] - %M[Q,O]), for 1 < j <2,
1 1 1
E071 = eo(iM[l,O] + §M[270} - §M[3,0]),

1 1 1
EO,Z = 60(§M[170] - §M[270} + EM[BaO])v
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1
E0,3 . geoMB, O]

We need to compute the scalar 7; 5 described in Theorem 3.4. Note that the (k, s)-entry of the matrix B 1is

9]@75. Then
011 O12) _ B-1_ 1 1 1
021 bo2) S 2a—aH)\1 -1)°

Now by Theorem 3.4, for 1 < j, k < 2, we have

F(nk _ o —k)2 _ ,
v = (1— lew.)w Z O Op1 (al5HDT — o= (=401

o —a—i

s+t—1>3
B ol (o — a=F)? Y 4
= (1 — 25k’j)wek729k72(a ) —« ‘])
af(aF —ah)? 1 2/ 4j —4j
—(1—925, . J_ Y
( 61%]) a — a—J (Z(OZ— afl)) (Oé «a )
s (k) =(L)
_ _2%7 (.]ak) = (1a2)
o GRh=@1)
_%7 (]7 k) (272)
J
= (—1)F1
(i

It follows from Theorem 3.4 that all primitive idempotents e; ; of R(T3) can be presented explicitly as

follows:

o ¢j1 = Ej1 + 7516, M[3,0] = e;(3M[1,0] + &2 M[2,0] + 2 M([3,0]), for 1 < j <2,

o ¢jo=Eja+70¢;M[3,0] = e;(3M[1,0] — &2 M[2,0] — & M([3,0]), for 1 < j <2,
® €01 = EO,l = 60(%M[130] + %M[an] - %M[?),O]),
e eo2 = FEop = eo(3M[1,0] — 3 M[2,0] + 5 M([3,0)),

e co3=FEos=3e0M[3,0].

For instance, to see that 6?}2 = ej2, by using the equalities e;a = wjej = a2jej and 1+ a% +a* =0 for
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1 < j <2, we have that

1 a™l
€2 = €5 (5M[L,0] — ——M[2,0] — == M(3,0))*
1 —2j —J
= ey (— S M[1,0) - S M[2,0)
a ¥ —al+1+a a?(1+a+a?)
+¢5(( )M3,0])
4 16
1 —J
= ¢;(MI[1,0] — == M1[2,0])
2 2
a ¥ —al+1+a¥  a?(1+a¥ + o)
+e;(( + )M(3,0])
4 16
1 -3 J
= e;(3M[1,0] - & Mp2,00 - 2 M[3,0))
= €5,2.
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