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Abstract: A spliced sequence is formed by combining all of the terms of two or more convergent sequences, in their
original order, into a new spliced sequence. In this paper replacing convergent sequences by bounded sequences, we
study the summability of spliced sequences and give some inequalities that provide us with approximation of the core
of transformation of these sequences by a summability matrix. We also present some further results via the Lebesgue

integral.
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1. Introduction

In 1930, the core of a sequence that is strongly related to the set of limit points of the sequence was introduced
by Knopp [10] and several properties of this concept have been studied since then. Particularly papers that
investigate under which conditions the core of the transformation of a sequence by a summability matrix is
a subset of the core of the original sequence have been written by many authors [1, 2, 6, 9, 12, 13]. In the
present paper we give some inequalities that are closely connected to the core of the transformation of a spliced
sequence by a summability matrix.

Recently Osikiewicz [14] studied the summability of spliced sequences. He has shown that A-limits of
spliced sequences are closely related to A-densities of the sets in the partition. Furthermore, Unver et al.
[16] have investigated the summability of spliced sequences in metric spaces and given the Bochner integral
representation of A-limits of the spliced sequences in Banach spaces.

A spliced sequence is formed by combining all of the terms of two or more convergent sequences, in
their original order, into a new spliced sequence [14]. In this paper replacing convergent sequences by bounded
sequences, we give some inequalities that help us to approximate the core of transformation of a spliced sequence.
Our results also reduce to Osikiewicz’s equalities in special cases. We also obtain some inequalities via a Lebesgue
integral. These inequalities extend a result in [16] for a real case. Throughout the paper we deal with the real
valued sequences and recall that the core of a bounded real sequence z is the interval [liminf z,lim sup z].

Let A = (ank) be a summability matrix and let x = (x;) be a sequence. If the sequence (Ax), =
Zk ankpTr exists, i.e. the series Zk ankTr is convergent for each n € N then we say that Ax is the A-

transformation of z, where N is the set of all positive integers. If the sequence Ax converges to a number
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L then we say that x is A-summable to L. A summability matrix A is said to be regular if lim,(Az), = L

whenever limy x;, = L. The following theorem characterizes the regular matrices:

Theorem 1 A summability matriz A = (an) s reqular if and only if

i) supz |ank| < oo,
"k
i) Him Y “an = 1,
k
iii) ag :=limanp, =0 for all k € N [3].

Let A = (ank) be a nonnegative regular summability matrix. Then the A — density of K C N is given

K):= lirrln Z Ank

keK

by

whenever the limit exists [4, 5, 7, 8, 11].

Let A = (ank) be a summability matrix. Then we let
A) = limZank - Zak
k k

whenever the series are convergent and the limit exists. Note that if the matrix A is conservative then x(A)

exists [3]. Let A be a summability matrix and let K = {r;} be an infinite subset of N. Then the matrix

AET = (bnk) is said to be a column submatrix of A, where b, = an,, for all n,k € N. Now we recall the

following theorem of Rhoades [15]:

Theorem 2 Let A = (ank) be a summability matriz for which x(A) is defined. If there exists an integer q
such that ang > 0 for all k > q then

liminf(Ax),, > Z arzi + x(A) liminf z,,
k=1
and

o0
lim sup(Azx), Z arzk + x(A) limsup z,,
k=1

n n

oo
whenever the series g arxy s convergent [15].
k=1

Now we have the following

Lemma 1 Let A be a nonnegative regular summability matriz, let K = {v;} be an infinite subset of N, and

let © = (xx) be a bounded sequence. If 64(K) exists then

liminf(A®z), > 6,4(K)liminf z, (1.1)

n
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and

lim sup(A¥lz),, < 64(K) limsup z,,. (1.2)

n n

Proof Since A is regular then ar = 0 for all £ € N, which implies by := limb,; = 0 for all £ € N, where

bpk = @p, for all n,k € N. Hence we get from Theorem 2 that
lim inf(AKz),, > Z brar + x (A" lim inf 2,

n
k=1

= x (AN lim inf 2,
<lim Z bk — Z bk> liminf z,,

= <lim Z an’l,k) liminf x,,
k

lim Z ank) lim inf z,,

keK

04 (K)liminf x,,.

Taking —z instead of x in (1.1) it is easy to prove (1.2). O

2. Finite Splices
Definition 1 Let M be a fized positive integer. An M -partition of N consists of infinite sets K; = {0;(j)}

M
fori=1,2,..., M such that LJK7 =N and foralli#r K;NK, =9 .

i=1
Definition 2 Let {K;:i=1,2,..., M} be a fired M -partition of N and let () = (xgz)) be a bounded sequence
fori=1,2,...M. If k € K;, then k = 19;(j) for some j. Define x = (x) as v = Ty,(j) = 9. Then x is

J
called an M* -splice over {K; :i=1,2,...,M}.

Note that in [14] the spliced sequences (M -splice) are obtained from convergent sequences and every
M -splice is also an M*-splice. Note that any M *-splice is bounded.

The following theorem shows how we can approximate the core of Azx.

Theorem 3 Let A be a nonnegative reqular summability matriz and let {K; = {%;(j)} :i=1,2,...., M} be an
M -partition of N. If 64(K;) exists for all i = 1,2, ..., M then for any M* -splice x over {K;} we have
M
liminf(Ax), > Z(SA(Ki)ai (2.1)
n

i=1
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and

M
lim sup(Az),, < Z 54 (K3 (2.2)

n

where a; = lim inf x;i) and B; = limsup x
J J
Proof Assume that §4(K;) exists for all ¢ =1,2,..., M and let = be an M*-splice over {K;}. Then for all

n € N we have as in [14]

@

J

oo
(Ax), = E AnkTh
i=1
M
= § § AnkTk
i=1 \keK;

M
_ Z (A[KilfC(i)) , (2.3)

Hence it follows from (2.3) and Lemma 1 that

M
limninf(Ax)n = linhinfz (A[K"]x(i)>

i=1 "

M
> liminf (4F1a))

n

M
> Z da(K;)oy

which proves (2.1). Taking —z instead of z in (2.1) one can prove (2.2). O

If (9 is convergent for any i = 1,2, ..., M then ~; := a; = f3; for any i = 1,2, ..., M. Therefore, not only

M M
does Theorem 3 prove that the core of Az does not exceed the interval 25 A(K)ag, Zé A(K;)Bi| but also
i=1 i=1

it generalizes the Theorem 2.5 of [14].
3. Infinite Splices
Definition 3 An oo-partition on N consists of an infinite number of infinite sets K; = {0;(j)} for i € N,

such that UKi =N and forall i #r, K;NK,=a.

i=1
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Definition 4 Let {K;:i € N} be a fired oo-partition of N and let z(® = (a:?) be a bounded sequence for

ieN. If k € Ky, then k = 9;(j) for some j. Define x = (x1) as xp = xy9,(j) = :U;Z) Then x is called an

oo* -splice over {K; :i € N}.

Note that in [14] the spliced sequences (oo-splice) are obtained from convergent sequences and it is
obvious that any oo—splice is also an co*—splice. Note that an co*-splice does not need to be bounded.

Similarly the following theorem provides us with estimate of the core of Ax.

Theorem 4 Let A be a nonnegative regular summability matriz and let {K; = {0;(j)} :4 € N} be an oo-

partition of N. If 64(K;) exists for all i € N and Z(SA(Ki) =1 then for any bounded oo* -splice x over {K;}

k=1
we get
lim inf(Az), > > 64(K;)a; (3.1)
i=1
and
lim sup(Az), < Z 54(K;)Bs (3.2)

i=1

(@)

J

@

where a; = liminf ;" and B; = limsup T,
j ;

J

Proof Assume that §4(K;) exists for all 4+ € N with ZéA(Ki) =1 and let = be an co*-splice = over {K,}.
k=1
Then for all n € N we have as in [14]

i=1 \keK;

= (Z Un,9,() 29, ()
=1 \j=1

=3 (Z 0, ()5
i=1 \j=1

For all n define f,, : N — C and g, : N — C by

Fuli) == (A[K,i]xm) and g, (i) == H (A[Kile)

n n
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where H :=sup|zg| and e = (1,1, ...). Now let u be the counting measure. From Theorem 1.2 in [14] we know
k

that
and
lim/gn )du:/(limgn())du H>0 (3.4)
N N

Furthermore, it is easy to show for all n,7 € N that

|fn ()] < gn ().

Since f,, and g, are measurable with respect to p and f, + g, > 0 for all n, then it follows from (3.4) and

Fatou’s Lemma that

/limninf(fn + gn)(@)dp < limninf /(fn + gn)(4)du

N N

~ liminf /fn du+/gn< )
= hmlnf /fn du+llm/9n
= liminf/fn(i)d,u +HY 6a(K))
" N =1
= lim inf /fn(i)d,u + H. (3.5)

On the other hand, since (g, ) is convergent for all i

/ lim inf(fy, + gn)(i)dp = / (111% inf fn (i) + lim gn(i)> d

N N
= /liminffn(i)d,u—i—/limgn(i)du
N N

_ /hmninffn(z’)du +HY Ga(K

N i=1

- / lim inf £, (é)dy + H. (3.6)
N
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Hence from (3.5) and (3.6) one can get

/liminf fn(@)dp < liminf /fn(i)d,u
N N
o .
= lim infz (A[Ki]x(l))
i=1

= liminf (Az),, . (3.7

n

Now using Lemma 1

/liminf fa(i)du = /lim inf (A[Ki]x(i)> du

N N

> /6A(K(i))aidu
N

_ iéA(K(i))ai. (3.8)

Hence by (3.7) and (3.8) we get

Z Sa(KD)a; < liminf (Az),,

i=1
which concludes the proof of (3.1).
Taking —z instead of z in (3.1), one can prove (3.2) immediately. O
If z® s convergent for any ¢ € N then ~; := «; = (; for any ¢ € N. Hence our Theorem 4

yields Theorem 3.4 in [14]. Moreover, this theorem shows that the core of Az does not exceed the interval

ZCSA(Ki)Oéi, Z6A(Ki)18i .
i_1 i—1

4. Inequalities via Lebesgue Integral
Recently Unver et al. [16] gave the Bochner integral representation of the A-limits of oo-splices in Banach spaces.
In this section we give some inequalities for the limit inferior and the limit superior of A-transformations of
oo*-splices via a Lebesgue integral. This result extends Proposition 2 in [16] for a real case. First we recall the
following definition:

Consider a set function F': B(R) — [0,1] such that F(R) =1 and if Uy, Us, ... are disjoint sets in B(R);
then

FlUu | =Y Fwy
j=1 j=1

where B(R) denotes the Borel sigma field on R that is generated by open intervals. Such a function is called a

probability measure or a distribution on R.

1140



YURDAKADIM and UNVER/Turk J Math

Theorem 5 Let A = (anr) be a nonnegative reqular summability matriz such that each row adds up to one

and let {K; = {9:;(j)} : i € N} be an oo-partition of N. If 64(K;) exists for all i € N and ZJA(KZ-) =1 then
k=1
for any bounded oo* -splice sequence x over {K;} we have

lim inf(Ax),, > /tdF

n

R
and
lim sup(Ax),, < /th
" R
where

F(U) =) da(K)),

a; eU

G(U) = Z da(K;)

BieU

Q]

and o; = liminf my), Bi = limsup ;.

J J
Proof Assume that d4(K;) exists for all i € N. Now as in Proposition 2 in [16], define the function s : X — X
by

S(t):{ozi, t=a;, 1 €N

0, otherwise

and the function f:R — R by
ft) =t

Observe that f = s almost everywhere with respect to F'. Thus we have

/ tdF = / s(t)dF. (4.1)
R R

Now define a sequence of simple functions (s,,) by

sm(t) = Q;, t:ai,.izl,Q,...,m
m 0, otherwise.

It is easy to see that for all m

|O[i|, t:ai,i>m

|sm (t) — s(t)| = { 0, otherwise.

Thus for all t € X, lim |s,,(¢) — s(¢)] = 0. On the other hand, since the spliced sequence is bounded there
m—r o0
exists an H > 0 such that

sup |$m () — s(t)| < sup |a;| < H.
teX i>m
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Then from the Bounded Convergence Theorem we have

m— 00

lim /|sm(t) —s(t)|dF = /%i_r}noo|sm(t) —s(t)|dFF =0
R R

which implies

R/s(t)dF = W}gnoo /sm(t)dF

R

= w%l—{noo (i I{ai}(t)ai> dF
R i=1
~ i Yo P ({ard)as
i=1
i=1
=S (Ko, (4.2)
i=1

Now from (4.2) and Theorem 4 we get
liminf(Ax), > /tdF.

n
R

Similarly, it is easy to show that

limsup(Az), < /th
" R

which concludes the proof. O

Note that if 2(® is convergent for any i € N then o; = §; for any i € N, which implies H := F = G.

Hence, we get from Theorem 5 that

/th < liminf(Ax), <limsup(A4x), < /th
R " R

i.e.

n

lim(Az), = /th
R

which proves Proposition 2 in [16] in a real case.

This theorem may be extended to the Banach Lattices via a Bochner integral.
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