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Abstract: In this paper, we propose and analyze a high-order uniform method for solving boundary value problems
(BVPs) for singularly perturbed nonlinear delay differential equations with small shifts (delay and advance). Such types
of BVPs play an important role in the modeling of various real life phenomena, such as the variational problem in control
theory and in the determination of the expected time for the generation of action potentials in nerve cells. To obtain
parameter-uniform convergence, the present method is constructed on a piecewise-uniform Shishkin mesh. The error
estimate is discussed and it is shown that the method is uniformly convergent with respect to the singular perturbation
parameter. Moreover, a bound of the global error is also derived. The effect of small shifts on the solution behavior is
shown by numerical computations. Several numerical examples are presented to support the theoretical results, and to
demonstrate the efficiency and the high-order accuracy of the proposed method.
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1. Introduction
In this paper, we consider the following singularly perturbed nonlinear delay differential equation (DDE) with
small shifts:

Lu(z) = eu(z) + a(z)v' (z) = f(z,u(x), u(z — 6),u(z + 1)), (1.1)

on = (0,1) with the interval conditions

u(z) = ¢(x), - <z<0,
(1.2)
u(z) = (), l<z <14,

where 0 < ¢ < 1 is the singular perturbation parameter, § and 7 are called the delay and the advance
parameters, sometimes referred to as negative shift and positive shift, respectively, as in [16, 17]; precise
assumptions will be given in the next section. This type of differential equation plays an important role in the
mathematical modeling of various practical phenomena, for instance, variational problems in control theory [6],
description of the so-called human pupil-light reflex [19], evolutionary biology [34], and a variety of models for

physiological processes or diseases [21].
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It is well known that the solution of a singularly perturbed differential equation generally exhibits
boundary layer behavior. Usually, the standard discretization methods for solving these problems are not
useful and fail to give accurate results, especially when the perturbation parameter e tends to zero. This
motivates the need for other methods that have e-uniform convergence. In general there are two strategies
to construct e-uniform methods. The first one is the fitted operator method, which reflects the qualitative
behavior of the solution; such fitted methods can be found in [3 — 5,22,26,28] and references therein. The
second one is the fitted mesh method, which contains finite difference operators on specially designed mesh in
the boundary-layer regions, such as Shishkin mesh [5, 22, 27] and grid equidistribution [18, 23, 25].

The linear case of singularly perturbed differential equations with small shifts has been investigated very
often, e.g., see [10 — 12,16,17,23,24,29]. In contrast, there are few works on singularly perturbed nonlinear
DDEs. Lange and Miura [15] considered singularly perturbed nonlinear DDE with layer behavior and discussed
the existence and uniqueness of their solutions. Kadalbajoo and Sharma [13, 14] and Kadalbajoo and Kumar
[9] studied the numerical solutions of singularly perturbed nonlinear DDE with small negative shift using
quasilinearization together with fitted mesh methods. Wang and Ni [33] considered the numerical solution of a
singularly perturbed nonlinear DDE with interior layer via a method of boundary function and fractional steps.
In most of the previous works, authors used Taylor series expansions for approximating the terms containing
these shifts, provided they are of o(¢). However, this process may lead to a bad approximation in the case when
these shifts are of O(e).

In this paper, we propose a generic method for solving (1.1) that is useful and effective in both cases
when shifts are of o(¢) or O(g). To overcome the defect and weakness of the standard methods, we construct
the proposed method on a piecewise-uniform mesh, and to cope with the terms containing shifts, we use cubic
interpolation. Both cases, when the boundary layer occurs in the left and right side of the interval, will be
studied. We show that this method is useful for obtaining a numerical solution of the considered problem in
both cases.

The rest of the paper is organized as follows. Some assumptions on the continuous problem and estimates
of the derivatives of its solution are given in Section 2. In Section 3, we describe the piecewise-uniform Shishkin
mesh and we present in detail the construction of the numerical method. A study of the convergence analysis
of the iterative process is presented in Section 4. Section 5 contains the error and the convergence analysis
of the proposed method. Furthermore, we derive a bound of the global error. In Section 6, some numerical
examples are presented to show the applicability and the effectiveness of the proposed method. The numerical
results are reported with the maximum absolute error and the rate of convergence. Finally, the conclusion is

given in Section 7.

2. The continuous problem

Let us consider the problems (1.1) and (1.2) and let us assume that the functions f,a, ¢, and ¢ are smooth
and
a(z) >28>0 on Q, fu(m,u,v,w) >0, on Qx R3, (2.1)

and we also assume that f:Q x R?® — R is Lipschitz-continuous with respect to the second, third, and fourth

arguments, i.e.

£1 U—ﬂ‘+L2|’U—5|—|—L3|’LU—1I)|,
Q x R3.
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In general, solution v has a boundary layer near the origin. The existence and uniqueness of the solution

u follow from the arguments given in [2, 31, 32]. Throughout this paper, C is a generic positive constant

independent of ¢ and discretization parameter (N ), and for a mesh function g = (gl, go, - ,gN) , we use the
simple notation for the discrete maximum norm ||g|| = max lgil-
717

Now we give the required bounds on the solution w that will be used to establish the error estimate.

Lemma 2.1 (Continuous maximum principle) Let ¢ € C?(Q)NC%(Q) satisfying 1 (0) <0 and (1) <0.
Then Lap(z) > 0, for all x € Q implies that (z) <0, for all x € Q.

Proof Let z* € Q be such that ¢(z*) =max{¢(z),z € Q} and ¥(2*) > 0. Clearly z* # 0,2* # 1 and
therefore ¢'(z*) =0 and ¢ (z*) < 0.
Hence

Lp(z*) = ey (%) + a(z"))'(z*) < 0,
which contradicts the hypothesis that Li(x) > 0. Therefore, 1(x*) < 0. However, since x* was an arbitrary
point in Q, ¢ (x) <0, for all x € Q. O

Lemma 2.2 Let u be the solution of (1.1) and (1.2) and let (2.1) hold. Then the derivatives of u satisfy the

following bounds:
u® ()] < 0[1 +eFexp(— 25:5/5)}, 0<k<6. (2.3)
Proof The stability inequality given in Theorem 2 in [20] gives |u(x)| < C for all x € Q. Firstly, we prove
™) <Ce7*,  1<k<6. (2.4)
By the mean value theorem, there exists a point £ € (0,¢) such that

’U/(f) _ ’U,(E) — U(O)’

3

and therefore |eu’(§)| < ||lul|. Then (2.4) holds for k¥ = 1. Using (1.1), we can obtain the required bounds for
k =1, and the estimate for k > 2 follows by induction and differentiation of (1.1).

Now we prove (2.3) for k> 1. Let A(z) = [ a(£)d¢.

Multiplying both sides of (1.1) by exp(A(z)/e) and integrating over (0,z) and taking the modulus on both

sides we get
/(@) < [0 O expl-AGe)/2) + - [ 17 exp ((A©) - Ae))/e)de

Then using (2.4) for k=1 we get

' (@)] < Ce? ( / "exp ((A(€) — A())/2)de + exp(—A(m)/e>)
<Cce! (/OI exp (28(¢ — @) /e)dE + exp(—QBa:/a))

< C(l +e7t exp(—2ﬁx/5)).
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The proof for k > 2 follows by induction process and differentiation of (1.1). O

3. The discretization
In this section, we derive a fitted mesh method for solving (1.1) on a piecewise-uniform Shishkin mesh. Before

constructing the method, we make precise the Shishkin mesh to be considered.

3.1. Shishkin mesh

Shishkin mesh is a piecewise-uniform mesh that is dense in the boundary layer region and coarse in the outer
region, as € — 0. This is achieved by the use of a transition parameter o, which depends on € and N. Thus
for given values of € and N, the interval is divided into two subintervals using ¢ = min{1/2, o¢e In N}, where
the constant oy will be chosen later. In the case of the boundary layer at the left end, the piecewise-uniform
Shishkin mesh is constructed by dividing the interval [0,1] into two subintervals [0,0] and [o,1] such that
OV = {0 = zg, 21, - N2 = 0,---,ony = 1}. Then each of the subintervals is divided into N/2 mesh

elements of equal length. Therefore, the mesh points are given by

. _ { 200N, 0<i<N/2,
1= o+2(1—0)(i—N/2)/N, N/2<i<N.

Similarly, when the boundary layer occurs on the right side of the interval, we partition the interval into two

subintervals [0,1 — o] and [1 — o, 1], and the mesh points are given by

~{ 2(1—0)i/N, 0<i<N/2
Y"T 1\ 1=0+20(i— N/2)/N, N/2<i<N.

In the following, we discuss the case when the solution exhibits a single boundary layer on the left side
of the interval, i.e. when a(x) > 28 > 0. The other case, when a boundary layer occurs on the right side of the

interval (a(z) < —28 < 0), one can follow the same procedure as we use for the case of the left boundary layer.

Let us denote the local step sizes by h; = x; — x;—1 in each subinterval [x;_1,z;], i =1,2,--- , N, and
let h =20/N and H =2(1 —0)/N be the mesh widths in [0,0] and [0, 1] respectively. Then it is easy to see
that

h=200eN"'InN and N '<H<2N"%.

3.2. Description of the method
We derive a fitted mesh operator compact implicit (FMOCI) method for Eqgs. (1.1) and (1.2) as follows:

€
LUZE RUzZ i)y 1§§N—1,
N hihii1(hi + hit1) () = Qi) ! (3.1)
Uo = ¢(0), =1(1),
where
RU;) =r; Uiy + 75U + 1 Uig, Q(fi) = a; fisr + & fi + q fisn, (3.2)
and
fi = f(2i, Ui, Ui 5, Ui ). (3.3)
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C

The coefficients 7, + and q;’c’+ are unknowns to be determined later as functions of h;, e, and a(z;). It

is worthwhile to mention that U;, U, s, and U;, are approximations of w(x;), u(xz; — d), and u(z; + 1),
respectively. It is assumed that U; s = ¢(z; — 60) for x; < ¢ and U;, = ¥(x; + 1) for x; > 1 —n. The delay

and advance terms are approximated at nonmesh points by using cubic interpolation defined as
3
w(@; +0hiv1) =Y Pip(@Uisipe,  0<0<1, 1<i<N-1
k=0

where

793h§’+1 — 92h12+1(hi+1 + di) + 9h%+1di

Pi 0 = ’
o hi(hi + hiy1)(hi + d;)
Py = P+ PR (b = d) ~ Ohd
2 (hi + hitv1)(hip1 — d;) 7 (3.4)
Py o(8) = P+ O (s i) — Ohihy

’ B di(di + hi)(di — hiy1) ’
Pi1(0) =1— (Pio(0) + P;2(0) + P s(9)), di = hiy1+ hito.

The development of the present method is based on computing the local truncation error as follows:
Since v is sufficiently smooth, and using Taylor expansion, 7;, can be written in the form

Tiw = TPu(z;) + TH' () + - + Tu'® (2;) + O(hS,),  hm = max h;,

1<i<N
where
€
T} = i),
hihiva(hi + hit1) ( ¢ i )
€ _ hihiga(hi + hitr) B
T, = hiar) — hiry — == it + a4 - ai
‘ h1h1+1(hz + hi+1) [ 1T T c (q7, Qiy1 + g0 +q; a 1)i|7
€ h? B2
T? = [z+1+ N = hihyq (hy + hy 4 e -
© " hihiga (hi + higq) L 2 Ty + o i s1(hi + +1)(ql +q; +ql)
hihiva(hi + hi B
— +1( . +1) (his1a; aip1 — hig; ai_1)],
and
Tik — £ h'lic+1 7“,?» (_1)kh7f’l"; . hihi_t,_l(hi + hi+l)
hihivi(hi + hip1) | k! k! €
hlf:_g hk_l h]f?—? hl_q—l
+ i+1 i+1 k o— i i
- e )
o (e * o) + V' (g~ e }
k=3,4,5,6.
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The truncation error is said to be of order p if 7;,, = O(h%,) as hy, — 0 (¢ is fixed) for ¢ =1,2,--- ,N — 1.

Here we construct our method by the conditions

TF =0, k=0,1,2, (3.6)

TF = 0(hd), k=3,4. (3.7)

These conditions were first proposed for the case of uniform mesh in [1]. From the conditions (3.6) and (3.7),

we get
— + c — hz + c —
T :hi+1{2(qi +aqi +q; )+ - [aiqi ait1 — aigia; — q; (2+ ai)ai,l} }7
c — hl c — .
ri =hi{2(ch+ i)+ [(1 +20i)gq; i1 + gfai — q; az‘—l} }7 (3:8)
i =—rf -, ai = hiy1/hi,  1<i<N-1,
and the coefficients ¢; , ¢, and qf i1=1,2,--- N — 1 are defined in two different ways:
(i) For z; € (0,0), the coefficients ¢; ,¢¢, and ¢ i =1,--- ,N/2 — 1 are given by
_ 1+ 2a; — 302 — 1003 — 5at
=14 —al+ i i L i+ pp2,
4 ! ! 6(1+ 3a; + a?) pi T PP;
e (14 a) (1+3041-+cv22)+ 30 2 P
4q; ? a; (2+0&1‘)p2 2p1 )
(3.9)

+_oz?—i—ozi—l 5+ 10a; + 3a? — 2a3 — af . p(1+ 2a;)
T 6(1+ 3a; + a?) S

(@? —1)(1 + 8ay; + 1502 + 8a3 + ) 2+p(1+ai) 3
12(1 + 207)(1 + 3a; + a?) Pi 2 P

where

(14 2a; — 3aZ — 1003 — 5a})?
b= 3 o pi:aihi/s.
1441 + a; — o) (1 4 3oy + o)

(ii) For z; € [0,1), we must define two different cases depending on the relation between h,, and e.

In the first case, when h,,|la|| < 2¢, the coefficients ¢; , ¢, and q;r, t=N/2+1,--- N —1 are defined by
(3.9), and also when ay/s < (v/5+1)/2 the coefficients U0 A )o > and qj\',/Q are defined again by (3.9) and

when apny/s > (V5 +1)/2 these coefficients are given by

3(1+ans) 5 1+anp 4

— 2 c
4ny2 =PnNyj2> ANj2 = mﬂzv/z 5 PNy

14+ 2an/2) 1+a
+ _( N/2) o N/2 3
Unje = 2+ O‘N7/2) Prje T 5 PNje

While in the second case, when hy,|lal| > 2¢, the coefficients ¢; , ¢f, and qj are given by

q; =0, g =1, q;":ai/ai_;,_l, N/QSZﬁN*]. (310)
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From (3.8), we have

lri| < C% max{h;,e}, |rf|< C% max{h;,e}. (3.11)

4. Convergence analysis
In this section, we discuss the existence of the approximate solution obtained by the FMOCI method described

in the previous section, and we study the convergence of the iterative process. For this purpose, we rewrite the

FMOCI method (3.1)—(3.3) in the following matrix form:
LyU = F(U), U=[U1,Us,--,Un_1]", (4.1)

where Ly isa (N —1) x (N —1) tridiagonal matrix and F(U) is the right-hand-side vector of order (N —1),

which are given by

oF 0 0 0 0
Py S Py 0 0 0
0 7 75 740 0
LN - E B
: 0
0 -+ 0 0 7y, 74 o Tao
ar fo+ @5 f1 + G fo — G(0)PT
G+t fa
FU) = : )
q;;72fN,3 + (Z?vfszfz + q;\rf72fN71
Ay 1 fn—2+ a1 v+ ab_ v — v ()ig
where
= £ Pt k=—c4+, 1<i<N-1. (4.3)

Y hihipa(hy + higa)

4.1. Existence of the approximate solution

The existence of the solution of the nonlinear system (4.1) can be proved by the following lemma.

Lemma 4.1 Let N > Ny, where Ny is the smallest positive integer such that

Ny
< — 4.4
and also suppose that
qia; — qj'aiH —q; ai—1 >0, 1<i<N-1. (4.5)
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Then the FMOCI method defined by (4.1)—(4.3) satisfies the following, for 1 <i< N —1

g >0, ¢ >0, ¢ >0, (4.6)

r; >0, >0, r;+ri+r <0. (4.7

Proof From (3.9) it is clear that ¢;" > 0 and ¢f > 0 for all p; € (0,00). Now we show that ¢; > 0. Note
that qj is of the form of quadratic polynomial ag + a1 + asz? with ag > 0; this quadratic is nonnegative on
(0,00) if and only if: (i) the discriminant is nonpositive when a; < 0 and (ii) az > 0 when a; > 0. Using this,
we find that ¢ > 0 for all p; € (0,00).

On the other hand, using (3.8) and the condition (4.5), it follows that r;" >0, 1 <i < N — 1. To prove that
r; > 0, three different cases have been considered. Firstly, for 1 < < N/2 — 1, we have

1 5
f:24hi(1—7i 72)7
r SPit 57

which is positive (using the above argument). Secondly, for N/2 <i < N —1 and h,,||a|| > 2¢ holds; the proof
is trivial. While in the last case when hy,||la|| < 2e, using the coefficients ¢}, * = —, ¢, + defined by (3.9) with
the condition h,,|lal| < 2e, it is straightforward to prove that r; > 0.
Finally, from (3.8) we have

r; i+ <0, 1<i<N-1

This completes the proof. O

Remark 4.1 It is important to note that, from Lemma 4.1, inequalities (4.7) imply that the triadiagonal matriz
Ly is diagonally dominant with negative main diagonal elements and positive superdiagonal and subdiagonal
elements, and hence Ly can be inverted; see [8]. This ensures the existence of the solution of the nonlinear

system (4.1). Moreover, the operator Ly satisfies a mazimum principle.

Lemma 4.2 (Discrete maximum principle). Let ¥; be a mesh function and satisfy vo < 0, ¥n < 0, and
Lyt; >0,i=1,2,--- ,N—1. Then ¢ <0, 0<i<N.

4.2. The iterative process and its convergence
The numerical solution of the nonlinear system (4.1) can be computed by the following iterative process:
LyU™ = F(U™), n=0,1,2,---, (4.8)

with the starting vector U°.

To show the convergence of the iterative process (4.8), we consider the following condition:

K||Ly oo (L1 + M (L2 + Ls)) <1, (4.9)
where
3
K = max{;—&—?—l—j}andM:su P(9)]. 4.10
L e |+ ol + o 0§0121’;| w(0)] (4.10)
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A bound of ||Ly'||e in the above condition will be computed later, wherein we will show that it is very small

especially when € — 0. Therefore, it is dominant on the left side of the inequality (4.9).

Lemma 4.3 Assume that the function [ satisfies the Lipschitz condition (2.2) and that the condition (4.9)
holds. Then the sequence {U”}ZOZO generated by (4.8) converges to the solution of the nonlinear system (4.1).

Proof From (4.8) and (4.10), we have

[T = Ul < L8[l E@™) = E@™H)

oo’

and

|FUu™) - FU | <K | Jna (L1|UP = UPY + Lo + Ls&),

where
U pn-1 U n—1
Gi = | o~ Uis and & = ’ im = Ui |

3
Again, using (4.10) and the fact that U = kzo Pe(O)U!_y,p, €=n—1,n, x; — 0 € [x;,¥41), we obtain

GeM|ut—uvrt|,  and & < MU -0
Therefore, since Uy — Uy ™' =UR — Ut =0
1E@™) = FO" )|, < K(Ls+ MLz + L)) [[U" = U7 .

Hence
071 07 < B (4 MO + L) o 07

Using the condition (4.9), the sequence {U "};OZO converges. It is clear that the solution of (4.1) is the limit of
this sequence. O
We repeat the above process with suitable initial value until the solution profiles do not differ from iteration to
iteration within a desired accuracy. For computational purposes, the iterative process (4.8) stops at the nth

iteration if the following condition is satisfied
|U"Tt — U™ < Tol.,

where Tol. is a given tolerance.

5. Error estimates

In the previous section, we proved that the iterative process (4.8) converges to the solution of the nonlinear
system (4.1). Here, we analyze the e-uniform error estimate of the FMOCI method (4.1)—(4.3), and we derive
a bound on global error. To estimate e-uniform convergence of the present method, we need more precise
bounds on the exact solution of the problem (1.1) rather than those in Lemma 2.2. To obtain these bounds, we

n+1

decompose the solution u into regular and singular components at the (n 4 1)th iteration as follows:

un+1 _ anrl 4 ,wn+1’
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where v"T! and w™*! are the regular and singular components, respectively. We further express the regular

n+1

component v in the form

v = Zvi, (5.1)

where the functions v;, 0 <14 < 4 are defined to be the solutions for the following first order problems

U
al=—v, vu(1)=0, 1<i<4, (5.2)

{ avé =f, vo(1) =

and the last function vy satisfies the second order problem

evf +avf = —vY, wv5(0) =0, v5(1) = 0. (5-3)
Thus, v" ™! and w™! satisfy
5
L™t =f,  w"TH0) =) wi(0), w1 =wu(l), (5-4)
i=0
Lu™' =0, w1 (0) = u(0) - v**1(0), w'(1)=0. (5:5)

Theorem 5.1 Let u™t! be the solution of the problem (1.1) at the nth iteration and let u™+! = v+l 4+,

Then for k, 0 < k < 6 and for all x € Q, the reqular component v"*! and the singular component w"tt,

defined in (5.4) and (5.5), respectively, satisfy

k, n+1

dvdi(x) < C[l +e" Fexp (— 26:r/5)} , (5.6)
k, n+1

dwdi(x) < Ce Fexp (—2Bz/e), (5.7)

for some constant C' independent of ¢.

1

Proof Firstly, the bounds on the regular component v™*! and its derivatives are proved as follows

From (5.2), since the solutions v;,4 = 0,1,2, 3,4 are independent of &, we obtain
P <C, 0<k<6, for i=0,1,234. (5.8)
Furthermore, vs is the solution of the problem similar to (1.1); hence using Lemma 2.2 it follows that
|vék)| < C[l—&—s_kexp(—Qﬁx/s)}, 0<k<6. (5.9)

Therefore, combining (5.8), (5.9), and (5.1), we obtain the required estimates for v"*! and its derivatives. To

obtain the required bounds on the singular component w”*!, define

¥+ (z) = (v"1(0) — k) exp ( — 2Bx/e) £w" (), x € Q,
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where & is a positive constant. Then, for a sufficiently large value of x, and using the bounds on v"*!, we
have ¥*(0) <0, ¥*(1) <0 and L.¥*(x) >0, for all 2 € Q. Therefore, using the maximum principle given

in Lemma 2.1, we get ¥*(z) <0, for all x € Q, which gives
|w" T (z)| < Cexp (- 2Bz/e), C =k —v(0).

n+1

To find the bound on the derivatives of w , we introduce the function

_ fom exp(—A(t)/e)dt
Jiy exp(—A(t)/e)dt

o(x) , where A(t):/o a(s)ds.

It is clear that L. < 0,0(0) =0,0(1) =1 and 0 < ¢(z) < 1. Therefore, w™*! can be written as
w" T (z) = Cro(x) + Ca (1 — p(z)).

Using (5.5) and imposing the boundary value of ¢ at 0 and 1, it follows that
w" ™ (z) = (u(0) = v(0)) (1 — ¢(z)).

Hence

‘dw”“(@ < Ol¢!(x)] < Ce ™V exp ( — 282 /e).

dx

Now, using (5.5) and the above estimates, we obtain the bound on d?w™*!/dz?. The proof for k > 3 follows
by differentiating (5.5) and using the bounds on the derivatives obtained previously. This completes the proof. O

It is easy to show that the local truncation error (3.5) can be written as

he . rt —hirs 5
L =T + TAu® = i+17; il E (hivigr — B3 + (5)
T, puw + T w4 51\ Brohoes (s + st + 30 ( +1¢; (i+1)9; ) U

— ait1Rs(zi, wig1,u')q; — ai1Rs(wi, w1, u')q;

€ (5.10)
+ m(Rs(%,xiﬂ,u)rf + Rs(l’i,l‘i_l,u)r;)
_€(R3(Ii,1’i+l7u//)q? +R3(x’i7z’i—17u”)q;)7
where
(b—a)"" 1 /b S
ECES = - 11
Ry (a,b, f) CES] Fre) = ’ (b— &) e, (5.11)

where a < £ < b. In the following, when h; < & we use the derivative form of R, , and when ¢ < h;, the
integral form will be used.

Lemma 5.2 Let the hypothesis (4.4) of Lemma /4.1 be satisfied. Then the local truncation error given by (5.10)
satisfies the following:

C[e_2h4+s_5h4exp(—259@/5)}, 1<i< N/2,
C[h? +

<
L exp (- 25951-_1/5)}, N/2<i<N-1.

max{h;, e}
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Proof The estimate of the truncation error depends on the location of the mesh point z; and the relation
between the step size mesh h; and e, so that we consider different cases as follows.
Casel (Inner region). For 1 <i < N/2, we have h; = h. Using (5.10) and the bounds (3.11) for r; and 7},

we obtain

il < € (728w | + & A u®] + B2 [ul®)| + ehul®)] ).
Using the bounds (2.3) for derivatives of u, it follows that
7| < 0[5*%4 +ePhtexp (- gﬁxi/e)], 1<i<N/2.

Case2 (Outer region). For N/2 < ¢ < N — 1, the truncation error is split into two parts 7, and 7.,

corresponding to v and w.
Thus

‘Ti,u{ S ’Ti,v| + ’Ti,w|-
Here we consider two subcases depending on the relation between h,, and €.

(i) In the case hpllal| < 2¢, using (3.11), (5.10) and the bounds on the derivatives of v given in Theorem

5.1, we have

|Tm| < C[E_Qh;l + hiexp (— 25961'/5)} < C[h? + hiexp (— 2/3’961-/5)}
Similarly,
Tis0| < Ce™hiexp (—2Bxi/e) < Ce™ exp (—2Bzi_1/e),
using yFe ¥ < C, for all y > 0, k is a positive integer, in the last inequality.

(ii) For the case h,|lal| > 2e, we use the following estimate for the local truncation error:

€ _
Ti,u ) (RQ(CL‘Z‘7$1‘+17 u)rj - R2($i7 xifl,u)ri )

:hihi+1(hi + hit1
+ (ERO(%%H,U”) - R (ﬂﬁz‘,ﬂ/‘wl,u')aiﬂ)f (5.12)
— (ERo(.’Ei, Ti—1, ’U,N) + R1(:L’7;, Ti—1, u/)ai_l)qi_.

Using (3.11) and (5.7) in (5.11) and integration by parts, we deduce that

eRy(xs, i1, w)r;
hihiz1(hi + hiv1)

&

ST

[ -t (- 255/6)115‘

gh% {(?)Qexp (- 2ﬁxi/s)]
gh%exp (—2Bx;—1/e).
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In a similar way, we obtain

ERQ (Ii, Tit1, ’u})’l“:_
hihiza(hs + hig1)

C
< o (—265:/2),

eRo(xi, iyt w")q?‘ < Celexp ( — 25:@-/6),

Ri(zi, xit1, w’)qj" < Ce lexp ( — 2ﬂ:17i/€).

Using (5.12) and the previous bounds, we obtain

|Ti0] < hg[l + %exp (- 2Bhi/s)} exp (— 2Bz;_1 /)
< gexp(—2ﬁxi,1/€), N/2<i< N-1.

h

Likewise
|75 0] < C’[hf +3hiexp (— 26:&-,1/5)}, N/2<i<N-—1.

Now, at the transition point zy/p = o, following the above argument, we get
|TN/2,U| < C|:H2 + ESHeXp ( — 2,61’1\]/2/5)] .

For the layer component, since Wy /o is the solution of a homogeneous difference equation LyWy /o = 0, it

follows that
!TN/Zw! :m’(r;’ﬂ + e+ TJJQ/Q)WN/Q’ + ‘RO(xN/anNﬂ—‘rlaw)T]J\rf/g
+ ‘Ro(xN/Q,xN/Q_l,w)rR,/z’.
From (3.11) and (5.11), we deduce that

TN /20| <C {(h—i—lH) (1 —exp (— 25H/5)>

4 ﬁ(e){p (28h/e) — 1)] exp (— 2Bz N/a/€)

1
<C {(h—i—H)] exp ( - 255ﬂN/2/5)
S% exp (— 2Bzny2/e),

where we use exp(¢) > 0 and exp(¢) < 1+ C¢ in bounded intervals of ¢ in the above inequality. Hence,

combining |7; ,| and |7; | in the above two cases, we have

C[h? +elexp ( _ 25%/5)} , i = N/2,

|Ti,u| S
C[h?Jr eXP(—ZBxH/s)}, N/2<i<N-—1.

max{h;, e}
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This completes the proof.

O
To prove the uniform convergence of the present method, we will use the discrete maximum principle with the
following barrier functions:

i ,uhj —1 .
14+ — 1<i<N-1
Zi =1+, Pi() jl;[1< T ), 1sis 7

1, i=0,

where g is a positive constant.

Lemma 5.3 Let the assumptions in Lemma /4.1 be satisfied and let < 8. Then for some constant C(u), we
have

C(p) .
— . > 7 . <1 < — 1.
Ln®;(u) ax{a,hi}qjl(u)’ 1<i<N-1

Proof Applying the operator Ly to the discrete function @;, we obtain

~Ln®i() = — (7 Bist (1) + (1) + 7 Do (1)

= Kl + “gi)f; 74 (1 + %Y%ﬂ@(@

] { i o phihigy
= ——|hi ] — bt — ———F;
€_|_‘uhi+1 175 (A

S i),

Thus, using (3.8), (4.5), and that p < 3, we obtain the desired results.

O
Lemma 5.4 For each 1<i< N —1 and 0 < u < 3, we have
exp (— Ba;/e) < Pi(p). (5.13)
Moreover, for the Shishkin mesh defined in the previous section, we have
Baya() < CNH, (5.14)
for some positive constant C.

Proof For 1 <i< N —1 and using that u < 3, we have

exp ( — Bz;/e) = exp ((—B/E)Zhj> = Hexp(—ﬂhj/e) < Hexp(—uhj/e),

and using the inequalities

- By —1
exp (= phy/e) = (exp (uhy/e)) < (1+52) 7 1<) <
yields the desired estimate (5.13).
Moreover, using that h; = 200eIn N/N, 1 <i < N/2, we have

N/2

Op(n) =[] (1+“Thj)_1 —le'[z(um;vlnjv)_l - (1+W)_M, (5.15)
j=1 j=1
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and using the inequality [5]

<1+2aolnN

_N/2
= ) <CN=, if 20InN < N,

we deduce that

(1 n 2uo0In N

—N/2 ONb
< —Hao
No) o sev

where the condition (4.4) and that p < 8 imply that 2ucgln N < N. O
Theorem 5.5 Let u and U be the exact and the discrete solutions of (1.1) and (4.1), respectively, and assume

that N satisfies the conditions (4.4). Then if u < 8, we have the following e -uniform error estimate

(N2 + NSof it N), 120 <N/,
|u(1’i)*U¢| < { C(N=2 4 N=2000), N/2<i<N -1

Proof We begin with the outer region. Thus, for N/2 <i < N — 1 we consider the following mesh function:
Wi (p) = _O{h?Zi + ¢N/2(M)¢i71(ﬂ)}‘
Using (5.13) and Lemmas 5.2 and 5.3, we have
[Tiu| < LYWi(p),  N/2<i<N-1
Thus, applying the discrete maximum principle to ¥; (1) + (u; — U;), we have
lui — Us| <¥;(p) < C{H2 + QN/2(N)¢i—1(V*)} < C{HQ + (1 + %h) (QSN/z(.U))Q}
It follows from (4.4) that ph/e < 1. Using this and (5.14), we obtain
lui —Us| <C(N">+ N2°), N/2<i<N-1.
Now, in the inner region, we consider the following barrier function:

Ti(p) = —C | (e72h* + N72490) Z; + h*e @, ()|, 1<i< NJ2.

Again, applying the discrete maximum principle and using h = 20¢0s N~ 'In N, we get
lu; — U;i| < C(N"27° + N%ogIn* N), 1<i< N/2.

Thus the proof is complete. O

Remark 5.1 From Theorem 5.5, we can see that the present method is € -uniform convergent of order (N 4o In* N)

in the boundary layer region, and it is second order € -uniform convergent outside the boundary layer region pro-
vided that pog > 2.
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Now we investigate a bound on the global error. Before analyzing the error bound, we introduce some notation.

Denote by w(x) the error of the piecewise cubic interpolation for w(z) defined as
3
w(aci + 9hi+1) = u(wz + thﬂ) — ZPk(6>u($i,1+k)7 0 e [0, 1).
k=0

Define
E; =u(z;) - U; and Q = max {|w(z)| : z € [0,1]},

where v and U are the solutions of (1.1) and (4.1), respectively. It is easy to verify that Q = O(N~3). The

main result on error estimate is given by the following theorem.

Theorem 5.6 Assume that the function f satisfies Lipschitz condition (2.2) and that the condition (4.9) holds.
Assume that N satisfies the conditions (4.4). Then if p < B8 and o9 > 2/u, the method (4.1)—(4.3) is convergent

and the following error estimate holds:

C{D (N*4a§ In? N) + (DK(L2 + L)+ 1)N*3], 1<i<N/2,
1E]l <
C{DN—Q + (DK(L2 + L) + 1)N‘3}, N/2<i<N-1,

where
_ MLy .
1= K|[L3H (L1 + M(L2 + Ls) )

Proof Let u= [u(z1),u(xs), ,u(xN_l)]T and U = [Uy,Us, - - ,UN_l]T. Then since
BE=Ly (F(u) —F(U) + Tu),

we get the following:
1B < 2R 1) = F@)| + [ 23|I

)

and we have
|Fw) ~ FO)| < K max (Lifu(es) = Ul + LaGi + L&),

where
G = |u(9€Z —9) — Ui’5| and &= ‘u(xl +n)— Ui,n|~

It is clear that, if x; < 6, then ¢; = 0. Otherwise, z; € [x; + J,2j41 + ¢) for some 0 < j < N — 1. Thus,
x; —0 =x; +0h;11,0 <6 < 1. Using the cubic interpolation, we get

3 3 3
G <ulw: = ) = > PulO)ulws-10)| + | D2 PelO)ulzja) = 3 PlO)Us-14x
k=0 k=0 k=0
<0+ M||E|.

Similarly, we obtain
& <9+ M||B|.
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Thus
| B < BNER (L2 + M(La o+ L)) ] + | L] (Il + K (L + L)),

which, using the condition (4.9), is equivalent to

IR (Imull + K (L2 + £5)2)
S .
1- K| Ly (L1 4 M(Ly + L3))

2l

(5.16)

To obtain a bound on E, let U, g be the approximation of w(z; + 0h;+1); then we have

‘u(ml + ahi+1) — Ul'yg

3
g‘u(aﬂZ +0hiy1) — Z Pk(g)u(xi71+k)'
k=0

3
+ 3 [PO) (lririn) ~ Uicran)|
k=0
<Q+ M||E|.

Consequently, combining the above inequality with (5.16) and using Theorem 5.5, we obtain the desired esti-
mate. U

Lemma 5.7 Let B be the (N — 1) x (N — 1) matriz of the form

0 0 0 0
1 0 0 0

g_lo 1 o 0|
0 0 1 0

and let A= —aB+1 — BBT with I being the identity matriz. Let & + B =1, 07,3 > 0. Then

1472 < O((V = 1)%).
Proof see [30]. O

Theorem 5.8 Let Ly be the (N — 1) x (N — 1) tridiagonal matriz (4.2), and let € = O(hE,), where p is a
positive real number. Then

O(h,p), 0<p<l,
||LE1||2 <
o),  p>1.

Proof We will follow the procedure as done in [7]. Let & = —r; /r¢ and § = —r; /r§. Then, using (3.8), it is

easy to show that & and f satisfy the assumptions of Lemma 5.7 (a+ B=1,a0> 0). Hence, the tridiagonal

matrix Ly defined by (4.2) can be written as

Ly — diag(fg, . ,f]c\,_1> ( —GB+41— BBT) - diag(ff, 7S, ,f]c\,_1>A,
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where B and I are the matrices defined in Lemma 5.7, and A = (f aB+1-— BBT) . Therefore, using Lemma

5.7, we have

1 1
—1 _ -1 2 ~Cc e
LR = 2 A7 e < 2 OV =), 7%, = maxe 4] (5.17)

m

From (3.8) and (3.9), it follows that

e O(EH +0(3h,y,) + O(2h2) + O(eh3,) + O(h2)
m O(e3h2)) '

,,’:

Using (5.17) and the above equation with the assumption € = O(h?,) gives

O(h?)

m

O(hiP)

= O(h,P), 0<p<l,

L5l <
O(h?r)

m

O(ht)

m

= O(h3r=1), p>1.

6. Numerical results

In this section, we present the numerical results obtained by the FMOCI method described in Section 3. In
order to demonstrate the accuracy of the present method to solve nonlinear singularly perturbed differential
equations with small shifts, we consider four examples including both cases, when the boundary layer occurs
on the left as well as on the right side of the interval. The computational results are listed with the maximum
pointwise errors and orders of convergence for different values of §,7, and €. The solutions of the considered
examples are plotted for different values of § and 7 to illustrate the effect of delay and advance parameters on
the boundary layer behavior of the solution.

Example 6.1 Consider the following nonlinear singularly perturbed boundary value problem with small delay

eu(x) +u'(z) = u?(x — 6) — (2(96 —0)+ 1;61_5;6)>2 + 2,
u(z) =0, —0<z<0, u(l) =1,
Example 6.2 Consider the problem with small positive shift
eu” (z) + oy 11/(95) =u?(x) — 0.25u(x +n) + TCETESIE
u(0) =0, u(z) =0, 1<z<1l+mn,
Example 6.3 Consider the problem with mixed type of small shift
e () + (@) = —u®( = 8) + ulz + 1) + (e_:fé); ) - ()I 3

u(r) =0, —-0<x<0, wulx)=1, 1<z<1+n,
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Example 6.4 Consider the following problem with right-hand side boundary layer
eu(z) —u/(z) = e — " —u(z —8) +ulz +1n),
u(z) =1, —-6<z<0, wx) =0, 1<z<1+mn,

The exact solutions of the above problems are not known and so the maximum pointwise error is evaluated

using the double mesh principle [3],

Furthermore, the e-uniform maximum pointwise error EV and the corresponding e-uniform order of conver-

gence pV are computed by
N N N BN
EY = max E; and p =log, (E2N )

Table 1. Maximum errors EY, EY | and e-uniform orders of convergence p” for Example 6.1 with § = 0.5¢.

€ N =64 N=128 N=256 N=512 N =1024
1072 3.99E—04 5.67E—05 6.16E—06 6.78E—07 7.29E—08
1074 5.35E—04 6.63E—05 7.23E—06 7.10E—07 5.30E—08
10~¢ 5.34E—04 6.63E—05 7.31E—06 7.46E—07 7.17E—08
1078 5.34E—04 6.63E—05 7.31E—06 7.46E—07 7.19E—08
10710 5.34E—04 6.63E—05 7.31E—06 7.46E—07 7.19E—08
EN 5.35E—04 6.63E—05 7.31E—06 7.46E—07 7.29E—08
p™ 3.01 3.18 3.29 3.36

Table 2. Maximum errors EY, EYN | and e-uniform orders of convergence p~ for Example 6.1 with 6§ = 0.03.

e N =64 N=128 N=256 N=512 N =1024
272 3.64E—08 5.82E—09 1.32E—09 1.88E—10 1.62E—11
273 6.71IE—07 9.97E—08 2.14E—08 3.03E—09 2.73E—10
24 4.74E—06 5.25E—07 2.63E—08 1.14E—08 2.72E—09
275 9.58E—05 3.14E—06 1.06E—07 1.55E—08 6.04E—10
276 1.55E—03 5.79E—05 1.99E—06 6.47E—08 2.37E—09
277 1.52E—03 1.99E—04 2.06E—05 2.01E—06 2.64E—07
EN 1.55E—03 1.99E—04 2.06E—05 2.01E—06 2.64E—07
p¥ 2.96 3.27 3.36 2.93

For different values of €, §, and 1, the maximum pointwise error Eév has been computed and presented in
Tables 1-8. The last two rows in each table show the e-uniform maximum pointwise errors EN and the
e-uniform orders of convergence p~ . From these tables, we conclude that the proposed method is e-uniformly

convergent of third order, and for all values of & the maximum pointwise error EV decreases rapidly with
increasing N . In addition, Tables 2 and 8 demonstrate that the proposed method is effective in both cases,

when shift parameters are of O(e) or o(e).
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Table 3. Maximum errors EY, EY | and e-uniform orders of convergence p~ for Example 6.2 with 1 = 0.5¢.

€ N =64 N=128 N=256 N=512 N =1024
1072 450E—04 5.46E—05 6.15E—06 6.33E—07 4.16E—08
107* 4.93E—-04 6.05E—05 T7.08E—06 6.82E—07 9.13E—08
107° 4.93E—04 6.05E—-05 T7.0TE—06 7.93E—07 9.57E—08
1078 4.93E—04 6.05E-05 T7.0TE—06 7.92E—07 9.56E—08
10710 4.93E—-04 6.05E-05 T7.0TE—06 T7.92E—07 9.56E—08
EN 4.93E—04 6.05E—-05 T7.08E—06 7.93E—07 9.57E—08
pY 3.03 3.09 3.16 3.05

Table 4. Maximum errors EY, EY | and e-uniform orders of convergence p~ for Example 6.2.

e 7 N =64 N=128 N=256 N =512 N =1024

107! ¢ 2.26E—07 1.53E—07 1.61E—08 6.31E—09 3.44E—10

6 1.71E—07 1.79E—07 1.86E—08 7.64E—09 4.07E—10

10e 8.30E—08 5.30E—09 3.34E—10 2.10E—11 1.40E—12

1072 ¢ 4.50E—04 5.43E—05 6.16E—06 6.39E—07 4.14E—08

6e 4.29E—04 5.18E—05 5.92E—06 6.11E—07 3.88E—08

10e 4.12E—04 4.96E—05 5.72E—06 5.93E—07 3.76E—08

1072 ¢ 4.90E—04 6.03E—05 7.02E—06 7.30E—07 7.45E—08

6e  4.84E—04 5.86E—05 6.99E—06 7.35E—07 7.54E—08

10e 4.81E—04 5.87E—05 6.73E—06 7.43E—07 6.86E—08

EN 4.90E—04 6.03E—05 7.02E—06 T7.43E—07 7.54E—08
p™ 3.02 3.10 3.26 3.30

Table 5. Maximum errors

EN EY  and e-uniform orders of convergence p~ for Example 6.3 with § = n = 2.5¢.

€ N =64 N=128 N=256 N=512 N =1024
1072 1.60E—04 1.98E—05 2.44E—06 2.63E—07 2.35E—08
1074 1.13E—04 1.35E—05 1.49E—06 1.51E—07 1.45E—08
107° 1.12E—04 1.34E—05 1.47E—06 1.49E—07 1.43E—08
1078 1.12E—04 1.34E—05 1.47E—06 1.49E—07 1.43E—08
10710 1.12E—04 1.34E—05 1.47E—06 1.49E—07 1.43E—08
EN 1.60E—04 1.98E—05 2.44E—06 2.63E—07 2.35E—08
pv 3.016 3.02 3.21 3.49
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Table 6. Maximum errors EY, EY  and e-uniform orders of convergence p" for Example 6.3 with n = 4.

€ 0 N =64 N =128 N = 256 N =512 N =1024

1072 ¢ 2.38E-04 2.58E-05 3.52E-06 4.10E—-07 4.97E—-08
2  2.68E-04 293E-05 4.11E-06 5.04E-07 5.34E—-08
3e 3.07E-04 3.84E-05 4.92E-06 5.81E-07 6.12E—08

107* ¢ 1.77E-04 2.15E-05 2.35E-06 2.39E—07 2.36E—08
2e 1.77E-04 2.15E-05 2.36E—06 2.41E-07 2.32E—-08
3e 1.78E-04 2.16E-05 237E-06 242E-07 2.33E—-08

107% ¢ 1.76E-04 2.14E-05 2.34E-06 2.38E—07 2.28E—-08
2¢ 1.76E-04 214E-05 2.34E-06 2.38E—07 2.28E-08
3¢ 1.76E-04 214E-05 2.34E-06 2.38E—07 2.28E—-08

EN 3.07TE—04 3.84E—05 4.92E—06 5.81E—07 6.12E—08
p™ 3.00 2.97 3.08 3.25

Table 7. Maximum errors EY, EYN | and e-uniform orders of convergence p~ for Example 6.4 with § = n = 0.5¢.

€ N =64 N=128 N=256 N=512 N =1024
1072 2.76E—03 2.99E—04 285E—05 2.10E—06 1.46E—07
1073 3.10E—03 3.47E—04 3.46E—05 2.87E—06 2.20E—07
1074 3.14E—03 3.57E—04 3.81E—05 3.43E-06 3.26E—07
107° 3.14E—03 3.58E—04 3.84E—05 3.57TE—06 2.59E—07
10°° 3.14E—03 3.58E—04 3.85E—05 3.57TE—06 2.48E—07
1077 3.14E—03 3.58E—04 3.85E—05 3.56E—06 2.55E—07
1078 3.14E—-03 3.58E—04 3.84E—05 3.29E-06 2.73E—07
EN 3.14E—-03 3.58E—04 3.85E—05 3.57E—06 3.26E—07
p 3.13 3.22 3.43 3.46

Table 8. Maximum errors EY, EY | and e-uniform orders of convergence p" for Example 6.4 for with § = 7.

on € N =64 N =128 N = 256 N =512 N = 1024

0.0l 107! 1.82E-05 2.08E-06 4.59E—-07 1.96E—-07 2.94E—08
1072  2.69E—03 2.62E—04 1.61E-05 9.25E—06 1.12E—06
107* 3.12E—-03 3.51E-04 3.13E-05 2.75E—06 3.53E—07

0.03 107! 4.88E-05 1.09E-05 1.78E—06 1.54E—07 1.18E—07
1072 2.76E—03 2.21E-04 4.27E—05 9.61E—06 1.11E—06
107*  5.80E—-03 6.85E-04 7.86E—-05 2.96E—-06 8.93E—07

EN 5.80E—03 6.85E—04 7.86E—05 9.61E—06 1.12E—06
N 3.10 3.12 3.03 3.12
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Figure 1 shows the corresponding numerical solutions of Examples 6.1 and 6.2 with ¢ = 27° and for
different values of § and 7, respectively. Similarly, the numerical solution for Example 6.4 with ¢ = 275 and
different values of § and 7 are plotted in Figure 2. From these Figures, one can observe the effect of shift
parameters 6 and n on the solution behavior in both cases (left and right) of boundary layer. In the case of
the left boundary layer, as § increases, the thickness of the boundary layer decreases while it increases when 7

increases, and the effect of these parameters is reverse in the right case.

1 ‘ ‘ 0 ‘ ‘
— 3=0.0¢ n=0.0¢
— — - 5=2.0¢ ~0.05H — — -n=2.0¢ _ 1
8=2.5¢ —n=5.0¢ =
05 g -
_01 ~ < -
8 £-015 7 i
£ 0 1 3 P
@ % -0.2H s 4
l - -
| -
-0.251\ . b
-0.5f! g Ny
\
N -0.3f i
a ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 035 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
X X
Figure 1. The numerical solution of Example 6.1 (left) and Example 6.2 (right) for € = 275,
14 1.4

Solution

—n=00e
0.2H — —n=2.5¢
n=5.0¢
O 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
X X
Figure 2. The numerical solution of Example 6.4 for e =275,

7. Conclusion

An efficient high order uniform method has been developed for solving nonlinear singularly perturbed delay
differential equation with small shifts. Both cases, when the boundary layer occurs on the left and on the
right side of the interval, are studied. The proposed method is analyzed for convergence and the bound of
global error is also discussed. Error analysis is carried out and it has been shown that the present method
is e-uniform convergent with third-order accuracy. The advantages of this method are the higher order of
accuracy, the simplicity of implementation, and the strong performance in both cases, when the delay and
advance parameters are of O(e) or o(e).

The effect of small shifts on the layer behavior of the solution has been discussed by considering both
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cases of boundary layers. It is observed that in the case of the left boundary layer, the thickness of the layer

decreases as the delay parameter § increases while it increases when the advance parameter 7 increases as

shown in Figure 1. In the right boundary layer, the impact of these shifts is the reverse, i.e. as § increases, the

thickness of the boundary layer increases and it decreases when 7 increases as shown in Figure 2. Moreover, we

observe that the effect of delay parameter is more in the case of the left boundary layer in comparison to the

right boundary layer case, whereas the advance parameter affects more in the right side boundary layer case.
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